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Introduction

@ One of the important purposes in studying Holography is to

understand the correspondence on the gravity sector.

@ We study the holographic relation between the semi-classical saddle
points of the (A)dSs gravity and of the dual CFTy:

Zgrav [hul/] = ZcFT [hul/] (huv = Guvlbay)

semi-classical l l large ¢

(n)
Z Zorav [g,(ﬁ)} ~ Z ZCFT
n:saddles n:saddles
@ Q: Which saddle points are relevant in the gravity side?
This is a very non-trivial question because we do not know the
correct integration contour to define the gravitational path integral.
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Introduction

@ In our previous paper (Yasuaki's talk last year), we have constructed
the dual CFTs to dS3 by performing an analytic continuation
lags = —ilgs from AdS3/CFTs.

@ There we observed the Stokes phenomenon, in which the
contributing saddle points drastically change, under the analytic

continuation £aqs = —ifqs. As a result, two saddle are relevant in
the dS3/CFT3, compared to infinite saddles in AdS3/CFTos.

@ In this talk, we discuss the gravity side for both AdSs and dSs, by
considering the mini-superspace approach. We then
find the geometries that correspond to CFT saddles, and
determine the correct contour that reproduces the CFT result.
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© Review and setup of (A)dS/CFT
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AdS/CFT correspondence

e A dictionary of AdS/CFT is given by so-called GKPW relation
Zaas[¢o] = <€_fddx ¢°($)O(I)> (1)

where ¢q is a boundary condition at the asymptotic boundary in the

CFT’

gravity side.
@ In AdS3/CFTy, the central charge of CFTy is given by

~ 3lags
MTE 2)

Therefore the semi-classical limit G — 0 corresponds to large ¢ limit.

@ A heavy primary operator h ~ O(c) is dual to a black hole or a

conical deficit geometry with energy E via
A =2h =/lprqsE. (3)
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dS/CFT correspondence

e dS/CFT correspondence is an example of de Sitter holography, in
which the dual CFT is located at the future boundary [Strominger].

e A dictionary of dS/CFT, analogous to GKPW 02 ¢

relation of AdS/CFT, is given by

Was[¢o] = <e_fddw0(x)o(x)>CFT, .

where W4g[¢po] is the wave functional of universe an initial condition

with boundary condition ¢|poundary = ®0. (no boundary)

@ The dual CFT to dS has many exotic features such as non-unitarity.
Nevertheless, this duality has been applied to, say, calculations of

cosmological correlators. [Maldacena 2002,...]
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dS/CFT correspondence

e dS/CFT can be regarded as analytic continuation from AdS/CFT

2 2 .
ds2 — 02 dz” +dx Laas=—ilag
SEAdS = tAds 2

—dt? + dx?
o dsis = KCQIST (4)

@ For example, central charge ¢ of the dual CFT5 to dSs is obtained as

_ 3lags  3lgs . (9)
~ g T g (5)

o Similarly, the dictionary for a heavy operator with h ~ O(c) reads

oh = lpasE = —ilysE = —i - 2h\9) (6)

@ As long as F is not too large, the dual geometry is expected to have
a conical defect with a deficit angle

27(1 — /1 — 8GNE). (7)
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Throughout this talk, we consider the 2d Liouville theory as the dual
CFT to EAdS; gravity.

@ As is well known, Liouville theory itself cannot be the dual CFT to the
Einstein gravity. However, assuming a concrete model [Gaberdiel,
Gopakumar], the quantities of the dual CFT can be calculated by the
correlation functions of Liouville theory. Furthermore, the
semi-classical limit is expected to show the universal behavior of the

gravity sector.

@ An advantage to consider Liouville theory is good analytic properties
of correlation functions [DOZZ], which makes it easy to perform the
analytic continuation ¢ — —icl9) to dS/CFT.
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In the remainder of this talk, we discuss the followings in order:

@ We find the relevant semi-classical saddles from Liouville CFT via
GKPW relation Zpg4s, Vas ~ ZcpT.

@ We discuss the interpretation of the saddles as complex metrics.

© We determine the integration contour of the gravitational path

integral Zaqs, Yq4g in the mini-superspace approach.

* In this talk, we mainly focus on the correspondence of the partition functions

without any operator insertions. It would be straightforward to include a couple

of insertions.
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Contents

© Liouville calculations
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Liouville theory

@ In Liouville theory, the central charge c is often expressed as

1
c=1+60Q?%, Q:b+5. (8)
The limit ¢ = 0o corresponds to b — 0, then
6 2
c=—=+13+0(%). (9)

@ In the DOZZ conventions, the partition function is (A > 0)

o [ (07 ]%"
ZLiouville = 5 A 2

Y(=b)y (-1-07%)

@ We would like to evaluate the partition functions for both ¢ — oo
(EAdS case) and ¢ = —icl9) — —ico (dS case).
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Liouville theory

@ We have to note that the Stirling formula for I'(z) has different forms

depending on the sign of Re z (Stokes phenomenon):

e?logz—= Rez >0
T'(z) ~
(=) { L ezlog(=2)=2 Rez < 0

P p—t

@ Due to

—2 e — ) emslogfts ¢ — 00
7(_1 —b ) ~ wel(9) _xc(9) TACN (0(9) )+ ic(9) (9)
(6 6 — € 6 ) e 3 gl "6 6 c\9 —
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Liouville theory

@ For ¢ — o0, (We implicitly shift ¢ — ¢ + i¢)

L ir@ntl)e 1)
7 n c E
ZLiouville = T E A6 . (10)

@\0

Each summand actually corresponds to the on-shell action on a
complex solution ¢(™ of Liouville theory [Harlow, Maltz, Witten].
— infinite saddle points are expected to contribute in EAdS gravity.

e Forc= —icl9) —100,

mc(9) _ xel9) _iele)
Zliowville = (€ 6 —e 6 AT (11)
— Two saddle points are expected to contribute in dS gravity.

@ The above difference can be regarded as the Stokes phenomenon.
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dS saddle points

@ In our previous work (Yasuaki's talk last year), we considered the dual

geometries to the dS case
rel9) _ xcl9) ic(9)
Zliowville ~ (€6 —€ 6 JAG

@ The two saddles correspond to the no-boundary [Hartle, Hawking] and

the tunneling [Vilenkin] wave functions, respectively.

L6

ds® = df? + cos? d3

@ Physical meaning: The data of initial condition (=real factor) of ¥ is
obtained from the dual CFT.

Chen, Hikida, Taki, Uetoko May 8th 2024 14 /28



AdS saddle points

@ Q: How are the infinite AdS saddles interpreted geometrically?

@ In dS case, the label n of the complex saddles ¢(™ may be
understood as the winding number (=~ Chern-Simons action) of
Euclidean section (~ S3) of geometry.

@ The Euclidean section of geometry is constructed by Wick rotation

from

(X2 (X1)? + (X1)? + (XP)? = £3g (12)
with X0 =i XY into

(X2 + (X1 + (X1 + (X*)* = f3g (13)

@ We would like to construct the EAdS saddles similarly, attaching an

analytically continued geometry.
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AdS saddle points

@ For the non-trivial winding number to be defined in EAdS, in the

embedding coordinate

(X°)? + (X1)? + (X1)? = (X°)? = ~fgs, (14)
we continue X3 = iX?’, then

(X2 + (X1 + (X1 + (X°)? = ~LRas (15)

e We propose that the dual geometries are 3d

disks with a imaginary radius sphere attached.

~

@ We will check this proposal by considering the
mini-superspace approach for both dS and AdS.

ds? = dp2 + sinh? pdﬂg
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@ Mini-superspace analysis
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Mini-superspace model for dS

@ The Einstein-Hilbert action

— =) —Iag — L. 1
167rG (R égs> GH ™ fet (16)

@ We consider a class of gemetries with the metric ansatz
ds* = (3 (N (7)%dr? + a(1)d3) . (17)

and two boundaries at 7 = 0,1. We impose the Dirichlet boundary
conditions a(0) = 0 and a(1) = a;.

@ We can fix gauge as N’ = 0, so that

Was = /C dN / Da e oV =ler (18)
las [ Lo 9
Ia; N] =—5G ; drN N2¢ e +1 (19)
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Mini-superspace model for dS

@ The EOM for a(7) is a” + N2a = 0, then the solutions are

a™(r) = LN sin(N7). (20)

S

@ Substituting the solution and including also the one-loop corrections,

1
1 2 449 2
T — dN eﬁ(N'f'alCOtN)_Ict 21
@ /c (\/NsinN> (21)

@ The saddle points are

1 .
Nf:<n+2>ﬂ':tzln(a1—l—\/a%7—1> nez. (22)

@ Actually our model is “critical” in the sense that the theory lies on a
point where the Stokes phenomenon happens.
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Mini-superspace model for dS

3las

< flgs — Lgs + i€

I
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Mini-superspace model for dS

@ We consider a contour C that surrounds

two branch points N = 0,7 and goes

into the large imaginary region. ‘ ~—~_ ¢

@ Such a contour can be deformed to IV AAN A T Ko

C = _jj—l + j()_ + j0+

AN AN

@ We then obtainina; > 1 d _
j,z ‘771 ~7J \717

mlqs _mtqs L4s

Wyg ~ (e G — e 4G ) (QaI)iW

This reproduces the CFT result!
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Mini-superspace model for dS

@ Let us compare the saddles with HH saddle and Vilenkin's saddle.

@ The metric for a saddle N = N* is

ds* = (N;F)2dr? + sin®(NF7)d3 . (23)
@ For example, the metric for NSF is

6
represented as the blue line (0 = N 7). Ny Lo
e N, saddle and HH saddle can be

\
4

regarded as equivalent due to the | HH
Cauchy’s theorem for a(7)-integral.

@ Therefore we have obtained the consistent result with the Liouville

calculation.
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Mini-superspace model for AdS

@ The Einstein-Hilbert action

1 2
I=— /d3x (R+> — Ian — Iy . (24)
167G ﬁids

@ We consider a class of gemetries with the metric ansatz

ds® = (Ras (N (r)2dr? + a(r)?dQ3) . (25)

and two boundaries at » = 0, 1. We impose the Dirichlet boundary
conditions a(0) = 0 and a(1) = a;.
@ We can fix gauge as N’ = 0, so that

Zaas = / AN / Da e Nl (26)
c
‘ ! 1
Ila;N] = _%S i drN {Nch'z +a? + 1] (27)
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Mini-superspace model for AdS

@ The EOM for a(r) is @’ — N?a = 0, then the solutions are

(N) __ M .
a'"(r) Sinthmh(Nr). (28)

@ Substituting the solution and including also the one-loop corrections,

1
1 2 lags 2
Zana= [ AN [ —— ) ¢ 3 (N+afcothN)—Ie, 29
AdS /c (\/NsinhN> (29)

@ The saddle points are

Nf—nwiiln(al—l—w/a%—l) nez. (30)

@ The contribution from each saddle jﬁt is

nmibags 4 fads

Zp~e 26 (2a1)T 20 . (31)
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Mini-superspace model for AdS

faaqs — laas + i€

—— )
P |

@ Again our model is “critical,” but the final result does not depend on
the choice of fpqs — fads £ i€, so we choose +.
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Mini-superspace model for AdS

@ We consider a natural contour C = R

@ Such a contour can be deformed to
o0 oo
C=> T+ T
n=0 n=1

B N
I [
@ We then obtainina; > 1 M

_imlags > i(2n+1)7lagqg Lads
Zads ~ e aG E e 1G (2a1)2¢

n=0

Up to the overall factor, this reproduces
the CFT result!

@ The label n for jTQL can be regarded as

the winding number.
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Mini-superspace model for AdS

@ Our proposal was that the dual geometries are realized as 3d disk

with an imaginary sphere attached.
@ We can check this proposal in the similar discussion to dS case.

@ The metric for a saddle N = N is
ds? = (N;F)2dr? + sinh?(N;Fr)dQ3 . (32)
@ For example, the metric for Ngr is N P
3

represented as the blue line (p = N5r).

@ The two saddles are equivalent due to

the Cauchy's theorem.

@ Thus we have checked the gravity saddles correspond to what we

constructed in the previous section.
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Summary and future problems

Summary

@ We determined the bulk semi-classical saddles from CFT calculations.

o Under the analytic continuation ¢ — —ic(9), Stokes phenomenon
occurs and the relevant saddles drastically change.

@ We propose that the dual geometries are 3d disks with a imaginary
radius sphere attached.

@ We checked the proposal by the mini-superspace approach.

Future problems

o Other boundaries than S? (e.g. torus)
@ Higher dimensions

@ Relation of “allowable metric”" [Witten]
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Chern-Simons gravity for AdSs

@ The Einstein gravity with negative cosmological constant can be
formulated by SL(2,R) x SL(2,R) Chern-Simons theory.

k 2
S = Scs[A] — Scs[A4],  ScslA] = E/tr <A/\dA+ SA/\A/\A>

with k = £a45/4Gn. A, A are sl(2)-valued one forms.

@ The general solutions to EOM can be put into the forms
A =ePRog(aM)ePloda™ + Lodp, A= elfoa(x)e Plode™ — Lodp

@ The metric is reproduced as

03 ~ ~
Guv = A2ds tr(Ay — Au)(4y — 4))
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Chern-Simons gravity for dSs

@ The Einstein gravity with positive cosmological constant can be
formulated by SL(2,C) x SL(2,C) Chern-Simons theory.

S = Scs[A] — Scs[A],  Scs[A] = %/u (A/\dA—FgA/\A/\A),

where k = —ily5/4G and A is the complex conjugate of A.

@ The general solutions to EOM can be put into the forms

A= efi(0+7r/2)Loa(z)ei(9+7r/2)Lo dz +iLydb,

A= ei(0+ﬂ/2)LOEL(2)e_i(9+7r/2)L0dz — iLydf

@ The metric is reproduced as

1% - -
G = =S tr(4, = A)(A, — A,) (33)
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Classification of solutions

@ First consider the configuration

2rL 2n L
a_L1+LL1, a:—Ll—LLl, (34)
which leads to
(72ds* = dp* — Sk — sin? fdt? + Sk —~ cos? Bdg? (35)

@ This solution has the trivial holonomy PefA 1

@ Note that large gauge transformations are not symmetry of CS theory
since we are considering SL(2,C) and complex k. Therefore a large
gauge transformation with n windings gives another metric

8m(2n + 1)2L

KR

072ds% = do? + sin? 0dt%, + 8L cos? 0d¢”  (36)
K
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2-point function

@ Consider 2-pt function with insertions of primary operators with

n 1-1I—8GNE

@ In our limit, the 2-pt functions of Liouville theory are given by

_4An(Q—m) 1-27 ’yb2 % 277—1
Vao)Vali) ~ 80l 578580 [20] 7 (2021

el9) re9)
~ (ece VI=8GNE _ o= 55y 18GNE> x (phase)

@ We have observed again that the Stokes phenomenon occurs and two
saddles are relevent. — Another example of Witten's proposall!

@ The dual geometry involves a conical defect with a deficit angle

27(1 — /1 — 8GNE) (38)
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3-point functions

@ The 3-pt function of Liouville theory is well known as DOZZ formula:

(Q=3",; ai)/b
Claq, g, a3) = {Aﬂy(b2)b_2b2]

« T;)(O)Tb(QOél)Tb(Qag)Tb(Qag)
T3, i — Q) Yoo + g — a3) T2 + a3 — 1) To(og + o — )

@ b — 0 limit of Ty(z/b) is given by

Ty (%) ~ exp (1)12 [—(z—1/2)%logb + F(m)}) .

for 0 <z < 1.

o If an argument of T is not in the range, we use recursion relations:

Yy(z + b) = v(bx)b* =22y (z),

1 (x + Z) =5 (%) bE 1T, (2),
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3-point functions

@ We assume the regions of 71, 72,73 as

dom<1,
i

7+ 15 —nk > 0.

(39)

In fact, these conditions correspond to the condition for the dual
geometry with conical deficits to exist.
e For this region, Ty(}"; a; — Q) gives v ((1 — 3, m:)/b?), then

Clon, o, az) ~ (efm‘l—%zm _ €7T S m) NA-S /8 g sl

soinb~ ic(g)/6,

wcl9)
(Vo (21, 21) Vaay (22, 22) Vo (23, 23)) [* ~ exp l ( Zm)] :
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3-point functions

@ The dual geometry to |¥|? is given by 3-sphere with three conical
defects with deficit angles 47n;.

e We can derive the above conditions (39) from the existence of this
geometry.

@ Indeed, the saddle point approximation for this solution is

meld)
[T ~ exp [ 3 (l - Zm)] (40)
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4-point functions

@ We can also consider 4-pt functions with o; =;/b, i =1,...,4

@ From the condition for the existence of dual geometry, we can restrict
the parameters as

> omi<1,

A0+ —m>0, ((#jFk#I),
—l<mitn—m—m<l, ((#j#k#I),
@ In these regions of 7);, the conformal block decomposition becomes

(Vi(1)Va(o0)V3(0)Va(z, 2))

i Z C (al,ag,% — iP) ResC <a3,a4, % + iP) f;f(hp|z)]:§f(hp|2)
poles crossing R

1 [ dP . . _

3 /_oo ﬂc (al,az, % — ’LP) C <a3,a4, % + ZP) Fai(hp|z)Faz(hpl|Z).
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4-point functions

e We focus on the small |z| limit, where
Fi2(hplz) ~ ZhPp—M=he, (41)
o Carefully analyzing the pole structure, we can obtain
(Vi(1)Va(00) Vs(0)Va(z, 2)) ~ (7m0 Smb _ in=Sm0/) 5 (phase),

so in b~ icl9) /6,

wcl9)
[ (Vi(1)Va(00)V3(0)Va(2, 2)) |* ~ exp [ 3 (1 - Zn)] :

@ In the same way as 3-pt functions, we can interpret in the gravity side

as 3-sphere with four conical defects with deficit angles 47n;.
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Comments on higher-point functions

@ We can extend the above calculation to higher-point functions.

@ For 3-pt functions, we use the DOZZ formula

(Q=32; ai)/b
Claq, g, a3) = [A’Y(bg)b—zbz}

y T;(0)Y5(200) Y (2a2) Yo (2ci3)
Tb(zi a; — Q)Tp(on + az — az)Ty(as + oz — 1) Tp(as + a1 — aa)

@ For 4-pt and higher-pt functions, we compute by using the conformal

block decomposition.

@ For all cases, we can construct the dual geometry with conical deficits.
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Stirling's formula

@ Here we review the derivation of Stirling's formula of Gamma function
o0 o0 6
['(2) :/ t*~le7tdt = zZ/ e**=¢")dp, Rez > 0. (42)
0 —0o0

We can analytically continue I'(2) to z € C\ {0,—-1,-2,...}.

e Stirling’s formula at large |z| is given by as follows:

elogz—2 Rez >0

1 ¢*l5(-9-: Rez <0

elTzZ __e—iTz

I(z) ~ (43)

@ A sketch of the derivation will be explained below, following [Harlow,
Maltz, Witten].
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A sketch of derivation

@ Stirling's formula can be derived by saddle-point approximation.
@ The procedure of saddle-point approximation for [ eLlPldg:

@ Find the stationary points {¢,,} of Z[¢] in C-valued ¢, and the steepest
descepnt C,, for each ¢,, in the C-plane. = an dgp eZl?l = eTlon],
(* A steepest descent C,, is defined as the gradient flow from ¢,,)

@ Deform the contour of integral (by Cauchy's theorem) and express it as
sum of the steepest descents C,, of ¢,,.

© Evaluate the integral as

> etlonl (44)
{Cn}

o The stationary points of Z = z(¢ — e?) are classified as
¢ =2min, MEZ (45)
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A sketch of derivation

The steepest descents C,, for ¢,, (cited from [Harlow, Maltz, Witten]):

is] T ] | "

e | Relevant / o

10! “L‘ | s s | | 1 Contours.
WY « ] gz
Relevant ‘ i %
\ I Rel
o| Contour N — 0: S:dz‘;::t—/——}\“—r.,,,
“*' Relevant [
| saddle S| TR
Stokes phenomenon
Rez >0 P Rez <0
[(z) ~ z%etlPo] = e2lo82=2  Rez > 0, (46)
s 1
[(z) ~ 2* Z P e p— SR ST (47)
eu‘rz — e—lTrZ
n=0
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