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Concept of resurgence theory
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Transseries

Transseries ... Extension of asymptotic expansion to add
transmonomials such as e=</" log i, etc.

E.g. Path-integral in 1D (Euclidean) QM
Z(h) = /Dx e~ S
Zanhf + Z Za"kl _n?hj(logh)k.

n,k=1 j=0

The path-integral can be expressed by transseries generated by
S,
transmonomials, (7, e~ 7, log 7).

@ h ... PT fluctuation
S,
@ e 7 ... Instanton (Bion) energy

@ logh ... Quasi-zero modes
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Resurgence theory

Resurgence Theory

z(h) =3 2"mn),  ZOn) =" ank

nE€Ng keNg

@ Mathematical method to make a relationship among perturbative
and nonperturbative sectors by using Borel resummation theory.

o If Z(O (and/or Z(">9) is a divergent series, one can construct the
relationship, called resurgent relation. In such a case, the
information of lower sectors propagate to the higher sectors.

29 = zZO0m) = zZ9m) =
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Borel resummation

f(h) ~ f(h Zanh" as h—0; (an€R,AER)

Borel resummation (S := £ o B) is a method to recover (%) from f(h):

@ Borel transform B : A" — %

BIf)(¢ ZanB[h]—Zr e =ifs(6)  (€€0)
@ Laplace integral L : fg(¢) — f(h)

L[fg](h) := /;oo dée™*/"fg(¢) = f(h)
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Borel resummation

B[hM] := %
Asymptotic form * Borel transform
Z(h) ~ Y axh* € R[[A]] BIZ](€) = Y bk&" e R[]
k=0 k=0

Asymptotic limit w ’ CIFIR) = /wF ~¢/h g
0<hkl e 0 (e :

Borel resummation

Z(h) = L o B[Z)(h)
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Borel summability

?(x) ~ f(x) = Zanx*" as x — 400
n=1

_n_

Radius of convergence : r. = lim,, |3 i
n

o Convergent series if r. >0 = fg(§) is analytic for V¢ € C

o Divergent series if . =0 = fg(§) has singularities at 3¢ € C

When divergent series, [ Ii
two possibilities exist:

@ If L is integrable,
f(x) is Borel summable i

@ If L is not integrable,
f(x) is Borel non-summable
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Borel summability

When Borel non-summable,

we can avoid the singularities by
introducing a complex phase to the
integration ray:

+ooe'®
L — Ly ::/ dge™¢
0

A £
Sy =Ly, 0B

——=T -

S =Ly oB

However, since the singularities give discontinuity between S, and S_,

one obtains a result as

Si[fl(x) # S_[f1(x) # F(x).

Question :

~

How to obtain f(x) via S+ when f(x) is Borel non-summable?
% This is a key point to get a resurgent relation.
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Stokes automorphism

In order to solve the problem, we make fy(x) from f(x) such that

SilF(x) = S_[F](x) = F(x)
It is obtained by defining Stokes automorphism & as

S:F(x) = 8- 0 S[A(x) (=2 S-[F(x) + S_[51(x))

@ Transseries — Transseries

= Z anke "x K = fl(x) = Z anre "x7F (apx €C)

n,k€Ng n,keNg

o G =id if f(x) is Borel summable (along £ € Ry)

@ 0f(x) is calculable by the integration contour going around the
singularities
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Alien derivative

L]
Alien derivative A, : Transseries — Transseries

F:{TLSbER+|?’lEN,Sb€R+}

Sy 25, 35, -
Re¢

5] g—e———e

S_oAs,[f] 4= » ——p———>

S_oAzsb[f]@%» ———q—

Collection of all of AWEF = Stokes automorphism & = exp [Zwer AW]
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Alien deriavtive = Stoke automorphism

Alien derivative A, is an abstract derivative:
Aulh - B] = AulA] - L+ - Aulf],
Awlfig * hgl = Awlhs] * L+ A8 * Aw[h,s],

where

3
(o x fo)©) = | de/Aia(€)sl~ )
0
e One parameter extension : G — &Y with v € R

The Stokes automorphism becomes one-parameterized group defined as

k o .

SO DD DS SO

k=1 {ny,--- ,n €Nk

—exp|: ZA

wel

wp < wp < -+ € [ = {singularities along £ € R} }
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Medien resummation

Since
Sifl=8S_o6M[f] = & o0& Yf]=8_o&H/2f],
(CoS_06"=8,067"0C, C := complex conj.)

one finds that

Sifi]=S_[f], where fi(x):=&TV2[f](x).

~

Therefore, f(x) is obtained by medien resummation defined as

Smed =8, 062 =8_o051/2
Smed[f](x) = F(x).

-~

Smed returns f(x) regardless of Borel summability of f(x).

Syo Kamata Exact WKB analysis for the deformed SUSY quantum mechanic:



Resurgent relation

Resurgent relation is to relate nonperturbative sectors from a
perturbative sector (or vice versa). It is essentially the same problem as
getting the Stokes automorphism (or alien derivative).

Input : f(x):Za,,x_",

neN
Output : Asb[f](x):e_szZaE,I)x_",
neN
1 . _ X n
3(Bs) 4 Bes | 1100 = e S0P,

neN

The information of f(x) is propagating to higher sectors.

fO9%) = % = MAx =
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Simple example

We apply the above discussion to a transseries, f(x), obtained from the
ODE by expanding around x = +00.

Example : linear non-autonomous ODE
df 1
— +f
dx X
Exact solution : ?(x) = e *Ei(x) + ce ™ with o € R
Transmonomial :
Transmonomial in the NP sector can be found by the linearized eq.

déf x
KJréf(x)NO = f(x)=oce "

Ansatz : f(x) = foi(x) + ofup(x)

for(x) 1= Zaf(o)xfk, fap(x) 1= Z alle™x7*,

kEN keNp
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Simple example

Example : linear non-autonomous ODE
df 1
S rf- =0 (%)

Substituting the ansatz into (x), the coefficients are obtained as

(O):Fk (1): 1 for kIO.
ez1 (k). 2 {0 otherwise

The PT sector is a divergent series:

re = lim
k— 00

The NP sector is a monomial.
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Simple example

We act Borel transform 3 to fpt(x):

pt B(f) - B[fpt](f)

k=1 _ 1
=2 ¢ e

kEN keN

A set of singularities along £ € R is I = {1}, and thus, f,(x) is Borel
non-summable.

The Stokes automorphism is obtained by
S+[fpt] = S e} G[fpt]
= S [fpt]—j[ dée *Xﬁ E

= S[fpt] = for — 2mie™ ™ = fpp — 2mi - Fup. (S+[fap] = fup)

= 8_[fpt] — 2mie™”

The action of the alien derivative to f is

o —27i - for n=1
Ap—1)"[fs] = P
( 1)l {0 for n>1
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Simple example

From the calculation of alien derivative, the one-parametrized Stokes
automorphism is obtained by

G [fo] = exp |:I/AW:1:| [fot]
- (1 n VAW:1> (o] = foo — 270 - fop

= e =6Tfl =+ (£mi+0) fap.  (F = fiox + 0fup)
We find that
Silfor] = e *Bi(x) F i,  Silfap] =~
Therefore,
Smea[f](x) = S 0 ST2[f](x) = S£[f:](x) = F(x).

Resurgent relation : Ay—1[fof] = —27i - fp x €.

Syo Kamata Exact WKB analysis for the deformed SUSY quantum mechanic:



Part Il

Exact-WKB analysis

Syo Kamata Exact WKB analysis for the deformed SUSY quantum mechanic:



Exact-WKB analysis for the deformed SUSY potential

In this talk, we consider the deformed SUSY potentials.

d2
_h2ﬁ + Q(X7 h) ¢(X) = 07 Q(X) = 2(V(X7 h) - E)7
where
V(x,h) = %W'(X)Q + hg W'(x), peR
Double-well ~: W (x)=x"— %,
. ' 1,5
Triple-well  : Wi(x) = EX(X —1).
When p=0 = No quantum deformation

p=1 = SUSY limit

We consider the energy spectra and contribution from NP objects.
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Exact-WKB analysis : Outline

Goal : (1) See Borel summability of the energy spectra, E(h)
(2) Obtain transseies of E(f)
(leading order of O(h) of PT and NP sectors)

© Put ansatz of transseries to the wavefunction, v (he®?).
@ Get the monodromy matrix by analytic continuation, 1) = M*q)!L.

© Get the quantization condition D*(E, k) = 0 from M®.
(cf. Bohr-Sommerfeld)

© Consider the Stokes automorphism & for ®* (DDP formula), and
then get ® using G.

© Observe E£(h) and E(h) by solving ®* =0 and ® = 0,
respectively.
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Exact-WKB analysis

Consider the Schrédinger equation given by (h,x € C,E € R})
(See e.g.[T.Kawai et al. AMS, c2005] in technical details.)

}#ﬁ§+ouﬁﬂwm:a Q) =2(V(x,1) - E).
X h) Z Qn X)hn

neNp

Put ansatz of a formal solution

B ) = oI St
S(x,h) = B 'S 1(x) + So(x) + hS1(x) + B> Sa(x) + - - -

where S(x, h) satisfies the nonlinear Riccati equation.

S(x, B + asg{, Nomeen, [sat0 =V

Syo Kamata Exact WKB analysis for the deformed SUSY quantum mechanic:



Exact-WKB analysis

Since the Sch eq is the 2nd order diff eq, two independent solutions exist:

S$E(x,h) = £S0aa(x, B) + Seven(x, 1),
S*(x,h) F S (x,h)

Sodd/even (X7 h) =

2
Sodd(xa h) = Z Sodd,n(x)ﬁn7 Seven(X, h) = Z Seven,n(x)ﬁn .
n=—1 n=0

By the Riccati eq, one finds

_1 0 Iog Sodd(X7 h)

Seven(0, ) = —5 B2,

hence, the formal solution can be expressed only by Soqq(x, i).

+ [3 Soad (x,1)dx G
e’ + S0 + +1/2
- =t Zz/)“(x)h" 2,

+
a ) h) =
w (X ) Sodd (Xa h) n=0
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Exact-WKB analysis

Let us look at the Borel resummation of the wavefunction.

Ooe:e

Sl (x))(h) = A ¢ BN, 0= ars(h)
Bl =3 220 (e 4 gyt o) = / i Soaa 1 (%)
’ n—0 r (” + %) ’ a o .

The Borel summablity is determined from

o) 2 [ xS0 = 1 [ ox V@0

a

Stokes phenomenon (i.e. Borel non-summable) happens when

ImM = —ImM

5 5 = 0.
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The Stokes graph

Since the Borel summability is relevant to %f Sodd,—1, it is natural
to see the Riemann surface defined by %f Sodd,—1, called Stokes
graph.

Example: Double-well potential

V(x)

2

vahvill A
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The Stokes graph

Since the Borel summability is relevant to %f Sodd,—1, it is natural
to see the Riemann surface defined by %f Sodd,—1, called Stokes
graph.

Constitutive ingredients:

@ Turning point (a1, ap,- )

Def: Qo(x) =0
(Vo(x) - £ =0)
@ Stokes line (black line)
Def: Im% fsodd,,l =0
+ labels [ Soqq,—1 — *00 +/ [+ _ _
@ Branch cut (red wave) Example of the Stokes graph.
+Sodd(x, 1) <> —Soda(x, h) Double-well with arg(h) > 0.
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The Stokes graph

For getting the Q.C, we consider the analytic continuation of ¥(x)
for a given Stokes graph and a B.C. To do it, we have to know the
effect of crossing Stokes line for 1(x).

PHx) = MU (x), = (P, )T
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Connection formula for the Airy-type

Consider crossing the Stokes line from | to Il.
¢:(¢+7¢—)Ta I
1/12 = M+¢£I, ¢£ = MJ/’.?, & +

1 +i 1 0 !

(§o(><) — %f; dx Sead,—1(x))

h
4 . I£ ‘ & |§
~e" &g +e~ g,
®----- [ >
> » - >
."B - %.-----)-
+(E_l EU _C—G'H&]
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Connection formula for the Airy-type

Connection matrix

1 +i 1 0
M+:(o 1)’ M:(—H 1)’

Branchcut matrix

0 —i
= (%)

Normalization matrix (Voros multiplier)

e+ S dx Soaalx,h) 0 o
Ny = ( |

0 o= J2 dx Soaa(x,h)
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Example 1: Harmonic oscillator V/(x) = x>

I-I1 gl = Myl
(1 - 2) : 1/4{,1 = Na1,az¢5
=M =Myl

) I _ 111
(2 — 1) : a» = N22,21. ar I 11 111
1 (1 i+ A\ m
= ,1/131 —\0 1 s * *

Normalizability for ¢, = (¢4 a, %[)—,a)T:

I
a(X,h) =0 as x — %oo

= YL, (k) =0 and |D(h):=i(1+A(R))=0]

where A(R) := e2Jar P SoadCih) _ o, ox Soaa (),
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2

Example 1: Harmonic oscillator V/(x) = %x

Since Q(x) = x> — 2E with E > 0, the turning points are given by

ay = —V2E,a, = +v2E. Hence,
ar H
2/ dx Soaa(x, i) = —272E.

From the quantization condition, i.e. D = i(1+ A) =0,

l4e =0 = E:(;—s—n)h, nez

From the positive energy condition,

1
E—<2+n>h7 n € Ny

Syo Kamata Exact WKB analysis for the deformed SUSY quantum mechanic:



Double-well (Im 7 > 0) Double-well (Im & < 0)

JhiAE AL

Triple-well (Im A > 0) Triple-well (Im A < 0)
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Quantization condition

HEAN A
ST

Double-well (Im 7 > 0) Double-well (Im /i < 0)

P1,a, (X, h) = Mapy,a (x, 1),
M= My Ny 0y My Nay 0y TM_My Nay oy My NG, 0 =: M for>0 .
MiNay 0y MiM_Nay a3 TMy Ny o0y My Noy oy =2 M™ for 0 <0
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Cycle expression (Voros multiplier)

For the WKB analysis, it is convenient to introduce cycle
expression, which is known as the Voros multipliers.

e A-cycle (PT)

fi‘(h) = e Sonaloh), >
f]{ dx+/2(V(x) — E) € iR.
hJa

e B-cycle (NP)

B(h) := efa o Seaalxh), WY < Tadi” 5. W
; g
77{ dx/2(V(x)— E) e R.
h /e

Note: We take the orientation such that B(%) o< e™ 7 .
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Delabaere-Dillinger-Pham (DDP) formula

Cycles have the resurgent relation called DDP formula.

arg(h) >0 arg(h) <0
In the case of the double-well potential, it is given by

Si[Al=S_[AL+S[B)7 S =S-[C](L+S[B)",
S.[B] = S_[B] =: S[B].

(See DDP paper for details and generic cases.
E.g.[E. Delabaere et al., JMP 38(12), '97])
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Quantization condition

VRN
IV /AN NV N

Double-well (Im % > 0) Double-well (Im & < 0)

Mmto- (T B+ AT'B7Y i1+ AN+ AN + iAA B
- —iAT'B™! 1+ AT ’
M- = B'1+AY) il+A)A+AY+IB
- —iATBT? 1+A'+B ’
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Quantization condition

We set the boundary condition (normalizability):

Jim i, (x. Be®)=0 = D(E,h)=ME=0.
X|—00

Double-well
_ A1B for +
DEE,R) = (1+A)(1+A) + ,
( ) ( 1)( 2 ) AQ_IB for —
Triple-well
DF(EN) = (L+A)I+A)(1+A)

A1(14+ A3)Br + (1 + A1) A3 By + A1AsB1 By for +
ATY1+A)BL + (1 + ADA By + AT PBiBy  for —
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Quantization condition

In the Airy case, we implicitly assumed E = O(R°) in the Sch eq.
However, the solution of the energy spectrum is generally E = O(A!). By
replacing the energy in the Sch eq as E — Eh, the Stokes graph changes.

Airy : (A, B) — Degenerate Weber : (21, B)

Airy-type Degenerate Weber-type
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Quantization condition

We can obtain M¥ of the DW-type by replacing cycles (A, B) — (2, B8).
The DDP formula using the cycle expression does not change.

Q[[(E, h) _ e?'rriF[(E,fL)

By(E, 1)

2B, H CZ+€’ (E h) —1)¢ WIFZ+€I (E,h) hFZJrZ/ (E,h)
e (ER r(1/2 “Fo(ER)

where

Fg(E7 h) = _Resa:ag Sodd(E7 h)?
%O — e*SB/h.

Due to the form of SUSY-type potential, all 2, can be expressed by 2:
E.g. Double-well : 2,(E, 1) = e ™P(E, 1).

The ¢-dependence enters only into the overall phase.
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Quantization condition

Double-well :
QLZ(E, h) _ e(_l)zwipﬁ(E, h) _ e—Zﬂ'i[E+(—1)Z+1p/2] + O(h),
. 278 AN
B(E,h) =B(E,h) = - 1+ O(h)),
(€1 = 36N = ey () 000
%0 = e_#,
Triple-well :

W 3(E,h) = e"™PA(E, h) = e > EP/2 4 O(R),
Q[Q(E, h) — ef‘rrin_‘Z(E’ h) _ 6727ri(2E+p/2) + O(h),

- 2718 h3E
By(E,h) = B(E,h) = .
«(E.h) (E.7) F(E+52)M(2E + H2) 2F-%

(1+0(n),

&

Bo=¢e
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DDP formula and Stokes automorphism

From the DDP formula,

S =S QA1 +S[B) e S =S o[
= SR =9(1+3)"

One can make sure that
S[O7(2,B)] = D7(S[A], &[B]) = D (A, B).
The formal exact form of Q.C. is expressed by

Dex =S [ ]=85_[D7].
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DDP formula and Stokes automorphism

If one wants to obtain the transseries © of the formal exact solution .y
as

Dex(h) ~D(h) as h— 0y,

one can obtain ® using &" and Sp,.q Without the explicit form of
Dex(h):

GY[A =A(1+B)"
Smed (=S4 06 V2 =85_oat/2

If there exists © such that GTY/2[D] = D+, then

D= G:tl/Z[@:l:L

which is the transseries of ’f)ex expanded around A = 0.
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Quantization condition

Q.C. with discontinuity, %

Double-well
Dt = (1 + ef’”‘"Q_l) (1 + ef’”l"ilfl) + e PR,
Triple-well
ot = ] [(1 + eTTPYTY (1 + ice™EATY) + %] :

e€{—1,+1}

Q.C. without discontinuity, ® = G*/2[D%]

Double-well
D = 14e 2™y (e_"in_l + e‘”""ﬁl‘l) (1+8)"2,
Triple-well
D = H [e3”i”/2 —ie+ (e77"”/29_l71 - ise”i”ﬁl) (1 + %)1/2] .

ec{—1,+1}
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Energy spectra

Let us obtain the energy spectra by solving the quantization condition.
Here, we consider the leading order of / and introduce 6(h) = O(e~</")
as a nonperturbative part:

E= EPt + 6(’7’)7

where the perturbative part Ey is given by

Double-well Ey =k + 1¢pr (k € No)
3 (k+12) for the inner-vacuum
Triple-well E =<2 2 .
P Pt {k + HT” for the outer-vacua

We substitute E into ©* and D to obtain J(h).
Since ©% still has the discontinuity, it gives Borel summability of the
energy spectra, while ® gives a transseries of Dey.
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Energy spectra ©* =0 (double-well)

Double-well
Ckr®
Opez(h) = P\/whr(l + k)%r;(él +k—p) @) h
TRAM(L k)?il +k—p) (g) otk + o)
salt) = (BT R) (1)

2%(2)6:{:27rfpr(_k+p)2 I —4k+2p s
- 2R (1 + k)2 B ®11(k, p) + O(Bo),

where P € {—1,+41} is the parity, and

_ O+ R+ 990+ k—p)
o 2

®n(k,p): +Iogg + 7ni,

with the polygamma function 4" (x).
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Energy spectra ©* =0 (double-well)

All orders pert. theory Non-perturbative

AENP o o=Si/h

div.
€L

con. p

AENP ~ o=251/h
con.

AENP o o—251/h

— div. D p¢Z

div. _—

AENP o o=251/h
div.
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Energy spectra ®DF =0 (triple-well, inner-vacuum, k + q € 2Z + 1)

Triple-well (inner-vacuum) : (p=1(29+1)/3)
. %02 (2+k7q)h7%(1+3k—q)
6k+q62Z+1(h) r(1 DAY 1 k q
(L+KrG;+2-3)
P2~ Crkmap=(t3k=a) )/ 2q41 3
+ Vi |k, + O(By),
F(1+k)2r(:+4—9) 3
_ Bo Cl(o4k—q)s_1 _
5° ( A 2 7 (2+k q)h 7 (1+3k—q)
k+q€2Z+1( ) = \/ FI+ K+ k¢
;30275 2+k7q)h7—(1+3k7q) 1) ( 2q + 1) 32
— k, +0(By ),
2iT(1+ kP +5—9) " * 3 (%o™)

where P € {—1,+41} is the parity, and
W (k, p) := 20O (1 + k) 4 ¢ G + g - %”) + log2 + 3log i + 7ni,

with ¥("(x) is the polygamma function.
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Energy spectra ®F =0 (triple-well, inner-vacuum, k + g ¢ 27 + 1)

Triple-well (inner-vacuum) : (p=1(29+1)/3)
1 i 1
B2 2k o FF (k—a) 3 (43k—a)r(l _ k4 g
Okrqgozi1(h) = Fi G=zt3)
(1 + k)
+%32—(2+k—q)e$7ri(k—q)h—(1+3k—q)r(% _ g + g)Q
m2M(1 4 k)?

1 2g+1
vt (k2.

where

k
W (k, p) =200 (1 + k) + ¢ (% +5- %TP> +log2 + 3logh+ mni,

with w(")(x) is the polygamma function.
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Energy spectra DT =0 (triple-well, outer-vacua, q € Z)

Triple-well (outer-vacua) : (p=(29+1)/3)

‘B 2~ (3+2k)h7(2+3k+q)
h
qEZ Y = "TA+ K2+ 2k + q)

%%2—(3+2k)h—2(2+3k+q) ) p 2g+1 N 0(283)
F(1+ k)2T(2+ 2k + q)? T3 0%

5z

e=(—1)97! _ By 5 %(3+2k) 2+3k+q)
Socz (M) = 73\/7rr(1 + K)F(2+ 2k + q) n

3 902~ 2 (3+2k) f—=(243k+q) w® ([ 2g+1 + OB 3/2)
af(1+ Kr2+2k+q) 2\ 3

where P € {—1,+1}, and
W (k, p) = O (1 + k) + 20 G + 2k + 37") +log 2 + 3log ki + 7ni,

with (" (x) is the polygamma function.
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Energy spectra DE =0 (triple-well, outer-vacua, q ¢ Z)

Triple-well (outer-vacua) : (p=(29+1)/3)

B2 2(42K) =243k (] — 2k — q) Frig

Sagz(P) = = 1+ k) ( —¢ )

B %(2)27(3+2k)h 2+3k+q)|—(_1 — 2k — q)2 (E - e:Fﬂiq)2
w2F (1 + k)2

2 1
v (6295 ) + o)

where € € {+1,—1} and

3

VP (k,p) = °>(1+k)+2w°>( ok 3P )+Iog2+3logh+7rni,

with ¥("(x) is the polygamma function.
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Energy spectra DF =0 (triple-well, g € No)

Vix)
¢=1,35,... q¢=0,2,4,...
koug = 2
kout =1
kout = 0
kin =q kin =q
kin =q— 1 ———— con. kin = ¢ — 1 ——— div.
—_— div. con.
div. — con.
kin =0 =———— con. ki = 0 ——— div.
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Energy spectra ©F =0  (triple-well, g € Z_)

V(z)
q:717737757... q:72’74’76)'~~
kp=1
kip =0 kin =
kin=0
con——— Kkout = L*%J —— con.
CONmmeee—— [y = 0 —_— con.
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Energy spectra ® =0 (double-well)

Double-well :

o h k+5
Spez(h) = P\/whl’(l + k)I'(El +k—p) (E)

B h —2k+p 3/
77rhr(1+k)rzl—|—k—p) (E) @o(k,p) + O(B;"),

Opgz(h) = (*I)H,(% (g) ) cos(mp)

2B (—k 4+ p)? (AP,
TR+ R \2 cos™(mp)

ook, p) - —tan(wp)} L o(B3),
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Energy spectra ® =0

(triple-well, k + p € 2Z + 1, q € Z)

Triple-well (inner-vacuum) :

=17y
5i+q€22+1(h) =0,
—(— 1 B 1 1
=Ty p 0 o= L(@+k—a) ;L (1+3k—q)
eroezen O = P\ R r v £ 8

1 1
_ B2 2T ) (k - 1) +0(3y/%)
aef(L+ K3+ 5 -9y "\ 3 o
Triple-well (outer-vacua) :

e=(—1)9
5qe(z Y=o,

_(_ 1 B 1 1
Se=(1" gy = 0 o= 1(3+2K) j,— L (2+3k+q)
q9€z (h) =7 (14 k)F(2+ 2k + q) * ’

1
B2 3 (3+2K) j—(2+3k+q) 2 1
_ B \U((f) k. q+ ) i O(%3/2),
2nT(1L+ KT (2 + 2k + q) 3




Energy spectra ® =0 (triple-well, k + p ¢ 2Z+ 1, q ¢ Z)

Triple-well (inner-vacuum) :

1 1
B2 2@tk=a)p—3(I+3k—a)p(l _ k 4 g _
5k+q¢22+1(h) == (2 7+ 2) sin m(k ~q)
7wl (1+ k) 2

_%%27(2+k7q)h7(1+3k7q)|—(% _ g 4 %)2 Sin2 7r(k o q)
m2(1 + k)2 2

: [\ug” <k, 2‘%1) — 3rcot M] + 0(%83),

Triple-well (outer-vacua) :

1
o~ 3 (3+2K) j;—(243k+9) .
B2~ 2 h N-1-2k-—gq) (tan ﬂq) sin(rq)

1) h) = —
agz(h) = —¢ (1 + k)
%827(3+2k)h72(3k+q+2)r(_l — 2k — q) 7q 2e o
- 2T (1 + k)2 (ta” 7) sin*(q)
2g+1 g\ 3
. w(2) k _ nq
[ o 3 3me (cot > ) + O(By),
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@ Resurgent theory

e Making a relationship among PT and NP sectors. The
information of sectors propagates to the other sectors.
o Stokes automorphism/Alien derivative = Resurgent relation

o Exact-WKB analysis for V(x,h) = 3W/(x) + 2phW"(x)

e Double-well and triple-well potentials

o Energy spectrum ... Borel summability
... Transseries w/o discontinuity
o Comparison with the path-integral (See arXiv:2111.05922)

o P-NP relation (Dunne-Unsal relation) (See arXiv:2111.05922)
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Backup slides

Backup slides
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Other expressions

(12 &+ V() = Evlx)
Schradinger eq.

exact-WKB

D(E)=0 - o= § pdx &~ (N + 1) + O(e
exact quantization condition generalized Bohr-Sommerfeld

_s
")

~ _q\nin § pdx
G(E) = —0 log D(E) GE) =D D (-7

n p.p.o.
expand Gutzwiller trace formula
inverse Laplace transform
— BE,
HOED D
e+ioco 7BE ‘
|2(68) = 24 S22 G(Eye 7] -
calculate the residues spectral summation form

integral by parts and expand log D(E)

S S
):z:.a,,r‘1”-¢—e7f1 anhnﬁ—ei% chﬁ"+
n n

n
path-integral(trans-series) form
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Structure of ODE and Borel summability

The strucutre of ODE is quite essential to the transseries and the
resurgent relation:

T —6(fx), F)~0 as x—too  (Fx)€R).

For example...

o G(f,x)=G(f)eR[[f]] = Convergent series

o G(f,x)=af +B/x+ O(f% f/x,1/x*) with a € R, and 3 #0

= Divergent series and Borel summable

o G(f,x)=oaf +B/x+ O(f% f/x,1/x*) with a € R_and 3#0

= Divergent series and Borel non-summable
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