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TT̄ deformation: double trace

• The TT̄ -deformation describes a one-parameter family of
quantum field theories via the differential equation

∂I
∂µ

= 8π

∫
d2xT T̄ , TT̄ :=

1

8
(TαβTαβ − (Tα

α )
2) (1)

• Despite being irrelevant, the TT̄ -deformation features many
interesting properties: Integrability and solvability, S-matrix,
modular invariance, holography. Other interesting features
include connections to two-dimensional gravity and string
theory, correlation functions and entanglement entropy and
generalizations to higher and dimensions.

• By definition, (1) is a double-trace deformation that can be
applied to any quantum field theory with a well-defined stress
tensor.
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TT̄ deformation: single trace

• A single-trace version of the deformation can be defined for
theories obtained from the product of QFTs, and in particular,
to symmetric product orbifold CFTs.

• A symmetric product orbifold CFT, denoted by
symNM0 := (M0)

N/SN , consists of N copies of seed CFT
M0 supplemented by the condition that all states are
invariant under the symmetric group SN . The central charge
of this theory is c = Nc0.

• The single-trace TT̄ deformation of symNM0 yields another
symmetric product orbifold symNMµ, whose seed theory Mµ

is the TT̄ deformation of the seed CFT M0. In other words,
under the single-trace deformation each copy of the seed CFT
is deformed by the TT̄ operator in that copy.
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• Double-trace TT̄ -deformed CFTs have been argued to be
dual to semiclassical Einstein gravity with a negative
cosmological constant, with the metric satisfying Dirichlet
boundary conditions on a cutoff surface or, equivalently,
mixed boundary conditions at the asymptotic boundary.

• On the other hand, single-trace TT̄ -deformed CFTs have
been argued to be dual to the long string sector of string
theory on three-dimensional linear dilaton and
TsT-transformed backgrounds.

On the universal behavior of TTbar-deformed CFTs 6 / 39



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

. .. .. .. .Review: TT̄ -deformed CFT
. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .Partition function of TT̄ -deformed CFT and modular invariance

. .. .. .. .. .. .. .. .. .. .. .. .. .. .Universality of the partition function and spectrum at large c
. .. .. .. .Conclusion and outlook

• Double-trace TT̄ -deformed CFTs have been argued to be
dual to semiclassical Einstein gravity with a negative
cosmological constant, with the metric satisfying Dirichlet
boundary conditions on a cutoff surface or, equivalently,
mixed boundary conditions at the asymptotic boundary.

• On the other hand, single-trace TT̄ -deformed CFTs have
been argued to be dual to the long string sector of string
theory on three-dimensional linear dilaton and
TsT-transformed backgrounds.

On the universal behavior of TTbar-deformed CFTs 6 / 39



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

. .. .. .. .Review: TT̄ -deformed CFT
. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .Partition function of TT̄ -deformed CFT and modular invariance

. .. .. .. .. .. .. .. .. .. .. .. .. .. .Universality of the partition function and spectrum at large c
. .. .. .. .Conclusion and outlook

1 Review: TT̄ -deformed CFT

2 Partition function of TT̄ -deformed CFT and modular invariance

3 Universality of the partition function and spectrum at large c

4 Conclusion and outlook

On the universal behavior of TTbar-deformed CFTs 7 / 39



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

. .. .. .. .Review: TT̄ -deformed CFT
. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .Partition function of TT̄ -deformed CFT and modular invariance

. .. .. .. .. .. .. .. .. .. .. .. .. .. .Universality of the partition function and spectrum at large c
. .. .. .. .Conclusion and outlook

• Let us consider a TT̄ -deformed CFT quantized on a cylinder
of size 2π.The spectrum of the deformed theory can be
written as

E (µ) = − 1

2µ
(1−

√
1 + 4µE (0) + 4µ2J(0)2), J(µ) = J(0)

(2)
where E (µ) = EL(µ) + ER(µ) is the deformed energy and
J(µ) = EL(µ)− ER(µ) is the deformed angular momentum.

• When µ < 0 the spectrum becomes complex for large values
of the undeformed energy E (0). When µ > 0, the energy of
the vacuum obtained by letting E (0) = −c/12, J(0) = 0 is
complex when µc > 3.

• We will assume that the deformation parameter satisfies
0 ≤ µc

3 ≤ 1 to avoid complex spectrum.
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Partition function: double trace

The partition function of a TT̄ -deformed CFT on a torus is
defined in terms of the deformed spectrum by

Z (τ, τ̄ ;µ) := Tr
(

qEL(µ)q̄ER(µ)
)
=
∑

EL,ER

d(EL,ER)e2πiτEL(µ)−2πi τ̄ER(µ)

=

∫
dELdERρ(EL,ER)e2πiτEL(µ)−2πi τ̄ER(µ)

(3)
where τ is the modular parameter and q = e2πiτ . d(EL,ER) is the
degeneracy of the spectrum and ρ(EL,ER) is the spectrum density
in the average meaning.
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Modular invariance

• The partition function satisfies the following differential
equation

∂µZ =
1

iπ

[
(τ − τ̄)∂τ∂τ̄ − µ(∂τ − ∂τ̄ )∂µ +

2µ

τ − τ̄
∂µ

]
Z (4)

which is a direct consequence of the differential equation
obeyed by the deformed spectrum.

• Crucially, the partition function is invariant under modular
transformations in the sense that

Z
( aτ + b

cτ + d ,
aτ̄ + b
c τ̄ + d ;

µ

|cτ + d |2
)
= Z (τ, τ̄ ;µ) (5)
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• Note that the deformation parameter µ does not change
under modular transformations. Rather, it is the dimensionless
deformation parameter µ/R2 that changes, and the
transformation of µ in (5) comes entirely from the change of
the spatial circle, R → |cτ + d |R.

• The modular S transformation τ → −1/τ , together with the
bound 0 ≤ µc/3 ≤ 1 imply that

|τ |2 ≥ µc
3

≡ 1

4π2T 2
H

(6)

where TH is the Hagedorn temperature.
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Partition function: single trace

• The partition function of single trace TT̄ -deformed CFT
SymNMµ is defined by

ZN(τ, τ̄ ;µ) := Tr
(

qEL(µ)q̄ER(µ)
)

(7)

• For symmetric obifold CFT symNM0, a primary field is
described by some representative of an orbit of SN acting on
the n-tuples ⟨ϕ1 · · ·ϕN⟩ of primaries ϕi of M0, together with
a pair of commuting permutations x , y ∈ SN describing how
the sheets are permuted when going around the cycle of a
canonical homology basis.
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Partition function: single trace

• The partition function of single trace TT̄ -deformed CFT
SymNMµ is defined by

ZN(τ, τ̄ ;µ) := Tr
(

qEL(µ)q̄ER(µ)
)

(7)

• For symmetric obifold CFT symNM0, a primary field is
described by some representative of an orbit of SN acting on
the n-tuples ⟨ϕ1 · · ·ϕN⟩ of primaries ϕi of M0, together with
a pair of commuting permutations x , y ∈ SN describing how
the sheets are permuted when going around the cycle of a
canonical homology basis.
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• Therefore, x , y determines an N-sheeted covering of the torus
which is usually not connected. Its connected components are
in one-to-one correspondence with the orbits ξ ∈ O(x , y)
where O(x , y) is the set of orbits of the subgroup generated
by x and y . Each such connected component is itself a torus
with modular parameter τξ.

• As a result, the partition function for symNM0 is given
by(Bantay, 97)

ZN(τ, τ̄) =
1

|SN |
∑

xy=yx

∑
ξ∈O(x ,y)

Z (τξ) (8)
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• It is difficult to apply the analogous method to determine the
partition function of symNMµ since we have an additional
parameter µ and we do not know what µξ is. If µξ = µ, then
it corresponds to the double trace deformation.

• Kutasov etal derives the partition function of single trace
TT̄ -deformed CFTs but it is based on the string theory by
summing over the spectrum of winding strings on a linear
dilaton background. So a purely field theoretical derivation is
still lacked.

• Since the partition function of the seed theory Mµ is modular
invariant, it is natural to expect the partition function of
symNMµ to be modular invariant as well. We will use this
property to derive the partition function in the following.
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Untwisted sector

• In analogy with CFT, the spectrum of symNMµ consists of
untwisted states obtained from the symmetrized product of N
copies of the seed theory, as well as twisted states.

• A typical untwisted state Φ takes the form

Φ = Sym(⊗N
n=1ϕ

(in)) (9)

where n labels different copies of the symmetric product and
in labels the state on the nth copy.
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For example, when N = 3, the untwisted states are
Φ(i) := ϕ(i) ⊗ ϕ(i) ⊗ ϕ(i)

Φ(i ,j) := Sym(ϕ(i) ⊗ ϕ(i) ⊗ ϕ(j)), i ̸= j
Φ(i ,j,k) := Sym(ϕ(i) ⊗ ϕ(j) ⊗ ϕ(k)), i ̸= j ̸= k

(10)

The contribution of each of these kinds of states to the partition
function of sym3Mµ is

Φ(i) : Z (3)(τ, τ̄ ;µ) := Z (3τ, 3τ̄ ;µ)

Φ(i ,j) : Z (2)(τ, τ̄ ;µ) := Z (2τ, 2τ̄ ;µ)Z (τ, τ̄ ;µ)− Z (3)(τ, τ̄ ;µ)

Φ(i ,j,k) : Z (1)(τ, τ̄ ;µ) :=
1

3!

[
Z (τ, τ̄ ;µ)3 − 3Z (2) − Z (3)

]
(11)

In total, the contribution of the untwisted states to the partition
function is simply given by

Zuntwisted(τ, τ̄ ;µ) =
1

3!

[
Z (τ, τ̄ ;µ)3 + 3Z (2τ, 2τ̄ ;µ)Z (τ, τ̄ ;µ) + 2Z (3τ, 3τ̄ ;µ)

]
(12)
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For arbitrary values of N, the partition function for the untwisted
sector can then be written as

Zuntwisted(τ, τ̄ ;µ) =
∑

{k1,··· ,kN}

1∏N
n=1 nknkn!

N∏
n=1

Z (nτ, nτ̄ ;µ)kn (13)

where {k1, · · · , kN} labels the conjugacy classes of SN with kn
number of ZN -cycles in each conjugacy class, i.e. the conjugacy
class is [g ] = (1)k1(2)k2 · · · (N)kN . The kn numbers are constrained
to satisfy

N∑
n=1

nkn = N (14)

The denominator in (13) is the order of the centralizer subgroup of
a permutation g in the conjugacy class.
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The untwiseted partition function is not modular invariant because
of each Z (nτ, nτ̄ ;µ) term. In particular, although Z (nτ, nτ̄ ;µ) is
invariant under T : τ → τ + 1 transformation, it fails to be
invariant under S : τ → −1/τ transformations since

S · Z (nτ, nτ̄ ;µ) = Z
(
−n
τ
,−n

τ̄
;

µ

|τ |2

)
= Z

(τ
n ,

τ̄

n ;
µ

n2

)
(15)

In order to preserve the modular invariance, we need to add the
contribution from the twisted sector. The twisted partition
function can be determined by making each of Z (nτ, nτ̄ ;µ)
modular invariant by adding the modular image of (15).
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When n is prime, it is not difficult to show that

S · T α+kn · Z
(τ

n ,
τ̄

n ;
µ

n2

)
= T α̃+kn · Z

(τ
n ,

τ̄

n ;
µ

n2

)
(16)

with α, α̃ ∈ [1, n − 1] and satisfies αα̃ = k̃n + 1. As a result, the
following linear combination of modular images of Z (nτ, nτ̄ ;µ) is
modular invariant

Z (nτ, nτ̄ ;µ) +
n−1∑
α=0

Z
(
τ + α

n ,
τ̄ + α

n ;
µ

n2

)
(17)
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For any positive integer n, the sum of modular images of
Z (nτ, nτ̄ ;µ) is given by

(T ′
nZ )(τ, τ̄ ;µ) =

∑
γ|n

γ−1∑
α=0

Z
(

nτ + αγ

γ2
,
nτ̄ + αγ

γ2
;
µ

γ2

)
(18)

T ′
n is called the generalized Hecke operator.

As a result, the
modular invariant partition function of symNMµ is given by

ZN(τ, τ̄ ;µ) =
∑

{k1,··· ,kN}

1∏N
n=1 nknkn!

N∏
n=1

(T ′
nZ )(τ, τ̄ ;µ)kn (19)

We can write the generating functional of ZN which sometimes is
called the grand canonical partition function as

Z(τ, τ̄ ;µ, p) :=
∞∑

N=0

pNZN(τ, τ̄ ;µ) = exp
( ∞∑

n=1

pn

n (T ′
n)(τ, τ̄ ;µ)

)
(20)
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Z (nτ, nτ̄ ;µ) is given by

(T ′
nZ )(τ, τ̄ ;µ) =

∑
γ|n

γ−1∑
α=0

Z
(

nτ + αγ

γ2
,
nτ̄ + αγ

γ2
;
µ

γ2

)
(18)

T ′
n is called the generalized Hecke operator.As a result, the

modular invariant partition function of symNMµ is given by

ZN(τ, τ̄ ;µ) =
∑

{k1,··· ,kN}

1∏N
n=1 nknkn!

N∏
n=1

(T ′
nZ )(τ, τ̄ ;µ)kn (19)

We can write the generating functional of ZN which sometimes is
called the grand canonical partition function as

Z(τ, τ̄ ;µ, p) :=
∞∑

N=0

pNZN(τ, τ̄ ;µ) = exp
( ∞∑

n=1

pn

n (T ′
n)(τ, τ̄ ;µ)

)
(20)
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The spectrum of twisted states

Using the definition of the partition function of the seed theory, the
nth Hecke transformed partition function T ′

nZ can be expanded as

(T ′
nZ )(τ, τ̄ ;µ) =

∑
γ|n

∑
α=0

∑
EL,ER

γd(EL,ER)q
n
γ2

EL(
µ

γ2
)q̄

n
γ2

EL(
µ

γ2
)
δγJ(0)

For γ = n, above equation implies that for each state with EL,R(µ)
in the seed Mµ, there are n twisted states with energies

E (n)
L,R :=

1

nEL,R(µ/n2) (21)

They are related to the spectrum of the twisted states of the
undeformed symmetric orbifold via

E (n)
L,R(0) = E (n)

L,R(µ) +
2µ

n E (n)
L (µ)E (n)

R (µ) (22)

This matches the spectrum of perturbative strings on
TsT-transformed backgrounds.
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Modular invariance and universality

• Modular invariance is an equality between the partition
function at high and low temperature. For the undeformed
CFTs, this can help us approximate the high temperature
partition function by its vacuum contribution. Working out
the entropy, one gets the Cardy formula which holds in the
Cardy limit with c fixed and EL,R → ∞.

• Similar analysis has been performed for the TT̄ -deformed
CFTs and the entropy exhibits the Hagedorn behavior for high
energy states.

• For a holographic CFT, the Cardy formula is expected to hold
in a semiclassical limit where c → ∞ and EL,R ∼ c. This
motivates Hartman, Keller and Stoica to extend the range of
validity of the Cardy formula where they showed that if the
spectrum for light state is sparse, then the Cardy formula
holds for large c at any temperature.
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Partition function of TT̄ -deformed CFT at large c

• We would like to apply HKS’s analysis to the TT̄ -deformed
CFT to study its universal behavior at large c. The crucial
point is to find a proper sparseness condition such that the
partition function is dominated by the vacuum state.

• In order to estimate the partition function and extract the
density of states, it is convenient to consider the Lorentzian
torus that is obtained by setting (τ, τ̄) = (iβL,−iβR), where
βL,R are two independent and strictly positive real numbers.
Then the S invariance reads

Z (βL, βR) = Tr
(

e−2πβLEL−2πβRER
)
= Z (β′

L, β
′
R) (23)

where β′
L,R = 1/βL,R .
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We start by considering the simplest case where βL = βR = β > 1
and define the light and heavy states as

L := {EL(µ) + ER(µ) ≤ ϵ},H := {EL(µ) + ER(µ) > ϵ} (24)

Then we can show β′E (µ′)− βE (µ) < 0 for heavy states
E (µ) > ϵ. Then we have

Z [H] := TrHe−2πβE < αZ ′[H], 0 < α < 1 (25)

This, together with the modular invariance
Z [L] + Z [H] = Z ′[L] + Z ′[H] implies that the partition function is
dominated by the contribution of the light states

log Z [L] < log Z (β;µ) < log Z [L]− log(1− α) (26)
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To have the vacuum dominance, we only need to let the
contribution from vacuum dominates over light states. It is not
difficult to show that the sparseness condition reads

log ρ(EL,ER) ≤ 2π[EL(µ)+ER(µ)−Evac(µ)], EL(µ)+ER(µ) ≤ ϵ
(27)

where Evac(µ) is the vacuum energy of the deformed CFT

Evac(µ) = −
1−

√
1− µc/3
2µ

(28)

Consequently, under above sparseness condition for the light
states, we have

log Z (β;µ) ≈ −2πβEvac(µ), β > 1 (29)
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Although the vacuum dominance (29) holds for βL = βR = β > 1,
it is ready to extend it to the region βL,R > 1.

To do this, we note
that

ρ(EL,ER) < Z (βL, βR)e2πβLEL(µ)+2πβRER(µ) (30)

This is because the partition function is greater than the
contribution of any single state. When βL = βR = β > 1, using
the previous result for log Z and optimizing over β, we get
ρ < e2π(EL(µ)+ER(µ)−Evac(µ).Then the partition function is bounded
by

Z (βL, βR ;µ) =

∫
ρ(EL,ER)e−2πβLEL−2πβRER < α′e−π(βL+βR)Evac(µ)

(31)
where α′ is some numerical constant. Consequently, vacuum
dominance holds in this case, i.e.

log Z (βL, βR ;µ) ≈ −π(βL + βR)Evac(µ), βL,R > 1 (32)

On the universal behavior of TTbar-deformed CFTs 27 / 39



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

. .. .. .. .Review: TT̄ -deformed CFT
. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .Partition function of TT̄ -deformed CFT and modular invariance

. .. .. .. .. .. .. .. .. .. .. .. .. .. .Universality of the partition function and spectrum at large c
. .. .. .. .Conclusion and outlook

Although the vacuum dominance (29) holds for βL = βR = β > 1,
it is ready to extend it to the region βL,R > 1.To do this, we note
that

ρ(EL,ER) < Z (βL, βR)e2πβLEL(µ)+2πβRER(µ) (30)

This is because the partition function is greater than the
contribution of any single state.

When βL = βR = β > 1, using
the previous result for log Z and optimizing over β, we get
ρ < e2π(EL(µ)+ER(µ)−Evac(µ).Then the partition function is bounded
by

Z (βL, βR ;µ) =

∫
ρ(EL,ER)e−2πβLEL−2πβRER < α′e−π(βL+βR)Evac(µ)

(31)
where α′ is some numerical constant. Consequently, vacuum
dominance holds in this case, i.e.

log Z (βL, βR ;µ) ≈ −π(βL + βR)Evac(µ), βL,R > 1 (32)

On the universal behavior of TTbar-deformed CFTs 27 / 39



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

. .. .. .. .Review: TT̄ -deformed CFT
. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .Partition function of TT̄ -deformed CFT and modular invariance

. .. .. .. .. .. .. .. .. .. .. .. .. .. .Universality of the partition function and spectrum at large c
. .. .. .. .Conclusion and outlook

Although the vacuum dominance (29) holds for βL = βR = β > 1,
it is ready to extend it to the region βL,R > 1.To do this, we note
that

ρ(EL,ER) < Z (βL, βR)e2πβLEL(µ)+2πβRER(µ) (30)

This is because the partition function is greater than the
contribution of any single state. When βL = βR = β > 1, using
the previous result for log Z and optimizing over β, we get
ρ < e2π(EL(µ)+ER(µ)−Evac(µ).

Then the partition function is bounded
by

Z (βL, βR ;µ) =

∫
ρ(EL,ER)e−2πβLEL−2πβRER < α′e−π(βL+βR)Evac(µ)

(31)
where α′ is some numerical constant. Consequently, vacuum
dominance holds in this case, i.e.

log Z (βL, βR ;µ) ≈ −π(βL + βR)Evac(µ), βL,R > 1 (32)

On the universal behavior of TTbar-deformed CFTs 27 / 39



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

. .. .. .. .Review: TT̄ -deformed CFT
. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .Partition function of TT̄ -deformed CFT and modular invariance

. .. .. .. .. .. .. .. .. .. .. .. .. .. .Universality of the partition function and spectrum at large c
. .. .. .. .Conclusion and outlook

Although the vacuum dominance (29) holds for βL = βR = β > 1,
it is ready to extend it to the region βL,R > 1.To do this, we note
that

ρ(EL,ER) < Z (βL, βR)e2πβLEL(µ)+2πβRER(µ) (30)

This is because the partition function is greater than the
contribution of any single state. When βL = βR = β > 1, using
the previous result for log Z and optimizing over β, we get
ρ < e2π(EL(µ)+ER(µ)−Evac(µ).Then the partition function is bounded
by

Z (βL, βR ;µ) =

∫
ρ(EL,ER)e−2πβLEL−2πβRER < α′e−π(βL+βR)Evac(µ)

(31)
where α′ is some numerical constant. Consequently, vacuum
dominance holds in this case, i.e.

log Z (βL, βR ;µ) ≈ −π(βL + βR)Evac(µ), βL,R > 1 (32)
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In order to extend the range of validity further, we need to impose
a stronger sparseness condition.

In this case, the light states are
defined in analogy with HKS by

EL(µ) < 0, or ER(µ) < 0 (33)

In contrast, the heavy states satisfy EL,R(µ) > 0. The appropriate
sparseness condition is given by

log ρ(EL,ER) ≤ 4π

√(
EL(µ)−

1

2
Evac(µ)

)(
ER(µ)−

1

2
Evac(µ)

)
(34)
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Partition function of TT̄ -deformed CFT at large c

• Using induction method, we can prove that the partition
function is found to be universal

log Z ≈ max
{
πi(τ − τ̄)Evac(µ),−πi

(1
τ
− 1

τ̄

)
Evac(µ

′)

}
, |τ |2 ̸= 1

(35)

• The logarithm of the asymptotic density of states which is the
entropy is given by the TT̄ analog of the Cardy formula

S(EL,ER) ≈ 2π
(√c

6
EL(1 + 2µER) +

√
c
6

ER(1 + 2µEL)
)
(36)

with the range of validity being
ELER

1 + 2µ(EL + ER)
>

Evac(µ)
2

4(1 + 2µEvac(µ)
(37)
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Universality in single-trace TT̄ -deformed CFTs

• Previous discussion about the universality is only for
double-trace deformation. In the following, we consider the
single-trace TT̄ -deformed CFTs.

• For the single trace TT̄ -deformed CFT, the large c limit is
realized by the large N limit with c0 fixed.

• A convenient quantity for the analysis is the generating
function which can be written as

Z = (1−p̃)−1
∏

n>0,EL,ER

(1−p̃n(qq̄)−
n
2

Evac(µ)qE (n)
L (µ)q̄E (n)

L (µ))
−ρ(EL,ER)δ

n
J(0)

(38)
where p̃ = (qq̄)Evac(µ)/2p.
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double-trace deformation. In the following, we consider the
single-trace TT̄ -deformed CFTs.
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Formally, we can write Z = (1− p̃)−1R(p̃). On the other hand, we
have Z =

∑
p̃N Z̃N with Z̃N = (qq̄)−NEvac(µ)/2ZN . It is then easy

to see that Z̃∞ = R(1).

Consequently, we have

log Z̃∞ = −
∑

n>0,EL,ER

ρδn
J(0) log

(
1− n(qq̄)−

n
2

Evac(µ)qE (n)
L (µ)q̄E (n)

L (µ)
)

=
∑

n>0,EL,ER

∞∑
k=1

1

k ρδ
n
J(0)e

2πk[ n
2
(βL+βR)Evac(µ)−βLE (n)

L (µ)−βRE (n)
R (µ)]

It can be shown that the double sum converges in the large N limit
so that log Z̃∞ is finite. Therefore, the partition function is
universal such that

log ZN ≈ max
{
πi(τ − τ̄)NEvac(µ),−πi

(1
τ
− 1

τ̄

)
NEvac(µ

′)

}
, |τ |2 ̸= 1

(39)
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Density of states

We see that the universality of the single-trace partition function
holds without assuming sparseness of the light states. This implies
that the density of light states is sparse as a result of the
orbifolding.

Actually, the density of light states saturates the sparseness bound
as we will show in the following. Firstly, note that the single-trace
partition function ZN and the nth Hecke transformed partition
function T ′

nZ can be written as

ZN(βL, βR ;µ) =

∫
dELdERρN(EL,ER)e−2πβLEL−2πβRER

(T ′
nZ )(βL, βR ;µ) =

∫
dELdERρT ′

n(EL,ER)e−2πβLEL−2πβRER

(40)

where the respective density ρN and ρT ′
n are introduced.
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The vacuum dominance of ZN implies that an upper bound on the
density of all states

log ρN < min{log ZN + 2πβLEL + 2πβRER}

≤ 4π

√
(EL − NEvac

2
)(ER − NEvac

2
) := log ρ∗(hL, hR)

(41)

where hL,R = EL,R − NEvac/2 is the energy above the vacuum.

While for the high energy states, their density is approximated by
the entropy

log ρ ≈ 2π

[√
c
6

EL(1 +
2µ

N ER) +

√
c
6

ER(1 +
2µ

N EL)

]
:= SN

(42)
which is valid for EL(µ)ER(µ)

1+ 2µ
N (EL(µ)+ER(µ))

> N2E2
vac(µ)

4(1+2µEvac(µ)
.
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Recall that we have the following identity
∞∑

N=0

pNZN = exp
( ∞∑

n=1

pn

n (T ′
nZ )

)
(43)

Expanding the right hand side and comparing the coefficient of pN ,
we get

ρN(hL, hR) ≥
N∑

n=1

1

nρT ′
n(hL, hR) (44)

for non vacuum states.Since T ′
nZ is also modular invariant, it

features vacuum dominance and we have
log ρT ′

n ≈ Sn(hL, hR) (45)
Interestingly, Sn(hL, hR) reaches its maximal value when
n = n∗(hL, hR) such that the maximal value happens to be the
upper bound on log ρN . Then we have

log ρN ≥ log ρT ′
n∗

= log ρ∗(hL, hR) (46)
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features vacuum dominance and we have
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The condition n∗(hL, hR) ≤ N is shown to be equivalent to the low
energy regime which is complementary to the high energy regime
where the entropy formula applies.

This implies that ρ∗ is both the
upper and lower bound at the same time for low energy states and
hence it is saturated.In conclusion, for states with

EL(µ)ER(µ)

1+ 2µ
N (EL(µ)+ER(µ))

≤ N2E2
vac(µ)

4(1+2µEvac(µ)
, the state density is

approximated to be

log ρ(EL,ER) ≈ 4π

√
(EL − NEvac

2
)(ER − NEvac

2
) (47)

while for states with EL(µ)ER(µ)

1+ 2µ
N (EL(µ)+ER(µ))

> N2E2
vac(µ)

4(1+2µEvac(µ)
, the state

density is given by the entropy

log ρ = 2π

[√
c
6

EL(1 +
2µ

N ER) +

√
c
6

ER(1 +
2µ

N EL)

]
(48)
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• We study universal properties of the torus partition function
of TT̄ -deformed CFTs under the assumption of modular
invariance for both double-trace and single-trace versions.

• In the double-trace case, we specify sparseness conditions for
the light states for which the partition function is dominated
by the vacuum. Using modular invariance, this implies a
universal density of high energy states, in analogy with the
behavior of holographic CFTs.

• For the single-trace case, we use the modular invariance to
determined the partition function which matched holographic
calculations in previous literature.

• The density of states in the single-trace deformed theory is
universal when c ∼ N → ∞.
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• We study universal properties of the torus partition function
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invariance for both double-trace and single-trace versions.

• In the double-trace case, we specify sparseness conditions for
the light states for which the partition function is dominated
by the vacuum. Using modular invariance, this implies a
universal density of high energy states, in analogy with the
behavior of holographic CFTs.
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• Using modular covariance, the partition function for
single-trace JT̄ -deformed partition function can be similarly
determined which matches with the result in string theory.

• String theory analysis implies that for the general single-trace
TT̄ + JT̄ + J̄T -deformed CFT, its partition function is
defined in an analogous way to the TT̄ case with the
generalized Hecke operator given by

(T ′
nZ )(τ, τ̄ , ν, ν̄;µ0, µ+, µ−)

=
∑

γ|n
∑γ−1

α=0 Z
(nτ+αγ

γ2 , nτ̄+αγ
γ2 , nν

γ , nν̄
γ ; µ0

γ2 ,
µ+

γ , µ−
γ

)
(49)

However, for such general case, the partition function has no
good modular property. It would be interesting to derive this
result in the field theory side.
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Thanks for your attention!
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