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We study giant graviton expansions of the superconformal index of 4d orbifold/orientifold 
theories. In general, a giant graviton expansion is given as a multiple sum over wrapping numbers, 
but it was found by Gaiotto and Lee that for N=4 SYM it can be reduced to a simple sum. We find 
in many examples of orbifold and orientifold theories such reduction occurs, and theories defined 
with different orbifold/orientifold projections are connected by giant graviton expansions.

Abstract



GG expansion for N=4 U(N) SYM



Superconformal index

: Hamiltonian (Dilatation)
ଵ ଶ : Angular momenta
௫ ௬ ௭ : R-charges

భ మ ೣ ೤ ೥

Superconformal index of N = 4 SYM

is a function of four 
independent variables.

[Romelsberger, hep-th/0510060]
[Kinney, Maldacena, Minwalla, Raju, hep-th/0510251]

We can calculate the index for an arbitrary rank by the localization method.



Localization formula

୴ୣୡ

We can calculate the index by the localization formula

Letter index for the N=4 vector mult.

ୟୢ୨
௎ ே

௜
௜

௝

ே

௜,௝ୀଵ

Character of the U(N) adjoint rep.

Plethystic exponential.



Pexp (Plethystic exponential)

௜ ௜
௜ ௜

௖೔
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ଷ

ଶ

General definition

Examples

ଶ
ଶ ଶ

ିଵ
ିଵ

Letter index



We can easily obtain the large N limit by the saddle point method.

This simple form suggests the existence of weakly coupled description.

= Holographic description (AdS/CFT correspondence)

Large N limit [Kinney, Maldacena, Minwalla, Raju, hep-th/0510251]



[Arai, YI, arXiv:1904.09776][YI, arXiv:2108.12090]
[Gaiotto, Lee, arXiv:2109.02545][Lee, arXiv:2204.09286]
[Murthy, 2202.06897]

Finite N corrections
Let us extract the finite N correction ୋୋ by the relation

ୋୋ is the contribution from determinant operators ～ giant gravitons.



Finite N corrections
Parameter relations

If localization works, the path integral for D3-branes will be localized at 
fixed points in the D3-brane configuration space.

Three (topologically trivial) three-cycles in ହ will contribute to the index.



௎ ே

௎ ஶ

௠ೣே ௠೤ே ௠೥ே
௠ೣ,௠೤,௠೥

ஶ

௠ೣ,௠೤,௠೥ୀ଴

[YI, arXiv:2108.12090]GG expansion for N=4 U(N) SYM

GG expansion (with multiple sum)

𝑈 𝑚௫

𝑈 𝑚௬

𝑈 𝑚௭

D3 × 𝑚௫

D3 × 𝑚௬

D3 × 𝑚௭

𝑋 = 0
𝑌 = 0

𝑍 = 0

4d
𝑈(𝑚௭)

4d
𝑈(𝑚௫)

4d
𝑈(𝑚௬)

2d
bi-fund.

2d
bi-fund.

2d
bi-fund.

𝐺 = 𝑈 𝑚௫ × 𝑈 𝑚௬ × 𝑈(𝑚௭)



Functions 
The function ௠ೣ,௠೤,௠೥ is given by

௠ೣ,௠೤,௠೥
ீ

௫ ௫ ௬ ௬ ௭ ௭

௫ ௫ ( ௬ ௬ ௭ ௭ ) is the letter index of adjoint fields on ( )

௑ୀ଴ is the letter index for the fields in D3-brane wrapped around X=0 
( ଷ), and is in fact closely related to ୴ୣୡ.

௫ ௫ ௑ୀ଴ ୟୢ୨
௎ ௠ೣ



We define the involution ௫ exchanging the AdS boundary and the GG 
worldvolume on X=0.

AdS boundary

spacetime internal

GG on X=0

ଵ ଶ ௫ ௬ ௭

௫ ଵ ଶ௬ ௭

Boundary-GG map

௫ ଵ ଶ ௬ ௭

[Arai, YI, arXiv:1904.09776] [Gaiotto, Lee, arXiv:2109.02545]



We can extend ௫ to an automorphism of ଶ . 
Its action on the Cartan generators and fugacities are as follows.

: invariant

Automorphism



௑ୀ଴ ௫ ୴ୣୡ

By using this variable change we can easily obtain ௑ୀ଴ from ୴ୣୡ.

௠ೣ,௠೤,௠೥
ீ

௫ ௫ ௬ ௬ ௭ ௭

ீ
௫ ୴ୣୡ ୟୢ୨

௎ ௠ೣ
௬ ୴ୣୡ ୟୢ୨

௎ ௠೤
௭ ୴ୣୡ ୟୢ୨

௎ ௠೥

The intersection contribution … have to be determined separately.
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Numerical check

ୱ୧୬୥୪ୣ

ୢ୭୳ୠ୪ୣ

୲୰୧୮୪ୣ



௎ ଵ ୗ୙ୋୖ୅ ୱ୧୬୥୪ୣ ୢ୭୳ୠ୪ୣ ୲୰୧୮୪ୣ
ଵ
ଶ

ଷ
ଶ ଶ

ହ
ଶ ଷ

଻
ଶ ସ

ଽ
ଶ ହ

ଵଵ
ଶ ଺

ଵଷ
ଶ ଻

ଵହ
ଶ ଼

ଵ଻
ଶ ଽ

ଵଽ
ଶ ଵ଴

ଶଵ
ଶ ଵଵ

ଶଷ
ଶ ଵଶ

ଶହ
ଶ

ଵଷ

By summing up contributions with ଵ ଶ ଷ we find 
complete agreement up to ଵଷ for . [YI, arXiv:2108.12090]

Expected error  ୯୳ୟୢ୰୳୮୪ୣ
ଶ଴

Inclusion of multiple-wrapping contributions gives

Numerical check
unrefinement:

𝑞, 𝑝, 𝑥, 𝑦, 𝑧 = (𝑡ଷ/ଶ, 𝑡ଷ/ଶ, 𝑡, 𝑡, 𝑡)



As far as we have checked the formula reproduces finite N index correctly!

AdS CFT Large N Single-wrapping Multiple-wrapping
AdSହ × 𝑆ହ 4d N=4 SYM [Kinney, Maldacena, Minwalla, Raju, 05] ✔[Arai, YI, 19] ✔[Arai, Fujiwara, YI, Mori, 

20][YI, 21]

AdSହ × 𝑆ହ/𝑍௞
ௌ 4d N=3 [IY, Yokoyama, 16] ✔[Arai, YI, 19]

AdSହ × 𝑆ହ/Γ 4d N=1 quiver [Nakayama, 05] ✔[Arai, Fujiwara, YI, Mori, 19]

AdSହ × SEହ 4d N=1 quiver [Nakayama, 06][Eager, Schmude, Tachikawa, 
12][Agarwal, Amariti, Mariotti 13]

✔[Arai, Fujiwara, YI, Mori, 19] （✔）[Fujiwara 23]
(special limit)

AdSହ × 𝑆ఈ
ହ 4d N=2 AD & MN [Fayyazuddin, Spalinski, 98][Aharony, 

Fayyazuddin, Maldacena, 98]
✔[YI, Murayama, 21]

AdSସ × 𝑆଻/𝑍௞ 3d ABJM [Bhattacharya, Bhattacharyya, Minwalla, Raju, 
08][Kim, 09]

✔[Arai, Fujiwara, YI, Mori, 
Yokoyama, 20]

AdS଻ × 𝑆ସ 6d (2,0) [Bhattacharya, Bhattacharyya, Minwalla, Raju, 
08]

✔[Arai, Fujiwara, YI, Mori, 
Yokoyama, 20]

（✔）[Arai, Fujiwara, YI, 
Mori, Yokoyama](special limit)

AdS଻ × 𝑆ସ/𝑍௞ 6d (1,0) [Ahn, Oh, Tatar, 98] ✔[Fujiwara, YI, Mori, 21]

Application to other systems (multiple-sum GGE)



Technical difficulty for contributions
Although the GG expansion (with multiple sum) seems to work for many examples 
(including toric SE5, orientifolds, and S-folds), calculation of contribution from 
intersecting cycles is technically difficult.

Even the wrapping number is larger than 1, contribution from single-cycle 
(like ௠ೣ,଴,଴) can be relatively easily calculated.

௎ ே

௎ ஶ

௠ே
௠,଴,଴ 

ஶ

௠ୀ଴

௠ே
௫ ௎ ௠

ஶ

௠ୀ଴

Surprisingly, GG expansion with simple sum was proposed [Gaiotto, Lee, arXiv:2109.02545]

This can be true due to the “wall-crossing behavior” of ௠ೣ,௠೤,௠೥.
By choosing an appropriate “chamber” some contributions vanish.



ஶ
௞

ஶ

௞ୀଵ

ଶ ଷ ସ ହ

q-expansion (Expansion around q = 0)

q-1(=:s)-expansion (Expansion around q = ∞)

ି௞

ஶ

௞ୀଵ

௞

௞

ஶ

௞ୀଵ

ஶ

Toy model with “wall crossing” behavior

Toy model.



Degree assignment
To consider different expansion variables, it is convenient to introduce an 
auxiliary variable t, which has “degree” +1.

For a function of multiple variables ௜, we assign degree ௜ for each 
variable, and replace ௜ by ௗ೔ ௜, and then we carry out -expansion 
(around ).

deg 𝑞 = +1

deg 𝑞 = −1

ଶ ଷ ସ ହ

ିଵ ஶ

If there are infinitely many negative degree terms in the letter index, 
then its plethystic exponential vanishes.

Criterion:



Decoupling
For N=4 SYM the following degree assignment is convenient.

This means we consider t-expansion after (q,p,x,y,z)→(tq,tp,x,ty,tz).

଴,ଵ,଴ ௬ ୴ୣୡ

௬ ୴ୣୡ

ିଵ
ିଵ ିଵ ଶ ିଵ

The letter index ௬ includes infinitely many negative-degree terms. → ଴,ଵ,଴ decouples

For example,

With this degree assignment we can show that ௠ೣ,௠೤,௠೥ for ௬ ௭ .



௎ ே

௎ ஶ

௠ே
௠,଴,଴ 

ஶ

௠ୀ଴

௠ே
௫ ௎ ௠

ஶ

௠ୀ଴

As the result of the decoupling, the  multiple-sum GG expansion reduces 
to the simple-sum GG expansion. [Gaiotto, Lee, arXiv:2109.02545]

GG expansion with simple sum

[YI, arXiv:2205.14615] 



௎(ே)

௎(ஶ)

Numerical test

𝑚 = 0 subtracted

𝑚 = 0,1 subtracted

𝑚 = 0,1,2 subtracted

𝑚 = 0,1,2,3 subtracted

௎ ே

௎ ஶ

௠ே
௫ ௎ ௠

ஶ

௠ୀ଴

The expansion correctly reproduces the index.

𝑛௧

𝑛௫



Example 1 : Orbifolds

Generalizations



Orbifolds
௞ orbifold of N=4 U(N) SYM with

௞ ௫ ௬

[Douglas and Moore, arXiv:hep-th/9603167]

𝑁ഥ

𝑁ഥ

𝑁ഥ

𝑁ഥ

𝑋ଵଶ

𝑋ଶଷ
𝑋ଷସ

𝑌ଶଵ

𝑌ଷଶ

𝑌ସଷ𝑍ଵଵ

𝑍ଶଶ 𝑍ଷଷ

𝑍ସସ We denote this theory by ேഥ

The boundary theory is the N=2 gauge theory with a circular quiver diagram. 

The gauge group is ௞



The letter index of the orbifold theory is given by the projection.

௞ ୴ୣୡ ୟୢ୨
௎ ே

୴ୣୡ
ିଵ

௞ ୟୢ୨
௎ ே

ఠ∈௓ೖ

Insertion of  ௞ ↔ ௞ ௞
ିଵ

௞ also non-trivially acts on ୟୢ୨
௎ ே , and it  breaks to ௞

The index is given by

் ഥಿ
ீ

௞ ୴ୣୡ ௔ௗ௝
௎ ே

௞



ହ

ହ
௞ with fixed ଵDual geometry

ಮ

The large N index

(Gravity multiplet) + ( tensor multiplets on ହ
ଵ)



Functions 

௠ೣ,௠೤,௠೥ ௫ ௫ ௬ ௬ ௭ ௭

௫ ௫ ௞ ௫ ୴ୣୡ ௔ௗ௝
௎ ௠ೣ

The contribution from GG system is given by

where ௫ ௫ is the letter index for ௫ GGs wrapped around X=0, and given by

Although the projection ௞ removes some terms from the letter index, it still 
includes negative degree terms.



௬ ௬ and ௭ ௭ satisfy the decoupling criterion.

If we take the degree assignment 

Decoupling

௠ೣ,௠೤,௠೥ for ௬ ௭ , and the GG expansion reduces to 
the simple sum associated with the cycle X=0.

் ഥಿ

ಮ்

௞௠ഥ ேഥ
௫ ೘்

∗

ஶ

௠ഥ ୀ଴
௠ഥ
∗ is the theory realized on GG ௠ഥ



௞
∗

௫ ௞ ௫ ௫ ଵ

The theory on GG wrapped around X=0 is ௞ orbifold defined by

The index is given by the corresponding projection

This theory is N=4 U(N) SYM in ଷ
ଶ, and the orbifolding breaks the gauge 

symmetry to ௞. ( )

Theory on GG

௞ ௫ ௬

೘்
∗

ீ
௞
∗

୴ୣୡ ௔ௗ௝
௎ ௠



𝐴𝑑𝑆ହ/𝑍௞ with fixed 𝐴𝑑𝑆ଷ

𝑆ହ/𝑍௞ with fixed 𝑆ଷ

Dual geometry

ಮ்
∗

௞

௞

௞

௞

The large limit of the index is

(Gravity multiplet) + ( tensor multiplets on ଷ
ଷ)

௞
∗

௫ ଵ



GG expansion for 

We can consider giant graviton expansion of ௠ഥ
∗ .

We can show the decoupling of two cycles for the degree assignment 
→ GG expansion with simple sum.

The theory on GG is the original orbifold theory ேഥ.
→ The GG expansion is invertible.

This is because ௫ is an involution.

೘்
∗

ಮ்
∗

௞௠ഥ ேഥ
௫ ் ഥಿ

ஶ

ேഥୀ଴



𝐴𝑑𝑆ହ

𝑆ହ/𝑍௞ with fixed 𝑆ଵ

𝐴𝑑𝑆ହ/𝑍௞ with fixed 𝐴𝑑𝑆ଷ

𝑆ହ/𝑍௞ with fixed 𝑆ଷ

The boundary theories : ேഥ on ଷ.

The theories on GG : ௠ഥ
∗ on ଷ

௞ . The theories on GG : ேഥ on ଷ.

The boundary theories : ௠ഥ
∗ on ଷ

௞ .

The GG expansion is invertible
𝑈௞ = exp

2𝜋𝑖
𝑘 (𝑅௫ − 𝑅௬) 𝑈௞

∗ = exp
2𝜋𝑖

𝑘 (−𝑅௫ − 𝐽ଵ)

் ഥಿ

ಮ்

௞௠ഥ ேഥ
௫ ೘்

∗

ஶ

௠ഥ ୀ଴

೘்
∗

ಮ்
∗

௞௠ഥ ேഥ
௫ ் ഥಿ

ஶ

ேഥୀ଴



Numerical test

் ഥಿ

ಮ்

subtracted

subtracted

subtracted

೘்
∗

ಮ்
∗

subtracted

subtracted

subtracted

The expansions works well!

( case)



U and SU
• In IR the diagonal U(1) factors of the gauge groups become global 

symmetries (baryonic symmetries.)

• In the analysis above we treated the factors as gauge symmetries. This is 
equivalent to pick up only contribution from sector with vanishing baryonic 
charges.

• This corresponds to “the equal-rank condition” on the other side of the relation.

• If you take the sector with non-vanishing baryonic charges, you have to include 
the contribution from GGs with different ranks.

ഥಿ ഥಿ
భ ೖ

೘
∗

೘భ,…,೘ೖ
∗



Important remark

• For the simple-sum expansion to work, the decoupling of two 
cycles is necessary. This is NOT always the case.

• For example, in the previous example, we can use Y=0 instead of X=0 
(because of ோ), while we cannot use Z=0. The projection ௞ eliminates 
all negative degree terms from ௫ ௩௘௖ and ௬ ௩௘௖ and X=0 and Y=0 do not 
decouple. (no matter what degree assignment we use.)



Example 2: Orientifolds

Generalizations



Orientifolds
Let us consider N=4 SYM with orthogonal and symplectic gauge 
groups realized by the orientifolds (with ି-plane).

The boundary theory is N=4 SYM with .

: ோ charge of type IIB SUGRA
గ௜஺ is the worldsheet parity.



refinement

భ మ ೣ ೤ ೥

௫ ௬ ௭

To study orientifold, it is convenient to define ଶ refined index.

Orientifold projection



O3 projection

ை(ଶே) 
ை ଶே

୓ଷ ୴ୣୡ
୰ୣ୤

ை ଶே
୴ୣୡ ୟୢ୨

ை ଶே

Taking account of the action on the Chan-Paton factor, we define 
ଶ-refined character

୰ୣ୤
௔ௗ௝
ை ଶே

௔ௗ௝
ௌ௣ ே

The index of N=4 O(2N) SYM is given by



Dual geometry

ை ஶ ୓ଷ ୏୏
୰ୣ୤

The dual geometry is ହ
ହ

ଶ

𝐴𝑑𝑆ହ

𝑆ହ/𝑍ଶ

[Witten, hep-th/9805112]



ଶ refinement of the variable change ௫ is given as follows.

Variable change
As the ହ

ହ case, the theory on GG can be obtained by using ௫, ௬, and ௭.

[Arai, YI, arXiv:1904.09776]



௠ೣ,௠೤,௠೥ ௫ ௫ ௬ ௬ ௭ ௭

௫ ௫ ୓ଷ ௫ ௩௘௖ etc.

Functions 

௠ೣ,௠೤,௠೥ with ௬ ௭ decouple.

If we take the degree assignment 

GG expansion reduces to the simple sum

ை ଶே

ை(ஶ)

ଶ௠ே
௫ ை ଶ௠ ∗

ஶ

௠ୀ଴

O(2m)* is the theory on GG wrapped on X=0.



Theory on GG
The theories on GG are obtained by ௫ from ைଷ.

ೣ భ మ

This gives another orientifold of ହ
ହ.

This is locally N=4 SYM with in ଷ , but is broken by non-
trivial holonomy to .

We denote this theory by ∗.

ೣ ೤ ೥
௫



Dual geometry of O(m)*

ை ஶ ∗ ைଷ
∗

୏୏
୰ୣ୤

• The dual geometry is ହ
ହ

ଶ with O3-plane 
wrapped around the internal space at the AdS center.

• The large N limit of the index can be obtained by the simple 
projection of KK modes.

𝐴𝑑𝑆ହ/𝑍ଶ

×

𝑆ହ/𝑍ଶ

O3-plane

ೣ భ మ



GG expansion of O(2m)*

We can consider giant graviton expansion of ∗.

We can show the decoupling of two cycles for the degree assignment 
→ GG expansion with simple sum.

The theory on GG is the original orbifold theory .
→ The GG expansion is invertible.

ை ଶ௠ ∗

ை(ஶ)∗

ଶ௠ே
௫ ை ଶே

ஶ

ேୀ଴



𝐴𝑑𝑆ହ/𝑍ଶ

×

𝑆ହ/𝑍ଶ

O3ି-plane

𝐴𝑑𝑆ହ

×

𝑆ହ/𝑍ଶ

The boundary theories : on ଷ.

The theories on GG : ∗ on ଷ
ଶ . The theories on GG : on ଷ.

The boundary theories : ∗ on ଷ
ଶ .

GG expansion is invertible
𝑈ைଷ = 𝑒గ௜(ோೣାோ೤ାோ೥ା஺) 𝑈∗ = 𝑒గ௜(ିோೣା௃భା௃మି஺)

( is replaced by for ା)

ை ଶே

ை(ஶ)

ଶ௠ே
௫ ை ଶ௠ ∗

ஶ

௠ୀ଴

ை ଶ௠ ∗

ை(ஶ)∗

ଶ௠ே
௫ ை ଶே

ஶ

ேୀ଴



GG expansions for 

We found the following GGEs hold.

∗
∗

∗

( )



Numerical test (G=O)
ை ଶே

ை ஶ

2𝑚 = 0 subtracted

2𝑚 = 0,2 subtracted

ை ଶ௠ ∗

ை ஶ ∗

subtracted

subtracted



Numerical test (G=USp)

௎ௌ௣ ଶே

௎ௌ௣ ஶ

The expansion works well.

2𝑚 = 0,2,4 subtracted

2𝑚 = 0 subtracted

2𝑚 = 0,2 subtracted

௎ௌ௣ ଶ௠ ∗

௎ௌ௣(ஶ)∗

2𝑁 = 0 subtracted

2𝑁 = 0,2 subtracted



GG expansion of SO(2N)

ௌை ଶே

ௌை(ஶ)

௠ே
௫ ை ௠ ∗

ஶ

௠ୀ଴

We can regard as the ଶ gauging of .

From the holographic viewpoint this comes from ଷ
ହ

ଶ ଶ

ଶ

Ungauging of the ଶ gives



ௌை(ଶே)

ௌை(ஶ)

Numerical test (SO(2N))

𝑚 = 0 subtracted

𝑚 = 0,1 subtracted

𝑚 = 0,1,2 subtracted

𝑚 = 0,1,2,3 subtracted



Discussion



Analytic proof of the invertibility?

ே ஶ
௠ே

௠
௠

ିଵ
௠ ஶ

௠ே

ே
௠

ିଵ

Can we show the latter from the former?

For examples we have checked the simple-sum GGE always has the inverse.
Is this always true?



Naïve substitution

Naïve substitution gives

ஶ
௠ே

ே
ஶ

ିଵ ି௠ᇲே

௠ᇲ
௠ᇲ

ஶ ஶ
ିଵ

௠ᇲ

௠ᇲ

ே ௠ି௠ᇲ

ே
௠

ஶ ஶ
ିଵ ே ௠ି௠ᇲ

ே
௠,௠ᇲ

This would hold if the following relations held, but they are not well-defined as they are.

𝑓ே(𝑥ିଵ)

Careful treatment of the analytic continuation will be necessary.



M-branes
As we saw, the simple-sum GG expansion is much more convenient than 
the multiple-sum GG expansion. To what extent is it applicable?

It works for other maximally supersymmetric theories like ସ
଻ and 

଻
ସ.

ெହ ே

ெହ ஶ

௠ே
ெଶ ௠

ஶ

௠ୀ଴

ெଶ ே

ெଶ ஶ

௠ே
ெହ ௠

ஶ

௠ୀ଴

[YI, arXiv:2205.14615] 

It may be interesting to consider orbifold of M2 and M5 theories, because GG 
expansion of an orbifold of M2 (M5) theory gives an orbifold of M5(M2) theories.
This may be convenient to calculate SCI of N=(1,0) theory.



Web of GG-expansions
Simple-sum GG expansion relates a theory to another theory. We can use not only 

௫ but also ௬ and ௭ to define the expansions. By repeating these expansions, we 
can connect many different theories. → Web of GG expansions

Theory 1
௫

Theory 2

Theory 3
௬

௭
Theory 4

௬

Theory 5

௭

Theory 6



Other open problems
The multiple-sum GG expansion has technical difficulty associated with the pole 
selection in the localization formula. Can we derive it with localization?

To what extent does the simple-sum GG expansion work? It works in many 
cases of orbifolds and orientifolds. However, it does not work for more 
general toric SE5.

Similar, but different giant graviton expansions are proposed by Lee (based on the 
analysis on the gauge theory side) and Murthy (based on the character expansion 
formula). It is important to understand the relation among them.

For the BPS partition function of N=4 SYM, it is possible to reproduce the 
finite N result by using both sphere giants and AdS giants. Can we consider 
GG expansion associated with AdS giants?
… and more


