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IS=(dX JETT

" TT =G(TcpTP - (TEM)

I Y =
- ga

Son:metric ofthe 2d background.

Usually, we have factorization
STYS - > TapSTY - <Td)"

Another definition for deformed CFT
C: central charge

<Ys" = R +2H <Ty>
R:Ricci Scalar



Motivation: Why TI?

·Different people have different intensts:

1.It's a irrelevantdeformation
under control

2. Itpreserves integrability
3. It's UV complete
4. It exhibits non-local property, like string theory

does

5. It has application in holography
...

- Integrability Holography My interest:

-.

> F holography beyond
· IFT AdS/CFT
· CFT Deformed conformal symmetry



· Comments

1. TF deformation is universal

2. Integrability and Holography are
kind ofcomplementary

since holographic CFT is chaotic

·The goat
Solve TF-deformed (II as much as we can.

a

correlation function
&

spectrum
S p(

=p(r) <In 'n)x=<T@"Xnx=0
E=f (E1)p!")

-19 J.Cardy



· Correlation function (field theory analysis?

<Ennlx=<IdXnx=0

2,5"(x) =54x). 58"x) is non-local.

-Eabsia"(x'+916x 2"x

quantum extension of

field-dependent 3.C (119 Conti, Negro & Tateo

· Can holography help?

Spectrum v

Correlation function? "Simpler quantities":
partition function & EE



Partition function & EE field theory analysis

Perturbative calculations.
Free theores up to2-trop

1. a
=Edin 21. He. Sun & Chang (

EIN:E-HZ")" +")))" - (x):
2. Usingmodular properties
ZIT,EI)=hPamenD'Zo (Datte& Jiang '18)

3. Ist order correction to EE

I①replica trick USESu, TFMR-<TTIn,I hel
1118 Chen, Chen & Harl

② EE Ist law ISEE-H <H.STF>
↓
modular Hamiltonin



· For EE, going beyond 1storder is very challenging
because we lose the power of

2nd conformal symmetry.

· A solvable example: 518 Donnelly & Shyam)

~"Subsystem
A

............
1. Consider a small Weyl transformation

- gop -> 11+8538, eTr
X

CFT on S -> = - /6Tx
d=U2 (dO+SiOd4" I
-(x5T= -

dSE
dr

2. For vacuum state. Typ =x Gop and x is determined by

<T =RR +2n <TFs, which is

9 =d+-2



3. solve the ODE

St - -+flog2 - Ser OCN
I

CFT

[S4T(r=0 =0S

4. Use replica trick

See himin log
In:(SYreplica
I detsindp

=Glog(u) ++...

· Comments

1. SEEis UV-finite.

2. Sept" and SEEdo nothave undeformed limit.



3. Ist order correction to EE

IS is both UV and IR finite
EE

USESu, TFMR-<TTI, <ar

1118 Chen, Chen & Harl

-

Holo phygra



raphicdeal ofTF

"Single trace" "double trace"

17 Givern. Itzhakiand Ketasov

20 Apolo. Detourhay and Song

current-current deformation hard boundary

myel
binding.

of AdSs worldsheet theory.
cut-off oh conditionthe

e

which can be realized by glue-on 19 Erica &

TsT =transformation 16 McGongh
Mezei a Verlich

23 Apolo. Has
& Sung



Cut-off proposal:The deformed Stateis dual to the

cut-off spacetime

1. "conjecture" Tr
-

2. Only for pure n?"
gravity.

1 The con-shells
action

Icut-off--Gr) IEH+IGH +Ict 1

2.ct= -2/dxdTr)ItAxi) add by hand

2E.E

RT formula Sa =N



Some existing results.

Flat 2d spacetime
① Vacuum. State

I'22 Allameh, Astaneh & Hassan Zadehl Poincare

I Replica
trick + onshell action

ins
Isthe

RT formula

SEE =log(de) +H72x12
1. It does not match the field they result:

SEE =5 log? +OIY

2. It's differentfrom the one obtained in the

mixed boundary proposal.

&



② Thermal State(18 Chen. Chen & Harl

The bulk dual is the BT black hole.

The holography EE

SEE -flog/BrSinhl, -itcoshh
x Br
-

The field theory

See:Illog gsink" - Ecosdls]
Bre

r
=c

I

-



· Conclusion:In the cut-offproposal, the RT formula

is notcorrecteven in the zero order

ofH.

Comments:1) In field theory, EEis defined up tosome

constant I related to the ambiguity in 1ct1.

2) Even we use this ambiguity to fix

the zeroth result, the leading order

correction still does not match the one

from perturbative result in field theory.



· Mixed-boundary proposal.
The holographic dictionary may be summarized as

Et.cFTIV) =Egrar[9c+isemE +Ga=Wa
III

P

Derivation

1. In the linear order, the deformation
is just a trace

deformation
[t]

ScFT
=ScAT +h/dxdr +F

2.The double trace deformation does two things:
①It shifts the source by the 30C
② It shifts the generation function (the on-shell actions as

Wit =W. = n) dXdETF



3. Using the defining property ow:/ddIT ON
we can derive a flow equation

In) Jax dri Ty**) = - 5)/dxdrin +Ytn).
whose solution is

rat =V ++2 virjor
S y =rg +4yr FapE Tp-UpT
4.The general asympotitic Adsy solution can be written in
the Fetterman - Graham gange

da2=de+Gop'. xYdxd?, IapIP,xY=+g+84p2
and in particular

↑E:at Ya, Vapi-Ya



· How to use the dictionary?

1) Let's consider a TF-deformed CFT defined on the

background with metric Wap**.
Then the statewith the expectation value of

energy tensor being his is dual toa

back geometry satisfying mixed-boundary conditions

S Va
=V ++2virjor
y =rg +4yr

2) Or we canstart from a bulk geometry. It can

be either dual toa CFT on go, or dual

toTF-deformed CFT on Ure*



The on-shell action (23 Tian)

It-shell Indicean (Va*-G+ 9+ ga!) - n)din TI
=>Iain + It.

IEuclidean*2Grl-SizdT(R+2) - 2/045 K +2 /rdU)

=- Gr(3dgn... +5X12B) log5
-

It's divergent but
c
=2is the central charge universal capturing

I XIB) is the Euler character
the Weyl anomaly.

· E

RTformular matches the zeroth result but may fail in higher order



·Examples
1. Vacuum statein flat background.

Since stops =0, so the
bulk geometry does not get

deformed, namely

as+ de
The RT formula matches the field theory result

SEE =5lug

-> the entanglement entropy
in ground statedoes not

get deformed!



2. The thermal state

Let's consider the BTE black hole geometry,

ds= +Ithopside +le+ hopsde
P

whose boundary is a torus.

deformed CAT

L ~

li Ci

Thermal period: Pr =(B +d+4x)

spatial period:w
wr =Lw) +(

↓ +4x



On-shell action

Ibap[M=I En=-
=- =-+canhe

IbigTN = - n) d4sTE) = - Wi +OP
[h]
-

=>Ionshell- - +gup
= I sness +h) 5 s TFs +01PS

which matches the field theory result:

ScFT +h) d5 <T>



· EE

⑪
~Horizon it ofthe whole spatial circle

li

Replica trick - Isher
Sawin login:In logemInshell
=CIW

3644x
+(w

+ 0((n-3)
6(4x4,+"

·RT formula.

See:Er=i v



② EEof a subsystem.

.*Ro

RT formula
y
=1+d

SEE:Slogg, Sinh( S R =(1+
- Elog)it sinki
=Sinh)-4RcOth333
The field theory result



· It's still offby Fortunately, it does not

dependenton the detail ofthe subsystem! So it

can be absorbed into the UV cut-off, for example

by defining

I=I(1+d C

↳ SEE*Blog)
(P +dr4a

since
R

(
4236.447 1442

We conjecture this is an exact result.



· Another interesting check is to consider the

EE of the interval with length R.along the
thermal direction. (Effectively we are considering

the EEof a CFT on a finite region)

SEE =5 log(Sinha x
R.t = +4p4

=I log issinks +01P

which also matches the result in field theory:OSEE =0

is the leading order.



·Properties ofE.E

1. To have a well-defined EE, we find that is

bounced:

1 - PL! 0 => ·P.
*

2. When P.30, then it has an upper limit

oct

3. The effect of this positive deformation is

① shrink the thermal circle

② expand the spatial circle

③ increase the energy scale my

an opposite RG flow



3.Excited Statein flat spacetime
Letus startfrom the Poincare Adsy metric

ds =drd+dz

z

and consider the conformal transformation way", is:it
at

the boundary. Using the Banachos map, we can a

bull solution which is dual toa primary state.

la=
as+) IHdr+cr-da

deformed CFT

...

-
-

=(R +d4a)
....-

--
---



On-shell action

In:Indicku--log

In:satelligentwil
Lonshell light-+DiP

=

Gne+h/st+
Weyl anomaly due tothe cut-offbrundary atV

=E, 1.



· EE
WA

...

RT formula:

tSEEnecrusherin theen
↓

field theory result

- ctee P +0(PS



· The extra terms depends on 1, and U2, so it

can not be absorbed intothe UV cut-off.
It's negligible only when

nx 1, VnU,

suggestion:RT formula needs modification for excited

states



4. Vacuum statein sphere background
Let us consider bulk metric

ds+ top" is
in

11 +k42

reforme CAT

&

......... ........
- -

- R =10 - R =10 I - 8(8,1
- 4+2d4-2,)

P1



On-shell action

Lashell--E11+log) ++0l

comparing with field theory result

[H]
->

Instead of choosing
zon-shell - SCET=Glog

SYT(r=r) =0, ie chase

Sc(v=Y=Glog

shifting the on-shell action will shift EE

Ion-shell->Ion-shell + x

I SEE-> SEE-9



· RT formula

SEE :Blog-+ On

which will match the UV-finitefield theory
result if we tube accountsofthe shift due

toWeyl anomaly (EX12B) ligh) and the shift
[H]

(Conshell - SCET:Glog1.



Conclusion:In TF-deformed holography, RT formula
needs certain modification!

Future works:1. Consider more examples, specilly the
cuses with matters or excited states.

2. More general curved backgrounds.

3. Computecorrelation functions

4. Derive RT formula directly

-




