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Introduction

An integrable model is a Hamiltonian system with the equality
between the number of degrees of freedom and the number of
integrals of motion.

Affine Toda field theory is an integrable field theory with infinite
conserved quantities.

Affine Toda field equations (EoMs) are non-linear differential
equations that can be separated into two linear problems.

The linear problems in matrix form can be converted into
higher-order (pseudo) ordinary differential equations.

It is possible to diagonalize the linear problem, where the
diagonal elements turn to be classical conserved densities.
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Introduction

The classical conserved densities for the A
(1)
1 Toda field theory

I2(z) =
T (z)

2
,

I4(z) =
∂2
zT (z)− T 2(z)

8
,

I6(z) =
1

32

(
−5T ′(z)2 − 6T (z)u′′(z) + T (4)(z) + 2T (z)3

)
,

The WKB solutions for the A
(1)
1 -type ordinary differential equation(

ϵ2∂2z + ϵ2u2(z)− p(z)
)
ψ(z , ϵ) = 0 with ψ(z , ϵ) = exp(1ϵ

∫ z
dz P(z , ϵ))

P0(z) =
√

p(z),

P1(z) = −1

2
∂z lnP0,

P2(z) =
P ′′
0

16P2
0

+
u2(z)

2P0
+ ∂z(

3P ′
0

16P2
0

),

P3(z) = −∂z(−
u2(z)

4P2
0

+
3P

′2
0

16P4
0

− P
′′
0

8P3
0

),
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Affine Toda field equations

The action of ĝ affine Toda field theory in 2d complex plane:

S =

∫
d2z

{1

2
∂zϕ · ∂̄z̄ϕ+

(m2

β

)
[

r∑
i=1

exp
(
βαi · ϕ

)
+ exp

(
βα0 · ϕ

)
]
}
. (1)

Its equation of motion: the ĝ affine Toda field equation is

∂̄z̄∂zϕ(z , z̄)−
(m2

β

)
[

r∑
i=1

αi exp
(
βαi · ϕ

)
+ α0 exp

(
βα0 · ϕ

)
] = 0. (2)

ϕ(z , z̄) =
r∑

i=1

α∨
i ϕi (z , z̄),

αi (α
∨
i ) : roots(coroots) of ĝ,

β : a coupling constant,

m : a mass parameter.
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Affine Toda field equations

The affine Toda field equations can be separated into two Lax operators:

L = ∂z + β

r∑
i=1

∂zϕi (z , z̄)Hi +mλΛ,

L̄ = ∂z̄ + e−β
∑r

i=1 ϕiHi (mλ−1Λ̄) eβ
∑r

i=1 ϕiHi .

(3)

λ: a spectral parameter,
Λ =

∑r
i=0 Eαi and Λ̄ =

∑r
i=0 E−αi

Eαi , E−αi , Hi = α∨
i · H (i = 0, . . . , r): the Chevalley generators

The flatness condition
[L, L̄] = 0 (4)

is the integrability condition of the linear problem

LΨ = L̄Ψ = 0 (5)
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Affine Toda field equations

One can take the conformal transformation

z → w(z), z̄ → w̄(z̄), ϕ→ ϕ̂ = ϕ− ρ∨ log(∂zw∂z̄ w̄), (6)

then the affine Toda field equations will be modified into

∂z̄∂zϕ(z , z̄)− [
r∑

i=1

αi exp
(
αi · ϕ

)
+ p(z)p̄(z̄)α0 exp

(
α0 · ϕ

)
] = 0 (7)

with p(z) = (∂zw)h, p̄(z̄) = (∂z̄ w̄)h. The modified Lax operators are

Lm = ∂z +
r∑

i=1

∂zϕi (z , z̄)Hi + λ(
r∑

i=1

Eαi + p(z)Eα0),

L̄m = ∂z̄ + λ−1e−ϕiHi (p̄(z̄)Eα0 +
r∑

i=1

E−αi )e
ϕiHi .

(8)
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A
(1)
r affine Toda field equations

Let us focus on the holomorphic part: LmΨ = 0 and take z̄ for a constant


∂z +


∂zϕ1 λ

(∂zϕ2 − ∂zϕ1) λ
. . .

(∂zϕr − ∂zϕr−1) λ
λp(z) −∂zϕr






ψ1

ψ2

...
ψr

ψr+1

 = 0.

We can find the higher order ODE for ψ1(z , z̄) by eliminating other components.

(−λ)−h(∂z−∂zϕr )(∂z+∂zϕr−∂zϕr−1) . . . (∂z+∂zϕ2−∂zϕ1)(∂z+∂zϕ1)ψ1 = p(z)ψ1

with the Coxeter number h = r + 1.

Comment
From the spectral determinant of the solution ψ1, it is possible to construct
integrable Q-system/T -systerm, which implies a nontrivial correspondence
between quantum/classical affine Toda field theory.
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Generalized to other affine Lie algebras

The ordinary differential equations obtained in [Ito, Locke (2015)]

A(1)
r : (−λ)−h(∂z − ∂zϕr )(∂z − ∂zϕr−1 + ∂zϕr )

· · · (∂z + ∂zϕ1)ψ(z , ϵ) = p(z)ψ(z , ϵ)

A
(2)
2r−1 : λ

−(2r−1)(∂z − ∂zϕ1) · · · (∂z − ∂zϕr + ∂zϕr−1)(∂z + ∂zϕr − ∂zϕr−1)

· · · (∂z + ∂zϕ1)ψ + 2
√

p(z)∂z
√

p(z)ψ = 0

B(1)
r : λ−2r (∂z − ∂zϕ1) · · · (∂z − 2∂zϕr + ∂zϕr−1)∂z(∂z + 2∂zϕr − ∂zϕr−1)

· · · (∂z + ∂zϕ1)ψ − 4
√

p(z)∂z
√

p(z)ψ = 0

D
(2)
r+1 : λ

−(2r+2)(∂z − ∂zϕ1) · · · (∂z − 2∂zϕr + ∂zϕr−1)∂z(∂z + 2∂zϕr − ∂zϕr−1)

· · · (∂z + ∂zϕ1)ψ − 4p(z)∂−1
z p(z)ψ = 0

D(1)
r : λ−(2r−2)(∂z − ∂zϕ1) · · · (∂z − ∂zϕr − ∂zϕr−1 + ∂zϕr−2)∂

−1
z

(∂z + ∂zϕr + ∂zϕr−1 − ∂zϕr−2) · · · (∂z + ∂zϕ1)ψ − 4
√

p(z)∂z
√

p(z)ψ = 0

The ordinary differential equations can be solved with the conventional WKB
method for A

(1)
r , A

(2)
2r−1, B

(1)
r .

There exists a ∂−1
z operator for D

(2)
r+1, D

(1)
r , where the method can not be applied.
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A
(1)
r affine Toda field equations

The linear problem for A
(1)
r type turns out to be diagonalizable [Drinfeld,

Sokolov (1984)]

Ldiag = ∂z + λΛdiag +
∞∑
i=0

λ−i Ii (z)Λ
−i
diag

= ∂z + λΛdiag +


I (z , e

2πi
r+1λ)

. . .

I (z , e
2πi(r−1)

r+1 λ)

I (z , e
2πir
r+1 λ)

I (z , λ)

 ,

(9)

where I (z , λ) is the classical conserved densities ∂z̄ Ii + ∂zAi = 0. However, there
was no efficient way to find I (z , λ). We provide the WKB method to realize it.
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A
(1)
r affine Toda field equations

To apply the WKB method, we will replace the spectral parameter λ with
WKB order parameter ϵ (Planck constant)

Lm = ϵ∂z + ϵ

r∑
i=1

∂zϕi (z)Hi +
r∑

i=1

Eαi + p(z)Eα0 . (10)

The higher-order ODE (11) now becomes

[(−ϵ)h(∂z−∂zϕr (z)) · · · (∂z+∂zϕ2(z)−∂zϕ1(z))(∂z+∂zϕ1(z))−p(z)]ψ1(z , ϵ) = 0
(11)

λ ∼ ϵ−1 implies the relations between classical IM and ODE.
One can apply the WKB ansatz to solve it.

ψ1(z , ϵ) = exp(
1

ϵ

∫ z

dz P(z , ϵ)) (12)

The equation satisfied by P(z , ϵ) is called the Riccati equation.
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The diagonalization approach

We will diagonalize the Lax operator Lm with the WKB method.

Lm = ϵ∂z + ϵ

r∑
i=1

∂zϕi (z)Hi +
r∑

i=1

Eαi + p(z)Eα0 . (13)

One can view it as a covariant derivative with connection:

A(z) =
r∑

i=1

ϵ∂zϕi (z)Hi +
r∑

i=1

Eαi + p(z)Eα0 (14)

Then the gauge transformation is given by

GauT [A(z)] = T−1(z)A(z)T (z) + ϵT−1(z)∂zT (z). (15)
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The diagonalization approach

The transformation matrix T can be decomposed into

T (z) = TdTd−1 . . .T3T2T1. (16)

d is the representation dimension and Ti (z) are d × d matrices satisfying

Ti (z)ab =


1, if a = b,

gi,b(z , ϵ), if a = i , b ̸= i , 1 ≤ b ≤ d ,

0, otherwise.

The decomposition means we diagonalize the connection row by row from
the bottom to the top. For instance

Td =


1

. . .

1
1

gd,1 gd,2 · · · gd,d−1 1

 ,
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The diagonalization approach

The final diagonalized connection Adiag(z) is given by

Adiag(z) = GauT1 ◦ GauT2 . . .GauTd−2
◦ GauTd−1

◦ GauTd
[A(z)]. (17)

For each step of the gauge transformation GauTi
, we fix gi ,b(z) such that

the connection A′(z) satisfies

A′
ij = 0, 1 ≤ j ≤ d , j ̸= i . (18)

There are finally d − 1 constraints to diagonalize the i-th row in A(z) and
fix the diagonal elements perturbatively. For instance, the connection after
first gauge transformation:

A′(z) =


1

. . .

1
1

GauTd
[A]d,1 GauTd

[A]d,2 · · · GauTd
[A]d,d−1 GauTd

[A]d,d

 ,
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The diagonalization of A
(1)
1

The holomorphic part of the modified Lax operator in A
(1)
1 is of the form

Lm = ϵ∂z + ϵ∂zϕ(z)H + Eα + p(z)E−α (19)

with

H =

(
1 0
0 −1

)
, Eα =

(
0 1
0 0

)
, E−α =

(
0 0
1 0

)
.

We decompose the transformation matrix: T (z) = T1T2 by

T2(z) =

(
1 0

g2,1(z , ϵ) 1

)
, T1(z) =

(
1 g1,2(z , ϵ)
0 1

)
. (20)

T2(z) is determined to diagonalize the second row

GauT2 [A(z)] =

(
g2,1 + ϵϕ′ 1

−2ϵg2,1ϕ
′ + ϵg ′

2,1 − g2
2,1 + p −g2,1 − ϵϕ′

)
. (21)

It gives the condition for g2,1(z):

g2
2,1(z , ϵ) + 2ϵg2,1(z , ϵ)ϕ

′(z , z̄)− ϵg ′
2,1(z , ϵ)− p(z) = 0. (22)
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The diagonalization of A
(1)
1

Diagonal element f (z , ϵ) := −g2,1(z , ϵ)− ϵϕ′(z) satisfies Riccati equation

f 2(z , ϵ) + ϵf ′(z , ϵ)− ϵ2u2(z)− p(z) = 0. (23)

u2(z) = ϕ′(z)2 − ϕ′′(z) is the classical energy-momentum tensor in
sine-Gordon theory, where the subscript denotes the spin.

The second gauge transformation T1(z) gives

GauT1 ◦ GauT2 [A(z)] =

(
−f (z , ϵ) 1− 2g1,2(z , ϵ)f (z , ϵ)

0 f (z , ϵ)

)
. (24)

We do not need to extract the diagonalization condition from the first row
since g1,2 is independent of the diagonal elements.
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The diagonalization of A
(1)
1

Let us substitute f (z , ϵ) =
∑∞

i=0 ϵ
i fi (z) into the Riccati equation. The

first four orders of diagonal elements ±f (z , ϵ) are listed below

f0(z) =
√

p(z), −f0(z) = −
√
p(z),

f1(z) = −1

2
∂z ln f0, −f1(z) = f1(z) + ∂z ln f0,

f2(z) =
f ′′0
16f 20

+
u2(z)

2f0
+ ∂z(

3f ′0
16f 20

), −f2(z) = −f2(z),

f3(z) = ∂z(
u2(z)

4f 20
− 3f

′2
0

16f 40
+

f
′′

0

8f 30
), −f3(z) = f3(z)− ∂z(

u2(z)

2f 20
− 3f

′2
0

8f 40
+

f
′′

0

4f 30
).

Therefore, the diagonal elements can be summarized as

Adiag(z) =

(
−f (z ,−ϵ) + d(∗) 0

0 f (z , ϵ)

)
, (25)

where d(∗) denotes total derivatives.
The traceless condition implies f2i+1(z) are all total derivatives.

Ito, Zhu (Tokyo Tech) ODE/IM correspondence May 19, 2023@BIMSA 21 / 42



The diagonalization of A
(1)
1

Let us pay attention back to f (z , ϵ) and the Riccati equation

f 2(z , ϵ) + ϵf ′(z , ϵ)− ϵ2u2(z)− p(z) = 0.

What about the relations between f (z , ϵ) and the WKB solutions P(z , ϵ)

to the A
(1)
1 ordinary differential equation(

ϵ2∂2z + ϵ2∂2zϕ(z)− ϵ2(∂zϕ)
2 − p(z)

)
ψ(z , ϵ) = 0 (26)

Substitute the WKB ansatz ψ1(z , ϵ) = exp(1ϵ
∫ z

dz P(z , ϵ)), one can
obtain the Riccati equation

P2(z , ϵ) + ϵP ′(z , ϵ)− ϵ2u2(z)− p(z) = 0. (27)

There exists an equivalence between the diagonal elements and the WKB
solutions

f (z , ϵ) = P(z , ϵ) (28)

Ito, Zhu (Tokyo Tech) ODE/IM correspondence May 19, 2023@BIMSA 22 / 42



The diagonalization of A
(1)
1

Let us also compare f (z , ϵ) with the conserved density I (z , λ). Due to the
existence of ϵ in front of ∂z , f0(z) is actually the -1st term corresponding
to the λΛdiag term. Besides this, fi (z) ∼ Ii−1(z).

Ldiag = ∂z + λΛdiag +
∞∑
i=0

λ−i Ii (z)Λ
−i
diag

= ϵ∂z + f0Λdiag +
∞∑
i=1

ϵi fi (z)Λ
−i
diag

(29)

One may worry about the total derivatives d(∗) in

Adiag(z) =

(
−f (z ,−ϵ) + d(∗) 0

0 f (z , ϵ)

)
, (30)

The diagonal elements are uniquely determined up to total derivatives.
One can act Tdiag = diag{exp(t1(z , ϵ)), . . . , exp(td(x , ϵ))}, [Adiag(z)]ii will
receive a ∂z ti (z) shift.
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The diagonalization of A
(1)
2

The equality f (z , ϵ) = P(z , ϵ) can be generalized into A
(1)
2 types.

There are two scalar fields: ϕ1(z) and ϕ2(z). The modified Lax operator is

Lm = ϵ∂z +
2∑

i=1

ϵ∂zϕi (z , z̄)Hi +
2∑

i=1

Eαi + p(z)Eα0 (31)

Perform the diagonalization by T = T3T2T1.
The gauge transformation by T3 leads to

GauT3 [A(z)] =

 ϵϕ′1 1 0
g3,1 g3,2 + ϵ(ϕ′2 − ϕ′1) 1

GauT3 [A(z)]3,1 GauT3 [A(z)]3,2 −g3,2 − ϵϕ′2

 ,

where

GauT3 [A(z)]3,1 = −g3,1 (g3,2 + ϵ (ϕ′1 + ϕ′2)) + ϵg ′
3,1 + p,

GauT3 [A(z)]3,2 = ϵg3,2 (ϕ
′
1 − 2ϕ′2) + ϵg ′

3,2 − g2
3,2 − g3,1.
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The diagonalization of A
(1)
2

Set f (z , ϵ) ≡ −g3,2 − ϵϕ′2, GauT3 [A(z)]3,1 = GauT3 [A(z)]3,2 = 0 gives

f 3 + 3ϵff ′ − ϵ2u2f + ϵ2f ′′ − ϵ3u3 − p = 0. (32)

After the second gauge transformation T2,

GauT2T3 [A(z)] =

 ϵϕ′1 + g2,1 1 g2,3
GauT2T3 [A(z)]2,1 g3,2 + ϵ(ϕ′2 − ϕ′1)− g2,1 GauT2T3 [A(z)]2,3

0 0 f


where

GauT2T3 [A(z)]2,1 = −2ϵg2,1ϕ
′
1 + ϵg2,1ϕ

′
2 + ϵg ′

2,1 − g2
2,1 + g3,2g2,1 + g3,1

GauT2T3 [A(z)]2,3 = −ϵg2,3ϕ′1 + 2ϵg2,3ϕ
′
2 + ϵg ′

2,3 + 2g3,2g2,3 − g2,1g2,3 + 1.
(33)

Set h(z , ϵ) ≡ g2,1 + ϵϕ′1, GauT2T3 [A(z)]2,1 = 0 leads to the equation

h2 + fh + f 2 − ϵh′ + ϵf ′ − ϵ2u2 = 0. (34)
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The diagonalization of A
(1)
2

u2(z) and u3(z) are classical energy-momentum tensor and W3 field in

A
(1)
2 affine Toda field theory with

u2(z) = ϕ′1(z)
2 − ϕ′2(z)ϕ

′
1(z) + ϕ′2(z)

2 − ϕ′′1 (z)− ϕ′′2 (z),

u3(z) = 2ϕ′2(z)ϕ
′′
2 (z)− ϕ′1(z)ϕ

′′
2 (z)− ϕ′1(z)ϕ

′
2(z)

2 + ϕ′1(z)
2ϕ′2(z)− ϕ

(3)
2 (z).

The Riccati equation satisfied by f (z , ϵ) can also be obtained from
ψ(z , ϵ) = exp(1ϵ

∫
dz P(z , ϵ)) and

(−ϵ)3(∂z − ∂zϕ1)(∂z − ∂zϕ2 + ∂zϕ1)(∂z + ∂zϕ2)ψ + p(z)ψ = 0. (35)

This is the adjoint ordinary differential equation of

[(−ϵ)h(∂z−∂zϕ2(z))(∂z+∂zϕ2(z)−∂zϕ1(z))(∂z+∂zϕ(z))−p(z)]ψ1(z , ϵ) = 0.

The adjoint means ∂z → −∂z and ϕi → ϕh−i .
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The diagonalization of A
(1)
2

Expand f =
∑∞

n=0 fnϵ
n and h =

∑∞
n=0 hnϵ

n. The first four terms are

f0(z) = p
1
3 , h0(z) = e−

2πi
3 f0,

f1(z) = − f ′0
f0
, h1(z) = f1(z) + 2∂z(ln f0),

f2(z) =
f ′′0
6f 20

+
u2(z)

3f0
+ ∂z(

f ′0
2f 20

), h2(z) = e
2πi
3 f2(z),

f3(z) = −u3(z)

3f 20
+

f ′0 u2(z)

3f 30
− ∂z(−

f
′2
0

2f 40
+

f
′′
0

3f 30
− u2(z)

3S2
0

), h3(z) = e
4πi
3 (f3(z)− ∂z(

u2
3f 20

)).

The diagonal connection is summarized as

Adiag(z) =

e−
i2π
3 f (z , e

i2π
3 ϵ) + d(∗) 0 0

0 e−
i4π
3 f (z , e

i4π
3 ϵ) + d(∗) 0

0 0 f (z , ϵ)

 . (36)

The traceless condition implies f1+3i (z) are total derivatives.
We also observe that f1+2i (z) are also total derivatives when u = 0.
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The canonical Lax operator

u2 and u3 can be obtained from the generalized Miura transformation

(∂z − ∂zϕ1)(∂z − ∂zϕ2 + ∂zϕ1)(∂z + ∂zϕ2) = ∂3z −
2∑

i=0

u3−i∂
i
z (37)

The equivalence between the following two Lax operators is proved in
[Drinfeld, Sokolov (1984)]

Lm = ϵ∂z +
2∑

i=1

ϵ∂zϕi (z , z̄)Hi +
2∑

i=1

Eαi + p(z)Eα0

Lcan = ϵ∂z +
2∑

i=1

ϵi+1u1+i (z)ei+1,1 +
2∑

i=1

Eαi + p(z)Eα0

The same Ricaati equation and diagonal elements will be given after
applying the same diagonalization approach.
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Generalized to other affine Lie algebras

The diagonalized Lax operators for other affine Lie algebras are also
predicted in [Drinfeld, Sokolov (1984)]

L0 = ∂z + λΛ + H(z , λ) (38)

with

H(z , λ) =
∞∑
i=0

λ−(2i+1)Ii (z)Λ
−(2i+1), for B(1)

r , D
(2)
r+1, A

(2)
2r−1,

H(z , λ) =
∞∑
i=0

λ−(2i+1)Ii (z)Λ
−(2i+1) +

∞∑
i=0

λ−(2i+1)Ji (z)F , for D(1)
r .

Λ−(2i+1) = Λ−(2i+1)+kh with sufficiently large k for B
(1)
r , A

(2)
2r−1 and D

(1)
r .

Ii , Ji turn out to be conserved densities.

There is an extra matrix F commuting with Λ, which generates Ji in D
(1)
r .

The terms proportional to Λ−2i are missing (up to total derivatives).
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Generalized to other affine Lie algebras

We follow the same diagonalization steps to obtain Adiag(z). First, the
modified Lax operator for an affine Lie algebra ĝ:

Lm = ϵ∂z + ϵ

r∑
i=1

∂zϕi (z)Hi +
r∑

i=1

Eαi + p(z)Eα0 .

Denote f (z , ϵ) as the bottom component of diagonal elements of Adiag(z)

f (z , ϵ) =
∞∑
i=0

ϵi fi (z).

with the WKB ansatz

ψ(z , ϵ) = exp(
1

ϵ

∫ z

dz f (z , ϵ))
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Generalized to other affine Lie algebras

The diagonalization can be generalized to other affine Lie algebras.

A
(1)
r : Diag{e−

2πi
h f (z, e

2πi
h ϵ) + d(∗), . . . , e−

2πir
h f (z, e

2πir
h ϵ) + d(∗), f (z, ϵ)}

A
(2)
2r−1 : Diag{h(z, ϵ) + d(∗), e−

2πi
h f (z, e

2πi
h ϵ) + d(∗), . . . , e−

2πi(h−1)
h f (z, e

2πi(h−1)
h ϵ) + d(∗), f (z, ϵ)}

B
(1)
r : Diag{d(∗), e−

2πi
h f (z, e

2πi
h ϵ) + d(∗), . . . , e−

2πi(2r−1)
h f (z, e

2πi(2r−1)
h ϵ) + d(∗), f (z, ϵ)}

D
(2)
r+1 : Diag{e−

2πi
h f (z, e

2πi
h ϵ) + d(∗), . . . , e−

2πi(2r+1)
h f (z, e

2πi(2r+1)
h ϵ) + d(∗), f (z, ϵ)}

D
(1)
r : Diag{e

−2πi
h f (z, e

2πi
h ϵ) + d(∗), . . . , e

−2πi(r−1)
h f (z, e

2πi(r−1)
h ϵ) + d(∗), e iπ(r−1)K(z,−ϵ) + d(∗),

K(z, ϵ), e−
2πir
h f (z, e

2πir
h ϵ) + d(∗), . . . , e−

2πi(2r−1)
h f (z, e

2πi(2r−1)
h ϵ) + d(∗), f (z, ϵ)}

f (z , ϵ) satisfy the Riccati equation from the ordinary differential equations

with WKB ansatz for A
(1)
r , A

(2)
2r−1, B

(1)
r .

f (z , ϵ) should also lead to the solutions to the pseudo differential equations

for D
(2)
r+1, D

(1)
r .

f1+2i (z) are all total derivatives in the affine Lie algebras except A
(1)
r .

K (z , ϵ) is another conserved density corresponding to matrix F in L0.
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Generalized to other affine Lie algebras

The adjoint ordinary differential equations satisfied by f (z , ϵ) are

A(1)
r : (−ϵ)h(∂z − ∂zϕ1)(∂z − ∂zϕ2 + ∂zϕ1)

· · · (∂z + ∂zϕr )ψ(z , ϵ) = p(z)ψ(z , ϵ)

A
(2)
2r−1 : ϵ

(2r−1)(∂z − ∂zϕ1) · · · (∂z − ∂zϕr + ∂zϕr−1)(∂z + ∂zϕr − ∂zϕr−1)

· · · (∂z + ∂zϕ1)ψ − 2
√

p(z)∂z
√

p(z)ψ = 0

B(1)
r : ϵ2r (∂z − ∂zϕ1) · · · (∂z − 2∂zϕr + ∂zϕr−1)∂z(∂z + 2∂zϕr − ∂zϕr−1)

· · · (∂z + ∂zϕ1)ψ − 4
√

p(z)∂z
√

p(z)ψ = 0

D
(2)
r+1 : ϵ

(2r+2)(∂z − ∂zϕ1) · · · (∂z − 2∂zϕr + ∂zϕr−1)∂z(∂z + 2∂zϕr − ∂zϕr−1)

· · · (∂z + ∂zϕ1)ψ − 4p(z)∂−1
z p(z)ψ = 0

D(1)
r : ϵ(2r−2)(∂z − ∂zϕ1) · · · (∂z − ∂zϕr − ∂zϕr−1 + ∂zϕr−2)∂

−1
z

(∂z + ∂zϕr + ∂zϕr−1 − ∂zϕr−2) · · · (∂z + ∂zϕ1)ψ − 4
√

p(z)∂z
√

p(z)ψ = 0

The D
(1)
r -type ODE is reduced to B

(1)
r−1 type for ∂zϕr + ∂zϕr−1 − ∂zϕr−2 = 0...
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Continuity equations from the KdV hierarchies

Recall the A
(1)
r Toda field equations in terms of x and t

(−ϵ)h(∂x − ∂xϕ1)(∂x − ∂xϕ2 + ∂xϕ1) · · · (∂x + ∂xϕr )ψ(x , ϵ) = p(x)ψ(x , ϵ)

The left-hand side is the corresponding scalar Lax operator for the
modified KdV hierarchies with linear problem Lψ(x) = λψ(x)

Lscalar = (∂x − ∂xϕ1) · · · (∂x + ∂xϕ2 − ∂xϕ1)(∂x + ∂xϕr ),

Both the Lie algebraic and the scalar Lax operators satisfy the Lax
equation for parameters ti (i = 1, 2, . . . ) with t1 = t.

∂tiL = [Ai , L]

with Ai = (L
i
h )+, where (A)+ denotes the non-negative part in ∂x of the

differential operator A.
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Continuity equations from the KdV hierarchies

Act ∂ti on Lψ(x) = λψ(x), one can obtain (L− λ)(∂tiψ − Aiψ) = 0,
which implies, for some function g(ti )

∂tiψ(x)− Aiψ(x) = g(ti )ψ(x).

Substitute the WKB expansion ψ(x , ϵ) = exp(1ϵ
∫
dx P(x , ϵ))

∂tiP(x , ϵ)− ∂xai (x) = 0,

The integrable hierarchies defined by L with A(x) =
∑∞

i=0Ai (x)(λΛ)
−i is

∂tL = [A,L],

After the diagonalization Ldiag = TLT−1, ∂tLdiag = [A′,Ldiag]

∂t fi + ∂xA′
i = 0.

It implies the equality f (x , ϵ) = P(x , ϵ) up to total derivatives.
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Conserved density vs. WKB solution

The classical conserved densities for the sine-Gordon equations

I2(z) =
T (z)

2
,

I4(z) =
∂2zT (z)− T 2(z)

8
,

I6(z) =
1

32

(
−5T ′(z)2 − 6T (z)u′′(z) + T (4)(z) + 2T (z)3

)
,

(39)

The WKB solutions for the A
(1)
1 -type ordinary differential equation

f0(z) =
√

p(z),

f1(z) = −1

2
∂z ln f0,

f2(z) =
f ′′0
16f 20

+
u2(z)

2f0
+ ∂z(

3f ′0
16f 20

),

f3(z) = −∂z(−
u2(z)

4f 20
+

3f
′2
0

16f 40
− f

′′

0

8f 30
),

(40)
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Conserved density vs. WKB solution

Recall the appearance of p(z): the conformal transformation z → w(z)

dw =
√

p(z)dz , û2
(
w(z)

)
=

1

p(z)

[
u2(z) +

4pp′′ − 5p′2

16p2

]
(41)

After the conformal transformation,

f̂0(w) = 1,

f̂2(w) =
û2(w)

2
,

f̂4(w) =
∂2w û2(w)− û22(w)

8
,

(42)

They are nothing but the commonly conserved densities. In conclusions,
the quantum period Πi and conserved charges Qi are related as follows:

Πi ≡
∮

dz fi (z) =

∮
dz

√
p(z)f̂i (z) =

∮
dw f̂i (w) ≡ Qi . (43)
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Summary and future work

Summary

A WKB method is found to diagonalize the linear problem. The
diagonal elements are the WKB solutions to the adjoint higher-order
(pseudo) ordinary differential equations.

There is a relation via the conformal transformation between the
conserved densities and the WKB solutions.

Futhre work

It is possible to take exact WKB analysis on the conserved densities
f (z , ϵ).

Apply the diagonalization results to the quantum SW curve in the
Argyres-Douglas theory.

Combine the diagonalization approach with TT̄ -deformation.
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Thank you for watching.
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