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Introduction

One of the important purposes in studying Holography is to

understand the correspondence on the gravity sector.

We study the holographic relation between the semi-classical saddle

points of the (A)dS3 gravity and of the dual CFT2:

Zgrav [hµν ] = ZCFT [hµν ] (hµν = gµν |bdy)

∑

n: saddles

Zgrav

[
g(n)µν

]
∼

∑

n: saddles

Z
(n)
CFT

semi-classical large c

Q: Which saddle points are relevant in the gravity side?

This is a very non-trivial question because we do not know the

correct integration contour to define the gravitational path integral.
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Introduction

In our previous paper (Yasuaki’s talk last year), we have constructed

the dual CFT2 to dS3 by performing an analytic continuation

`AdS = −i`dS from AdS3/CFT2.

There we observed the Stokes phenomenon, in which the

contributing saddle points drastically change, under the analytic

continuation `AdS = −i`dS. As a result, two saddle are relevant in

the dS3/CFT2, compared to infinite saddles in AdS3/CFT2.

In this talk, we discuss the gravity side for both AdS3 and dS3, by

considering the mini-superspace approach. We then

find the geometries that correspond to CFT saddles, and

determine the correct contour that reproduces the CFT result.
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AdS/CFT correspondence

A dictionary of AdS/CFT is given by so-called GKPW relation

ZAdS[φ0] =
〈
e−

∫
ddxφ0(x)O(x)

〉
CFT

, (1)

where φ0 is a boundary condition at the asymptotic boundary in the

gravity side.

In AdS3/CFT2, the central charge of CFT2 is given by

c =
3`AdS

2G
(2)

Therefore the semi-classical limit G→ 0 corresponds to large c limit.

A heavy primary operator h ∼ O(c) is dual to a black hole or a

conical deficit geometry with energy E via

∆ = 2h = `AdSE. (3)
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dS/CFT correspondence

dS/CFT correspondence is an example of de Sitter holography, in

which the dual CFT is located at the future boundary [Strominger].

A dictionary of dS/CFT, analogous to GKPW

relation of AdS/CFT, is given by

ΨdS[φ0] =
〈
e−

∫
ddxφ0(x)O(x)

〉
CFT

,

where ΨdS[φ0] is the wave functional of universe

with boundary condition φ|boundary = φ0.

Gravity

CFT

an initial condition
(no boundary)

t
∞

0

The dual CFT to dS has many exotic features such as non-unitarity.

Nevertheless, this duality has been applied to, say, calculations of

cosmological correlators. [Maldacena 2002,...]
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dS/CFT correspondence

dS/CFT can be regarded as analytic continuation from AdS/CFT

ds2EAdS = `2AdS

dz2 + dx2

z2
`AdS=−i`dS−−−−−−−−→
z=−it

ds2dS = `2dS
−dt2 + dx2

t2
(4)

For example, central charge c of the dual CFT2 to dS3 is obtained as

c =
3`AdS

2G
= −i3`dS

2G
≡ −ic(g) (5)

Similarly, the dictionary for a heavy operator with h ∼ O(c) reads

2h = `AdSE = −i`dSE ≡ −i · 2h(g) (6)

As long as E is not too large, the dual geometry is expected to have

a conical defect with a deficit angle

2π(1−
√

1− 8GNE). (7)
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Setup

Throughout this talk, we consider the 2d Liouville theory as the dual

CFT to EAdS3 gravity.

As is well known, Liouville theory itself cannot be the dual CFT to the

Einstein gravity. However, assuming a concrete model [Gaberdiel,

Gopakumar], the quantities of the dual CFT can be calculated by the

correlation functions of Liouville theory. Furthermore, the

semi-classical limit is expected to show the universal behavior of the

gravity sector.

An advantage to consider Liouville theory is good analytic properties

of correlation functions [DOZZ], which makes it easy to perform the

analytic continuation c→ −ic(g) to dS/CFT.
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To do

In the remainder of this talk, we discuss the followings in order:

1 We find the relevant semi-classical saddles from Liouville CFT via

GKPW relation ZAdS,ΨdS ∼ ZCFT.

2 We discuss the interpretation of the saddles as complex metrics.

3 We determine the integration contour of the gravitational path

integral ZAdS,ΨdS in the mini-superspace approach.

* In this talk, we mainly focus on the correspondence of the partition functions

without any operator insertions. It would be straightforward to include a couple

of insertions.
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Liouville theory

In Liouville theory, the central charge c is often expressed as

c = 1 + 6Q2 , Q = b+
1

b
. (8)

The limit c→∞ corresponds to b→ 0, then

c =
6

b2
+ 13 +O(b2) . (9)

In the DOZZ conventions, the partition function is (λ > 0)

ZLiouville =
2π

b2

[
λ
γ(b2)

b2

]Q/b
γ(−b2)γ

(
−1− b−2

)
.

We would like to evaluate the partition functions for both c→∞
(EAdS case) and c = −ic(g) → −i∞ (dS case).
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Liouville theory

We have to note that the Stirling formula for Γ(z) has different forms

depending on the sign of Re z (Stokes phenomenon):

Γ(z) ∼
{
ez log z−z Re z > 0

1
eiπz−e−iπz e

z log(−z)−z Re z < 0

Due to

1

b2
=
c

6
− 13

6
+O

(
1

c

)
,

a factor γ(−1− b−2) = Γ(−1− b−2)/Γ(2 + b−2) behaves as

γ(−1− b−2) ∼





(
e−

iπc
6 − e iπc6

)−1
e−

c
3 log c

6+
c
3 c→∞(

e
πc(g)

6 − e−πc
(g)

6

)
e
ic(g)

3 log( c
(g)

6 )+ ic(g)

6 c(g) →∞
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Liouville theory

For c→∞, (We implicitly shift c→ c+ iε)

ZLiouville =
1

e−
iπc
6 − e iπc6

λ
c
6 =

∞∑

n=0

e
iπ(2n+1)c

6 λ
c
6 . (10)

Each summand actually corresponds to the on-shell action on a

complex solution φ(n) of Liouville theory [Harlow, Maltz, Witten].

→ infinite saddle points are expected to contribute in EAdS gravity.

For c ≡ −ic(g) → −i∞,

ZLiouville =

(
e
πc(g)

6 − e−πc
(g)

6

)
λ−

ic(g)

6 . (11)

→ Two saddle points are expected to contribute in dS gravity.

The above difference can be regarded as the Stokes phenomenon.
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dS saddle points

In our previous work (Yasuaki’s talk last year), we considered the dual

geometries to the dS case

ZLiouville ∼
(
e
πc(g)

6 − e−πc
(g)

6

)
λ
ic(g)

6

The two saddles correspond to the no-boundary [Hartle, Hawking] and

the tunneling [Vilenkin] wave functions, respectively.

θ

ds2 = dθ2 + cos2 θdΩ2
2

Physical meaning: The data of initial condition (=real factor) of Ψ is

obtained from the dual CFT.
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AdS saddle points

Q: How are the infinite AdS saddles interpreted geometrically?

In dS case, the label n of the complex saddles φ(n) may be

understood as the winding number (' Chern-Simons action) of

Euclidean section (' S3) of geometry.

The Euclidean section of geometry is constructed by Wick rotation

from

−(X0)2 + (X1)2 + (X1)2 + (X3)2 = `2dS (12)

with X0 = iX̃0 into

(X̃0)2 + (X1)2 + (X1)2 + (X3)2 = `2dS (13)

We would like to construct the EAdS saddles similarly, attaching an

analytically continued geometry.
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AdS saddle points

For the non-trivial winding number to be defined in EAdS, in the

embedding coordinate

(X0)2 + (X1)2 + (X1)2 − (X3)2 = −`2AdS , (14)

we continue X3 = iX̃3, then

(X0)2 + (X1)2 + (X1)2 + (X̃3)2 = −`2AdS . (15)

We propose that the dual geometries are 3d

disks with a imaginary radius sphere attached.

We will check this proposal by considering the

mini-superspace approach for both dS and AdS.

ρ

ds2 = dρ2 + sinh2 ρdΩ2
2

Chen, Hikida, Taki, Uetoko May 8th 2024 16 / 28



Contents

1 Introduction

2 Review and setup of (A)dS/CFT

3 Liouville calculations

4 Mini-superspace analysis

5 Summary and future problems

Chen, Hikida, Taki, Uetoko May 8th 2024 17 / 28



Mini-superspace model for dS

The Einstein-Hilbert action

I = − 1

16πG

∫
d3x

(
R− 2

`2dS

)
− IGH − Ict . (16)

We consider a class of gemetries with the metric ansatz

ds2 = `2dS
(
N(τ)2dτ2 + a(τ)2dΩ2

2

)
. (17)

and two boundaries at τ = 0, 1. We impose the Dirichlet boundary

conditions a(0) = 0 and a(1) = a1.

We can fix gauge as N ′ = 0, so that

ΨdS =

∫

C
dN

∫
Da e−I[a;N ]−Ict , (18)

I[a;N ] = −`dS
2G

∫ 1

0
dτN

[
1

N2
a′2 − a2 + 1

]
(19)
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Mini-superspace model for dS

The EOM for a(τ) is a′′ +N2a = 0, then the solutions are

a(N)(τ) =
a1

sinN
sin(Nτ) . (20)

Substituting the solution and including also the one-loop corrections,

ΨdS =

∫

C
dN

(
1√

N sinN

) 1
2

e
`dS
2G (N+a2

1 cotN)−Ict (21)

The saddle points are

N±n =

(
n+

1

2

)
π ± i ln

(
a1 +

√
a21 − 1

)
n ∈ Z . (22)

Actually our model is “critical” in the sense that the theory lies on a

point where the Stokes phenomenon happens.
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Mini-superspace model for dS
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Figure 1: The steepest descent paths for the dS3 case with Dirichlet-Dirichlet boundary condi-
tions. The red dots denote the saddle points and the wavy lines correspond to branch cuts.

Since we are restricting to the region a1 > 1, the saddle points are listed as

N+
m =

✓
m +

1

2

◆
⇡ + i log

✓
a1 +

q
a2

1 � 1

◆
, (3.22)

N�
m =

✓
m +

1

2

◆
⇡ � i log

✓
a1 +

q
a2

1 � 1

◆
, (3.23)

and the on-shell action on each saddle point is

I[ā(N+
m); N+

m] = �`dS

2G

✓
m⇡ � ia1

q
a2

1 + 1 + i log

✓
a1 +

q
a2

1 � 1

◆◆
, (3.24)

I[ā(N�
m); N�

m] = �`dS

2G

✓
m⇡ + ia1

q
a2

1 + 1 � i log

✓
a1 +

q
a2

1 � 1

◆◆
. (3.25)

The saddle points and the steepest descents are depicted in figure 1. We denote J +
m and J �

m

as the steepest descents associated with N+
m and N�

m, respectively. The orientations of steepest
descents are defined to be positive in the positive directions of the real and imaginary axes. We
can see that the steepest descent paths in figure 1 show a curious behavior: A steepest descent
path that emanates from a saddle point can end at another saddle point. This is actually a
critical behavior in the sense that the theory exactly lies on the Stokes line. Precisely speaking,
the saddle point approximation is not well-defined in such a situation (see e.g. [49, 40]). This
is actually a specific feature in three dimensions, which cannot be observed in four dimensions
[50]. As we can find from (3.20), there are branch points at N = ⇡Z coming from

p
sin N . We

choose the branch cuts as connecting N = 2nZ and N = (2n + 1)Z as depicted in figure 1.

To avoid this problem, we try to slightly shift the parameter `dS in the imaginary direction
`dS ! `dS±i✏, which are depicted in figure 2. The configurations of steepest descent paths highly
depend on the sign of the shift. When we only focus on the upper half plane, the right panel in
figure 2 is in the same phase as the AdS3 case as we will see in the next section, while the left
panel is very di↵erent. The transition between these phases causes the Stokes phenomenon. In
fact, this Stokes phenomenon looks very similar to that for Gamma function, see e.g. Appendix
C of [26].

16

-6 -4 -2 0 2 4 6

-4

-2

0

2

4

J +
0 J +

1J +
�1J +

�2

J �
0 J �

1J �
�1J �

�2

-6 -4 -2 0 2 4 6

-4

-2

0

2

4

J +
0 J +

1J +
�1J +

�2

J �
0 J �

1J �
�1J �

�2

Figure 2: The left panel shows the plot when `dS ! `dS + i✏. The right panel shows the plot
when `dS ! `dS � i✏.

Now we have a question: Which direction of the shift, `dS ! `dS±i✏, is physically appropriate
for the dS3 case? One answer is given by the dual CFT point of view via dS/CFT correspondence,
where the central charge of the dual CFT is3

c = �i
3`dS

2G
+ 13 + O(G) . (3.26)

In the gravity interpretation, the constant term “13” comes from the one-loop contributions.
This contribution can also be realized as a shift `dS ! `dS + i✏, which corresponds to the left
panel of figure 2 (Note that we adopt the notation `AdS = �i`dS).

Finally let us discuss the contour C for the N integral. Our goal is to find a contour that
reproduces the CFT calculation (2.25). Each saddle point N±

m gives the leading contribution to
the wave functional of universe

 ±
m ⇠ e

(2m+1)`dS⇡

4G (2a1)
⌥i

`dS
2G

± ✏
2G . (3.27)

Due to ✏ in the exponent,  �
m from the saddles in the lower half plane are suppressed in the large

a1 approximation. Naively to preserve future time direction, one would choose the integration
contour as iR+. Though the integral along this contour diverges, it can be deformed to coincide
J +
�1. However, this contour does not seem to be physical because  has only the suppressing

saddle. To match with the CFT result (2.25), we have to pick up two saddles J +
0 , J +

�1 from
the upper half plane. Therefore we propose the contour that comes from the positive imaginary
infinity, rounds the branch cut lying between N = 0 and N = ⇡, and goes back to the positive
imaginary infinity. This contour can be deformed to

�J +
�1 + J �

0 + J +
0 , (3.28)

where the signatures take �1 if the orientations of the steepest descent and the contour are
opposite. Since the contribution from J �

0 is suppressed as explained above, the semi-classical

3Note that our formula for the central charge is di↵erent from [22, 23], where the Newton constant is already
normalized so that the central charge involves all quantum corrections. The notation used here is rather ordinary
one, same as the original Brown-Henneaux formula [12].
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`dS → `dS + iε `dS → `dS − iε

c = −i3`dS
2G

+ 13 +O(G)

⇐⇒ `dS → `dS + iε
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Mini-superspace model for dS

We consider a contour C that surrounds

two branch points N = 0, π and goes

into the large imaginary region.

Such a contour can be deformed to

C = −J +
−1 + J −0 + J +

0

We then obtain in a1 � 1

ΨdS ∼
(
e
π`dS
4G − e−

π`dS
4G

)
(2a1)

i
`dS
2G

This reproduces the CFT result!
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m gives the leading contribution to
the wave functional of universe
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± ✏
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m from the saddles in the lower half plane are suppressed in the large

a1 approximation. Naively to preserve future time direction, one would choose the integration
contour as iR+. Though the integral along this contour diverges, it can be deformed to coincide
J +
�1. However, this contour does not seem to be physical because  has only the suppressing

saddle. To match with the CFT result (2.25), we have to pick up two saddles J +
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�1 from
the upper half plane. Therefore we propose the contour that comes from the positive imaginary
infinity, rounds the branch cut lying between N = 0 and N = ⇡, and goes back to the positive
imaginary infinity. This contour can be deformed to

�J +
�1 + J �

0 + J +
0 , (3.28)

where the signatures take �1 if the orientations of the steepest descent and the contour are
opposite. Since the contribution from J �

0 is suppressed as explained above, the semi-classical

3Note that our formula for the central charge is di↵erent from [22, 23], where the Newton constant is already
normalized so that the central charge involves all quantum corrections. The notation used here is rather ordinary
one, same as the original Brown-Henneaux formula [12].
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Mini-superspace model for dS

Let us compare the saddles with HH saddle and Vilenkin’s saddle.

The metric for a saddle N = N±n is

ds2 = (N±n )2dτ2 + sin2(N±n τ)dΩ2
2 . (23)

For example, the metric for N+
0 is

represented as the blue line (θ = N+
0 τ).

N+
0 saddle and HH saddle can be

regarded as equivalent due to the

Cauchy’s theorem for a(τ)-integral.

θ

HH

N+
0

Therefore we have obtained the consistent result with the Liouville

calculation.
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Mini-superspace model for AdS

The Einstein-Hilbert action

I = − 1

16πG

∫
d3x

(
R+

2

`2AdS

)
− IGH − Ict . (24)

We consider a class of gemetries with the metric ansatz

ds2 = `2AdS

(
N(r)2dr2 + a(r)2dΩ2

2

)
. (25)

and two boundaries at r = 0, 1. We impose the Dirichlet boundary

conditions a(0) = 0 and a(1) = a1.

We can fix gauge as N ′ = 0, so that

ZAdS =

∫

C
dN

∫
Da e−I[a;N ]−Ict , (26)

I[a;N ] = −`AdS

2G

∫ 1

0
drN

[
1

N2
a′2 + a2 + 1

]
(27)
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Mini-superspace model for AdS

The EOM for a(r) is a′′ −N2a = 0, then the solutions are

a(N)(r) =
a1

sinhN
sinh(Nr) . (28)

Substituting the solution and including also the one-loop corrections,

ZAdS =

∫

C
dN

(
1√

N sinhN

) 1
2

e
`AdS
2G (N+a2

1 cothN)−Ict (29)

The saddle points are

N±n = nπi± ln

(
a1 +

√
a21 − 1

)
n ∈ Z . (30)

The contribution from each saddle J ±n is

Zn ∼ e
nπi`AdS

2G (2a1)
± `AdS

2G . (31)
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Mini-superspace model for AdS
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Figure 4: The steepest descent paths for the AdS3 case with Dirichlet-Dirichlet boundary con-
ditions. The red dots denote the saddle points and the wavy lines correspond to branch cuts.
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Figure 5: The left panel shows the plot when `AdS ! `AdS + i✏. The right panel shows the plot
when `AdS ! `AdS � i✏.
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`AdS → `AdS + iε

Again our model is “critical,” but the final result does not depend on

the choice of `AdS → `AdS ± iε, so we choose +.
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Mini-superspace model for AdS

We consider a natural contour C = R+

Such a contour can be deformed to

C =

∞∑

n=0

J +
n +

∞∑

n=1

J −n

We then obtain in a1 � 1

ZAdS ∼ e−
iπ`AdS

4G

∞∑

n=0

e
i(2n+1)π`AdS

4G (2a1)
`AdS
2G

Up to the overall factor, this reproduces

the CFT result!

The label n for J +
n can be regarded as

the winding number.
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Figure 4: The steepest descent paths for the AdS3 case with Dirichlet-Dirichlet boundary con-
ditions. The red dots denote the saddle points and the wavy lines correspond to branch cuts.
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when `AdS ! `AdS � i✏.
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Mini-superspace model for AdS

Our proposal was that the dual geometries are realized as 3d disk

with an imaginary sphere attached.

We can check this proposal in the similar discussion to dS case.

The metric for a saddle N = N±n is

ds2 = (N±n )2dr2 + sinh2(N±n r)dΩ2
2 . (32)

For example, the metric for N+
3 is

represented as the blue line (ρ = N+
3 r).

The two saddles are equivalent due to

the Cauchy’s theorem.

ρ
N+

3

Thus we have checked the gravity saddles correspond to what we

constructed in the previous section.
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Summary and future problems

Summary

We determined the bulk semi-classical saddles from CFT calculations.

Under the analytic continuation c→ −ic(g), Stokes phenomenon

occurs and the relevant saddles drastically change.

We propose that the dual geometries are 3d disks with a imaginary

radius sphere attached.

We checked the proposal by the mini-superspace approach.

Future problems

Other boundaries than S2 (e.g. torus)

Higher dimensions

Relation of “allowable metric” [Witten]
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Chern-Simons gravity for AdS3

The Einstein gravity with negative cosmological constant can be

formulated by SL(2,R)× SL(2,R) Chern-Simons theory.

S = SCS[A]− SCS[Ã] , SCS[A] =
k

4π

∫
tr

(
A ∧ dA+

2

3
A ∧A ∧A

)

with k = `AdS/4GN . A, Ã are sl(2)-valued one forms.

The general solutions to EOM can be put into the forms

A = e−ρL0a(x+)eρL0dx+ + L0dρ , Ã = eρL0 ã(x−)e−ρL0dx− − L0dρ

The metric is reproduced as

gµν =
`2AdS

2
tr(Aµ − Ãµ)(Aν − Ãν)
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Chern-Simons gravity for dS3

The Einstein gravity with positive cosmological constant can be

formulated by SL(2,C)× SL(2,C) Chern-Simons theory.

S = SCS[A]− SCS[Ā] , SCS[A] =
k

4π

∫
tr

(
A ∧ dA+

2

3
A ∧A ∧A

)
,

where k = −i`dS/4GN and Ā is the complex conjugate of A.

The general solutions to EOM can be put into the forms

A = e−i(θ+π/2)L0a(z)ei(θ+π/2)L0dz + iL0dθ ,

Ā = ei(θ+π/2)L0 ā(z̄)e−i(θ+π/2)L0dz̄ − iL0dθ

The metric is reproduced as

gµν = −`
2
dS

2
tr(Aµ − Āµ)(Aν − Āν) (33)
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Classification of solutions

First consider the configuration

a = L1 +
2πL
κ
L−1 , ā = −L−1 −

2πL
κ
L1 , (34)

which leads to

`−2ds2 = dθ2 − 8πL
κ

sin2 θdt2 +
8πL
κ

cos2 θdφ2 (35)

This solution has the trivial holonomy Pe
∮
A ∼ 1.

Note that large gauge transformations are not symmetry of CS theory

since we are considering SL(2,C) and complex k. Therefore a large

gauge transformation with n windings gives another metric

`−2ds2 = dθ2 +
8π(2n+ 1)2L

κ
sin2 θdt2E +

8πL
κ

cos2 θdφ2 (36)
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2-point function

Consider 2-pt function with insertions of primary operators with

α =
η

b
, η =

1−√1− 8GNE

2
. (37)

In our limit, the 2-pt functions of Liouville theory are given by

〈Vα(z1)Vα(z2)〉 ∼ δ(0)|z12|−
4η(1−η)
b2 λ

1−2η

b2

[
γ(b2)

b2

] 1−2η

b2

γ

(
2η − 1

b2

)

∼
(
e
πc(g)

6

√
1−8GNE − e−πc

(g)

6

√
1−8GNE

)
× (phase)

We have observed again that the Stokes phenomenon occurs and two

saddles are relevent. → Another example of Witten’s proposal!

The dual geometry involves a conical defect with a deficit angle

2π(1−
√

1− 8GNE) (38)
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3-point functions

The 3-pt function of Liouville theory is well known as DOZZ formula:

C(α1, α2, α3) =
[
λγ(b2)b−2b

2
](Q−∑i αi)/b

× Υ′b(0)Υb(2α1)Υb(2α2)Υb(2α3)

Υb(
∑
i αi −Q)Υb(α1 + α2 − α3)Υb(α2 + α3 − α1)Υb(α3 + α1 − α2)

.

b→ 0 limit of Υb(x/b) is given by

Υb

(x
b

)
∼ exp

(
1

b2
[
−(x− 1/2)2 log b+ F (x)

])
.

for 0 < x < 1.

If an argument of Υb is not in the range, we use recursion relations:

Υb(x+ b) = γ(bx)b1−2bxΥb(x),

Υb

(
x+

1

b

)
= γ

(x
b

)
b

2x
b −1Υb(x),
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3-point functions

We assume the regions of η1, η2, η3 as




∑

i

ηi < 1 ,

ηi + ηj − ηk > 0 .

(39)

In fact, these conditions correspond to the condition for the dual

geometry with conical deficits to exist.

For this region, Υb(
∑

i αi −Q) gives γ
(
(1−∑i ηi)/b

2
)
, then

C(α1, α2, α3) ∼
(
e−πi

1−
∑
i ηi

b2 − eπi
1−

∑
i ηi

b2

)
λ(1−

∑
i ηi)/b

2

e
1
b2

[··· ]

so in b ∼ ic(g)/6,

|〈Vα1(z1, z̄1)Vα2(z2, z̄2)Vα3(z3, z̄3)〉|2 ∼ exp

[
πc(g)

3

(
1−

∑

i

ηi

)]
.
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3-point functions

The dual geometry to |Ψ|2 is given by 3-sphere with three conical

defects with deficit angles 4πηi.

We can derive the above conditions (39) from the existence of this

geometry.

Indeed, the saddle point approximation for this solution is

|Ψ|2 ∼ exp

[
πc(g)

3

(
1−

∑

i

ηi

)]
(40)

S3
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4-point functions

We can also consider 4-pt functions with αi = ηi/b, i = 1, . . . , 4.

From the condition for the existence of dual geometry, we can restrict

the parameters as
∑

i

ηi < 1,

ηi + ηj + ηk − ηl > 0, (i 6= j 6= k 6= l),

−1 < ηi + ηj − ηk − ηl < 1, (i 6= j 6= k 6= l),

In these regions of ηi, the conformal block decomposition becomes

〈V1(1)V2(∞)V3(0)V4(z, z̄)〉

= i
∑

poles crossing R

C

(
α1, α2,

Q

2
− iP

)
ResC

(
α3, α4,

Q

2
+ iP

)
F12

34 (hP |z)F12
34 (hP |z̄)

+
1

2

∫ ∞
−∞

dP

2π
C

(
α1, α2,

Q

2
− iP

)
C

(
α3, α4,

Q

2
+ iP

)
F12

34 (hP |z)F12
34 (hP |z̄) .
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4-point functions

We focus on the small |z| limit, where

F12
34 (hP |z) ∼ zhP−h1−h2 . (41)

Carefully analyzing the pole structure, we can obtain

〈V1(1)V2(∞)V3(0)V4(z, z̄)〉 ∼
(
e−iπ(1−

∑
i ηi)/b

2 − eiπ(1−
∑
i ηi)/b

2
)
× (phase),

so in b ∼ ic(g)/6,

| 〈V1(1)V2(∞)V3(0)V4(z, z̄)〉 |2 ∼ exp

[
πc(g)

3

(
1−

∑

i

ηi

)]
.

In the same way as 3-pt functions, we can interpret in the gravity side

as 3-sphere with four conical defects with deficit angles 4πηi.
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Comments on higher-point functions

We can extend the above calculation to higher-point functions.

For 3-pt functions, we use the DOZZ formula

C(α1, α2, α3) =
[
λγ(b2)b−2b

2
](Q−∑i αi)/b

× Υ′b(0)Υb(2α1)Υb(2α2)Υb(2α3)

Υb(
∑
i αi −Q)Υb(α1 + α2 − α3)Υb(α2 + α3 − α1)Υb(α3 + α1 − α2)

.

For 4-pt and higher-pt functions, we compute by using the conformal

block decomposition.

For all cases, we can construct the dual geometry with conical deficits.
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Stirling’s formula

Here we review the derivation of Stirling’s formula of Gamma function

Γ(z) =

∫ ∞

0
tz−1e−tdt = zz

∫ ∞

−∞
ez(φ−e

φ)dφ, Re z > 0. (42)

We can analytically continue Γ(z) to z ∈ C \ {0,−1,−2, . . .}.
Stirling’s formula at large |z| is given by as follows:

Γ(z) ∼




ez log z−z Re z > 0

1
eiπz−e−iπz e

z log(−z)−z Re z < 0
(43)

A sketch of the derivation will be explained below, following [Harlow,

Maltz, Witten].
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A sketch of derivation

Stirling’s formula can be derived by saddle-point approximation.

The procedure of saddle-point approximation for
∫
eI[φ]dφ:

1 Find the stationary points {φn} of I[φ] in C-valued φ, and the steepest

descepnt Cn for each φn in the C-plane. ⇒
∫
Cn dφ eI[φ] = eI[φn].

(* A steepest descent Cn is defined as the gradient flow from φn)

2 Deform the contour of integral (by Cauchy’s theorem) and express it as

sum of the steepest descents Cn of φn.

3 Evaluate the integral as

∑

{Cn}

eI[φn] (44)

The stationary points of I = z(φ− eφ) are classified as

φn = 2πin, n ∈ Z (45)
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A sketch of derivation

The steepest descents Cn for φn (cited from [Harlow, Maltz, Witten]):

Figure 6. This figure is equivalent to Fig. 5, except that now z is complex but still with

Re z > 0. (In drawing the figure, we have taken the case Im z > 0.) The critical points are

unchanged from the case that z is real, but the steepest descent contours are changed. The

phrase Relevant Contour labels the contour C0 that controls the asymptotics of the Gamma

function in this region.

(Again, a prefactor analogous to the 1/
p

2⇡z in Stirling’s formula can be found by

evaluating the integral over C0 more accurately.) From this point of view, the poles

of the Gamma function at negative integers arise not because of a problem with the

integral over C0 but because of a divergence of the geometric series. The factor 1/(1 �
exp(2⇡iz)) in this formula is important only near the negative real axis.

For use in the main text of the paper we note that a similar analysis of the case

where Re z < 0, Im z > 0 gives

�(z) ⇠ zze�z 1

1 � exp(�2⇡iz)
, (C.12)

and that these formula can all be combined to give

�(z) =

(
ez log z�z+O(log z) Re(z) > 0

1
ei⇡z�e�i⇡z ez log(�z)�z+O(log(�z)) Re(z) < 0,

(C.13)

where the logarithms are always evaluated on the principal branch.
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Figure 7. This is the analog of Fig, 6, but now for the case that Re z < 0, Im z > 0. (For

Re z < 0, Im z < 0, just turn the figure upside down.) A Stokes phenomenon has occurred,

relative to Fig, 6. In Fig, 6, each steepest descent curve for the Gamma function connects

the shaded region in the upper left to one of the shaded regions on the right. This is also the

behavior of the contour C that defines the Gamma function. However, for Re z. Im z < 0, the

steepest descent contours connect two adjacent shaded regions on the right. To construct the

contour C that controls the Gamma function, one must take an infinite sum
P

n�0 Cn.

C.3 The Inverse Gamma Function

We can play the same game for the inverse of the Gamma function, starting with

the integral representation

1

�(z)
=

1

2⇡i

I

Ct

t�zetdt =
�1

2⇡i
z�z+1

I

C
ez(e��+�)e��d�. (C.14)

In (C.14), Ct starts at real �1� i✏, encircles the branch cut along the negative real t

axis, and ends up at �1 + i✏.

To arrive at the right hand side of (C.14), we have made the coordinate change

t = ze��, which di↵ers slightly from the transformation t = ze� used in deriving

(C.1). The critical points are still at �n = 2⇡in. Once again the shaded regions in

Fig, C.3 are the ones in which the integral is convergent, as Re I ! �1, where now

I = z(e�� + �). The steepest descent contours are shown in Fig, C.3 and connect

adjacent shaded regions on the left of the figure. For z real and positive, the image

– 105 –

Re z > 0 Re z < 0
Stokes phenomenon

Γ(z) ∼ zzeI[φ0] = ez log z−z, Re z > 0, (46)

Γ(z) ∼ zz
∞∑

n=0

eI[φn] =
1

eiπz − e−iπz e
z log(−z)−z, Re z < 0 (47)
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