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Complex geometry

• Complex geometry
• It is sometimes useful to think of complex geometry 

in order to quantize gravity theory

• No-boundary proposal by Hartle and Hawking
• A canonical example of complex geometry
• Consider a complexifed metric of Sd+1

• Sd+1:                    , dSd+1:
• Geometry of Hartle-Hawking is realized as a real slice

ds
2 = L

2(θ′(u)2du2 + cos2 θ(u)dΩ2

d)

θ(u) = u θ(u) = iu



Allowable complex geometry

• A complexified metric of Sd+1

• Let us assume that the universe starts from nothing at
and approaches to dSd+1 for 
• There is a family of complex geometry labeled by n

• A criteria of D-dim. allowable geometry is

ds
2 = L

2(θ′(u)2du2 + cos2 θ(u)dΩ2

d)

[Louko-Sorkin CQG ’97;Kontsevich-Segal QJM ’21;Witten’21]

Re

(

√

detggi1j1 . . . giqiqFi1...iqFj1...jq

)

> 0, 0 ≤ q ≤ D

Only geometry with n=-1,0 are allowable, which 
reproduces the geometry of Hartle-Hawking

cos θ(u = 0) = 0

u = 0

u → ∞

θ = (n+ 1/2)π (n ∈ Z)



Allowable geometry via holography

• We determine allowable complex geometry via dS/CFT
• dS/CFT has not been understood yet compared with AdS/CFT understood 

as very few concrete examples are available

• A concrete example is given by higher-spin holography

[Anninos-Hartman-Strominger ’11 (CQG ’17)]

• Analytic continuation of duality between higher-spin gravity on AdS4 and 
3d O(N) vector model [Klebanov-Polyakov PLB ’02]

Higher-spin gravity on dS4
at the classical limit

3d Sp(N) vector model 
at the large N limit



The aim of this talk

1. Propose a dS/CFT correspondence involving 3d higher-spin gravity

2. Provide evidence
• We show the match of partition functions
• We relate our proposal to AdS3 higher-spin holography via analytic continuation

[Gaberdiel-Gopakumar PRD ’11]

3. Determine allowable geometry
• Applying the proposed holography, we determine allowable complex geometry 

as saddle of 3d Chern-Simons gravity from dual 2d CFT

Higher-spin dS3 gravity 
(≃SL(N) CS theory) at the 
classical limit (+ matters)

2d SU(N) WZW model 
with large central charge
(+ extra sectors)



The plan of this talk

• Introduction
• dS3/CFT2 and partition functions
• Relation to Gaberdiel-Gopakumar duality
• Complex saddles of Chern-Simons gravity
• Conclusion



dS3/CFT2 and partition functions



Basics of dS/CFT

• A way to describe gravity theory on dS space 
is utilized wave functional of universe

• The wave functional is identified as generating 
functional of correlation functions in dual CFT

• In particular, gravity partition function is 
computed from square of wave functional

2

Correlators are computed 
by dual Euclidean CFT

[Maldacena JHEP ’03]

<latexit sha1_base64="sjmJbE1/NPzGxMY1V6o2h86We08="></latexit>
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Our proposal and match of partition functions

• Our proposal

• In the following we focus on the simplest case with N=2

• The match of partition functions
• We compute the partition functions of 2d SU(2) WZW model on S2 and 

find agreement with gravity partition functions
• We utilize Witten’s method to compute the CFT partition functions on S2

[Witten CMP ’89]

Higher-spin dS3 gravity 
(≃SL(N) CS theory) at the 
classical limit (+ matters)

2d SU(N) WZW model 
with large central charge
(+ extra sectors)



Central charge and the level of WZW model

• Virasoro symmetry appears near the 
future infinity with central charge [Strominger JHEP ’01]

• Dual CFT is quite strange as it has pure imaginary central charge

• 2d SU(2) WZW model with level k

• To reproduce the requirement from dual gravity, we consider a peculiar limit

Radius of de Sitter space

Newton constant (classical limit                )

with

c = i
3LdS

2GN

≡ ic
(g)



Sketch of Witten’s method

• The partition function of 2d SU(2) WZW model on S2 can be 
mapped to that of 3d SU(2) Chern-Simons theory on S3
• Wilson loop in spin-j rep      

can be inserted Rj

• Sphere can be obtained by 
gluing two tori related by 
S-transformation via surgery

• Modular S-matrix of 2d SU(2) 
WZW model relates the two 
amplitudes

[Witten’89]

R0

Rj RjR0

Rj
Ri



Partition function on 3-sphere

• CFT computation
• Modular S-matrix of 2d SU(2) WZW model

• Vacuum partition function at the leading order in 

• Gravity computation
• Definition of classical partition function

• Classical action on      :

≈≈

2

Reproduces CFT computation!!

[YH-Nishioka-Takayanagi-Taki’21;’22] 

R0

R0



Wilson loop and bulk excitation

• Partition function on S3 with Wilson loop in rep. Rj

• The Wilson line on S3 ó Operator in 2d WZW model [Witten CMP ’89] 

• Conformal dimension of CFT operator

• dS/CFT map to bulk excitation energy
∆j =

2j(j + 1)

k + 2
≡ i∆(g)

j

∆
(g)
j = LdSEj

R0

Rj



Partition function on Euclidean dS3 black hole

• CFT computation 
• The modular S-matrix leads at the leading order in

• Gravity computation
• Bulk excitation creates Euclidean dS3 black hole (conical defect)

• Classical action on the geometry

Reproduces CFT computation!!

ds2 = L2
dS

[

(1− 8GNEj − r2)dτ2 +
dr2

1− 8GNEj − r2
+ r2dφ2

]

2



Geometry related to two linked Wilson loops

• CFT computation 
• The modular S-matrix leads at the leading order in

• Gravity computation
• Corresponding geometry has 

two non-trivially linked conical defects

• Classical action on the geometry

2

Reproduces CFT computation!!

= |S j
i |2 ! e

πc(g)

3

√

1−8GNEi

√
1−8GNEj

IG = −

πc(g)

3

√

1− 8GNEi

√

1− 8GNEj

3
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FIG. 1. The North [Left] and South [Right] hemisphere with
two linked Wilson lines (red and green).

which leads to the metric

ds2 = L
2
⇥
d✓2+(1�8GNEj)(cos

2
✓ d⌧2+sin2 ✓ d�2)

⇤
.

(18)

Then we evaluate the gravity action

IG = � 1

16⇡GN

Z
p
g (R� 2⇤) , (19)

where ⇤ = 1/L2. This leads to

IG = �⇡ c
(g)

3

p
1� 8GNEj , (20)

whose semi-classical gravity partition function ZG =
exp [�IG] agrees with the Chern-Simons result (11).

Let us introduce the Cartesian coordinates:

X1 = cos ✓ cos
⇣p

1� 8GNEj ⌧

⌘
,

X2 = cos ✓ sin
⇣p

1� 8GNEj ⌧

⌘
,

X3 = sin ✓ cos
⇣p

1� 8GNEj �

⌘
,

X4 = sin ✓ sin
⇣p

1� 8GNEj �

⌘
.

(21)

Then the sphere
P

4

i=1
(Xi)2 = L

2 is described by the
metric (18). The insertion of the single Wilson line Rj

corresponds to a deficit angle �j = 2⇡� 2⇡
p

1� 8GNEj

at ✓ = 0, depicted as the red circle in FIG. 1.
We can realize the second Wilson loop at ✓ = ⇡/2

linking with the first one by identifying the coordinate ⌧

as

⌧ ⇠ ⌧ +
2⇡

p
1� 8GNElp

1� 8GNEj
. (22)

This is depicted as the green circle in FIG. 1, where the
deficit angle �l = 2⇡�2⇡

p
1� 8GNEl is present. Finally,

the gravity action for this geometry is estimated as

IG = �⇡ c
(g)

3

p
1� 8GNEj

p
1� 8GNEl , (23)

which again reproduces the leading part of the Chern-
Simons result (12) in the semi-classical limit.

HIGHER SPIN GRAVITY

The Chern-Simons theory enables us to construct
a broader class of three-dimensional gravity theories,
namely, higher spin gravity. A pair of SU(N) Chern-
Simons theories at level k describes a three-dimensional
gravity with spin-s fields for each s = 2, 3, . . . , N .
The central charge of the SU(N) WZW model at level

k reads

c =
k(N2 � 1)

k +N
. (24)

The chiral conformal dimension of a primary in the rep-
resentation specified by a weight vector � =

PN�1

i=1
�i !i

is given by

h� =
(�,�+ 2⇢)

2(k +N)
, (25)

where ⇢ =
PN�1

i=1
!i. The weight lattice is generated by

the basis {!1, · · ·,!N�1} and its inner product is denoted
by (⇤, ⇤). Here we follow the convention in [32]. The
modular S-matrix reads

Sµ
� = K

X

w2W

✏(w) exp


� 2⇡ i

k +N
(w(�+ ⇢), µ+ ⇢)

�
,

(26)

where W is the Weyl group and K is a constant fixed by
the unitary constraint S S† = 1.
Now we analytically continue the level as we did in the

SU(2) case, c = i c(g) and h� = ih(g)
� , which leads to

k = �N +N(N2 � 1)
i

c(g)
+O

✓
1

c(g)2

◆
. (27)

Let us evaluate S0

0
, which gives the vacuum partition

function ZCSG

⇥
S3

⇤
. By using the known relation (⇢, ⇢) =

N(N2 � 1)/12, the partition function of the SU(N)
Chern-Simons gravity with linked Wilson loops in the
limit (27) looks like:

ZCSG

⇥
S3, L(R�, Rµ)

⇤
=

��Sµ
�

��2

⇠ exp


⇡ c

(g)

3

(�+ ⇢, µ+ ⇢)

(⇢, ⇢)

�
.

(28)

It is straightforward to confirm that this reproduces the
previous result (12) if we setN = 2. Moreover, it is useful
to note that this group theoretical argument explains the
partition function with unlinked Wilson loops Rj and Rl,
given by (5). Indeed, by setting � = �j+�l and µ = 0, we
can rewrite (�+⇢, µ+⇢) = (�j+⇢, ⇢)+(�l+⇢, ⇢)�(⇢, ⇢).
As in the N = 2 case, we will show below that the par-

tition function (28) of the SU(N) Chern-Simons gravity
computed from the k ! �N limit of the SU(N) WZW
model equals that of the corresponding higher spin grav-
ity in the classical limit, i.e., the large level limit. The

Ri

Rj



Relation to Gaberdiel-Gopakumar
duality



Gaberdiel-Gopakumar duality for AdS3

• A version of Gaberdiel-Gopakumar duality

• The simplest case with N=2

Higher-spin AdS3 gravity 
(≃SL(N) CS theory) with 
matters at the classical limit

2d coset model with 
large central charge

[Castro-Gopakumar-Gutperle-Raeymaekers JHEP ’12; Gaberdiel-Gopakumar JHEP ’12] 
(see [Gaberdiel-Gopakumar PRD ’11] for original proposal)

Spins of gauge fields

Einstein gravity on AdS3 with 
matters at the classical limit

2d coset model with
large central charge

The coset describes analytic continuation of 
Virasoro-minimal model, which was shown to 
reduce to Liouville theory [Creutzig-YH JHEP ’21]



Central charge and the level of coset model

• A version of Gaberdiel-Gopakumar duality

• Comparison of central charge

Einstein gravity on AdS3 with 
matters at the classical limit

2d coset model with 
large central charge

• Near the boundary of AdS3 there 
appears Virasoro symmetry with central 
charge [Brown-Henneaux CMP ’86]

• The central charge of the coset is

• To have large central charge, we have to set

c = 1−
6

(k + 2)(k + 3)

k → −2−
6

c
+O(c−2)



Analytic continuation from AdS3 to dS3

• Formally we can move from AdS3 to dS3 by replacing
• Gaberdiel-Gopakumar duality becomes

• Comparison of central charge

Einstein gravity on dS3 with 
matters at the classical limit

2d coset model with 
imaginary central charge

At the leading order in            only SU(2)k part dominates and 
the duality reduces to our proposal of dS3/CFT2 correspondence 

1/c(g)

LAdS → iLdS

[YH-Nishioka-Takayanagi-Taki PRL ’22;JHEP ’22] 

c = 1−
6

(k + 2)(k + 3)
= ic(g), c(g) =

3LdS

2GN

→ ∞ k → −2 + i
6

c(g)
+O(c(g)−2)



Complex saddles of Chern-
Simons gravity



Allowable complex geometry

• Allowable complex geometry
• A complexified metric of Sd+1

• Universe can start from                                       
• A criteria of allowable geometry
è Only geometry with n=-1,0 are allowable

• Holographic method
• We reproduce the same result via holography
• We further consider more generic geometry

ds
2 = L

2(θ′(u)2du2 + cos2 θ(u)dΩ2

d)

θ = (n+ 1/2)π (n ∈ Z)

[Louko-Sorkin CQG ’97;Kontsevich-Segal QJM ’21;Witten’21]



Complex saddles of Chern-Simons gravity

• We read off complex saddles of 3d Chern-Simons gravity via holography

• The metric of dS3 black hole is

• Large gauge transformation generates different geometry labeled by n

• Gravity partition function is a sum of contributions from each saddles

S = SCS[A]− SCS[Ã], SCS[A] = −
κ

4π

∫

tr

(

A ∧ dA+
2

3
A ∧A ∧A

)

ds2 = L2
dS

[

(1− 8GNEj − r2)dτ2 +
dr2

1− 8GNEj − r2
+ r2dφ2

]

ds2 = L2
dS

[

(1− 8GNEj − r2) (2n+ 1)2 dτ2 +
dr2

1− 8GNEj − r2
+ r2dφ2

]

ZdS =
∑

n

expS
(n)
GH, S

(n)
GH =

(

n+
1

2

)

πL2
√

1− 8GNE

GN



Allowable geometry from dual CFT

• Dual CFT is given by Liouville theory with parameter b and the large central 
charge limit is realized by

• dS3 black hole is examined from 2-pt. function of heavy operator

• Semi-classical expression of 2-pt. function can be read off from its exact 
result as [Harlow-Maltz-Witten’11]

c (≡ ic
(g)) = 1 + 6(b+ b

−1)2

ΨdS ∼ 〈Vα(z1)Vα(z2)〉

b
−2

=
ic(g)

6
−

13

6
+ · · ·

[Chen-YH-Taki-Uetoko’23; in preparation]

|〈Vα(z1)Vα(z2)〉| ∼ e
π
6 c

(g)√
1−8GNE − e

−
π
6 c

(g)√
1−8GNE

We should pick up saddles of CS gravity with n=-1,0 and 
the result reproduces the allowable geometry of Witten



Geometry related to two linked Wilson loops

• GH entropy for the geometry corresponding to two lined Wilson loops on 
S3 can be computed from S-matrix including non-perturbative corrections

• The result can be reproduced from Liouville four-point function

= |S j
i | ! e

πc(g)

3

√

1−8GNEi

√
1−8GNEj − e

−
πc(g)

3

√

1−8GNEi

√
1−8GNEj

Cij(z, z̄) =

〈

O†
i (∞)O†

j(1)Oi(z)Oj(0)
〉

〈

O†
iOi

〉〈

O†
jOj

〉 =
∑

p

F ii
jj(p|z)F̄

ii
jj(p|z̄)

Conformal blocks Intermediate state Op

Ri

Rj



4

by using the integral representation (1.3) and an identity

log x =

Z �

0

dt

t

�
e�t

� e�xt
�
, Re x > 0. (1.6)

Therefore we find the asymptotic formula

�b

⇣⌘

b

⌘
= exp

✓
1

b2

⇥
�(⌘ � 1/2)2 log b + F (⌘) + O(b log b)

⇤◆
. (1.7)

Here we again emphasize that this formula is applicable for any b with Re b > 0, equally c /2 (�1, 1].
We can obtain the asymptotic formula for the other range of ⌘ by applying the recursion relations
(1.1). For example, let us consider Re Q < Re ⌘ < 2 Re Q. By using the second equation in (1.1),

�b

✓
⌘

b
+

b

2

◆
= �

✓
1

2
+

⌘ � 1

b2

◆
b

2(��1)

b2 �b

✓
⌘ � 1

b
+

b

2

◆
, (1.8)

then we have

1.2 Semi-classical limit of DOZZ formula

2 Figures

Figure of Wilson lines

0
1

1

z
0

1

1

z
0

1

1

z

2

FIG. 1. In CFT four-point function, we move z from 0 to 1
and then back to 0 as indicated in the left figure. In terms
of Chern-Simons theory, two Wilson lines are winded. Gluing
the anti-holomorphic part, two linked Wilson loops are con-
structed.

time being. We define a correlation function:

Cij(z, z̄) =

D
O

†
i (1)O†

j(1)Oi(z)Oj(0)
E

D
O

†
iOi

E D
O

†
jOj

E , (21)

which can be expanded by conformal blocks as

Cij(z, z̄) =
X

p

F
ii
jj(p|z)F̄ ii

jj(p|z̄) . (22)

Here p labels the exchange primary operators with scal-
ing dimensions (hp, h̄p). For simplicity, let us consider
z ⇠ 0, then the function approximates as Cij(z, z̄) ⇠ 1.
As in [36] (see Fig. 1), we start from z ⇠ 0, go around
z = 1 anti-clockwise, then back to z ⇠ 0. This move
yields a non-trivial monodromy matrix Mpq acting on
the conformal block as:

F
ii
jj(p|z) !

X

q

MpqF
ii
jj(q|z) . (23)

We perform the move only for the holomorphic part and
keep the anti-holomorphic part untouched. Taking a
large central charge limit as in [8, 9], such that the scal-
ing dimensions all external operators hi,j , hp also scale
as central charge, then the identity block with hp = 0
dominates [37]. Gluing the two parts, we have

Cij(z, z̄) ⇠ M00F
ii
jj(0|z)F̄ ii

jj(0|z̄) (24)

for z ⇠ 0. The monodromy matrix is known to be [38, 39]
(see also [40])

M00 =
S⇤
ijS00S00

S00S0iS0j
, (25)

where Sij is the modular S-matrix of CFT character. As
in Fig. 1, the correlator can be interpreted as a partition
function of SU(N) Chern-Simons theory with two linked
Wilson line loops on S3. We thus deduce that

���
D
O

†
jOj

E��� ⇠ |S0j | (26)

and
���
D
O

†
i (1)O†

j(1)Oi(z)Oi(0)
E��� ⇠ |Sij | . (27)

Here and in the following, we change the normalization
of correlators by |S00|

�1. These results reproduce those
in [8, 9].

Let us first comment on the two-point functions. In
the above, we have assumed that CFT is rational. We
may apply the modular S-matrix element of Liouville
theory for the identity operator and non-degenerate op-
erator [41],

S0j = �2
p

2 sin 2⇡b(↵j � Q/2) sin 2⇡(↵j � Q/2)/b ,
(28)

then we find

|S0j | ⇠

���e
⇡
6 c(g)

p
1�8GNEj � e�

⇡
6 c(g)

p
1�8GNEj

��� . (29)

The expression reproduces the result obtained by Liou-
ville theory (20) including the sub-leading saddle.

We next consider geometry corresponding to two un-
linked Wilson loops on S3 in the Chern-Simons theory.
We do not perform any move in this case, thus we should
have Cij(z, z̄) ⇠ 1. Using (26), we find

���
D
O

†
i (1)O†

j(1)Oi(z)Oj(0)
E��� ⇠

����
S0iS0j

S00

���� . (30)

This also reproduces a finding in [8, 9] for two unlinked
Wilson loops.

One may be concerned with the assumption of the ra-
tionality of dual CFT. We thus want to reexamine the
four-point conformal block F

ii
jj(p|z) in terms of Liouville

theory. Here we set Oa = e2⌘a�/b (a = i, j) with b ⇠ 0.
According to eq. (2.43) of [42], the conformal block be-
haves near z ⇠ 1 as

F
ii
jj(p|z) ⇠

X

m,�=±
c�m (1 � z)

c
6

�
m ,

�
m = m(1 � m) �

1

2
� �

(1 � 2⌘i)(1 � 2⌘j)

2

+

✓
1

2
� m

◆
((1 � 2⌘i) + �(1 � 2⌘j)) .

(31)

Here c�m are coe�cients of order O((c(g))0). Since the ex-
pression is independent of p, we consider again the iden-
tity block with ⌘p = 0, which are normalized by the two-
point functions as in (21). Note that the vacuum state
is included in the Hilbert space of analytically continued
minimal model. Performing the monodromy move of z
from 0 to 1 and then from 1 to 0 only for the holomorphic
part of Cij(z, z̄), the absolute value of four-point function
schematically becomes
���
D
O

†
i (1)O†

j(1)Oi(z)Oj(0)
E��� (32)

⇠

X

�i,�j ,�=±

X

m

����
D
O

†
iOi

E

�i

D
O

†
jOj

E

�j
exp

✓
⇡c(g)�

m

3

◆���� .

Linked Wilson loops from monodromy move

• Move of z around z = 1 yields monodromy matrix
(cf. [Robert-Stanford PRL ’15;Caputa-Numasawa-Veliz-Osorio PTEP ’16; Fitzpatrick-Kaplan JHEP ’17])

• Since p=0 dominates at large c, the combination of anti-holomorphic part leads to

• Up to normalization, the previous result is reproduced from the four-point function 

F ii
jj(p|z) →

∑

q

MpqF
ii
jj(q|z)

Cij(z, z̄) ∼ M00F
ii
jj(0|z)F̄

ii
jj(0|z̄), M00 =

S∗

ijS00S00

S00S0iS0j

(Sij is the modular S-matrix of Liouville theory)

∣

∣

∣

〈

O†
i (∞)O†

j(1)Oi(z)Oj(0)
〉
∣

∣

∣
= |Sij | " e

πc(g)

3

√
1−8GNEi

√
1−8GNEj + e

−πc(g)

3

√
1−8GNEi

√
1−8GNEj



Conclusion



Summary & future problems

• Summary
• dS/CFT correspondence is proposed between classical higher-spin dS3 gravity 

and 2d SU(N) WZW model (Liouville theory) with large central charge
• Evidence is provided by comparing partition functions and relating to higher-

spin AdS3 holography
• Allowable complex geometries of Chern-Simons gravity are read off from 

dual CFT correlators 

• Future problems
• Examine Liouville/Toda multi-point functions [Chen-YH-Taki-Uetoko in preparation]

• Read off quantum effects of dS3 (higher-spin) gravity from dual CFT2
• Generalize the analysis to other dS/CFT correspondence (e.g., higher 

dimensions, stringy realizations, etc.)



Thank you for your attention


