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 Introduction of EE and Psuedo entanglement entropy

 Psuedo Renyi entropy in 2D CFT

1.Replic trick and setup

2.Psuedo Renyi entropy of locally excited states

Reality conditions for Psuedo Renyi entropy

Summary



What is Pseudo entropy？



Def. Of EE in discrete systems

Divide a quantum system into two parts A and B. 

Factorization PropertyFactorization Property

Reduced Density Matrix:Reduced Density Matrix:

von-Neumann entropy ::
Fine grained EntropyFine grained Entropy



Definition of EE in QFT:

In QFTs, the EE is defined geometrically 
(called geometric entropy). 

Continuum 
Limit      →0 

No  factorization  in 
Gauge theory and 
gravity!!



Definition of  Transition matrix  in QFT:

Properties:

Reduced Transition matrix:

T. Takayanagi et al ’20



If either         or         is product state, then                            . .1)

2)
Like EE

Subadditivity and Strong Subadditivity are violated in general!

3)

4) is non-Hermitian in general,  pseudo-entropy can be complex-valued.



recursion relationrecursion relation

PE:

Reduced transition matrixTransition matrix

Partial trace

recursion relation

T. Takayanagi et al ’20

PE:

relationPRE: 
PE and PRE are normally complex!



In AdS/CFT correspondence, pseudo-entropy is dual to area of minimal surfaces in 

time-dependent Euclidean asymptotically AdS (aAdS) spaces

relation

aAdS side:

③ : Interpretation from Holography
[Nakata, Takayanagi, Taki, Tamaoka, Wei’2020]

relation

CFT side:

(GKP-W relation)



③ : Interpretation from Quantum Entanglement

Entanglement entropy = # of distillable EPR pairs under LOCC
[Bennett, Bernstein,Popescu, Schumacher’1995]

LOCC

Local Operation 
+

Classical Communication

EE:

M copies of system

M

N EPR pairs



③ : Interpretation from Quantum Entanglement

M
LOCC Post Selection

[Nakata, Takayanagi, Taki, Tamaoka, Wei’2020]

M copies of system N EPR pairs

PE:



Pseudo-entropy = # of distillable EPR pairs under LOCC+Post Selection

③ : Interpretation from Quantum Entanglement

M
LOCC Post Selection

[Nakata, Takayanagi, Taki, Tamaoka, Wei’2020]

The average of  N with 

M copies of system N EPR pairs

PE:

The average of  N with 
respect to various LOCCs



Pseudo entropy of locally excited states in 2D CFTs



PRE of 2D CFTs in real time (Our focus)

We consider

relation

We consider

relation



PRE of 2D CFTs in real time

relation

One simple scheme in 2d CFTs is to 

consider two locally excited statestwo locally excited states::
Vacuum

Primay,
descendent …

Regulator

relation

relation



relation

PRE for locally excited state: Replica trick

relation

Euclidean Path Integral 



PRE for locally excited state: Single primary

relation

relation



PRE for locally excited state: Single primary

relation



PRE for locally excited state: Single primary

relation



PRE for locally excited state: Single primary



PRE for locally excited state: Single primary

S. He et al’ 14

relationRational CFTs:

relation

P. Caputa et al’ 15



PRE for locally excited state: Single primary

relation relation



PRE for locally excited state: Single primary

relation

relation Example:



Reality condition of Pseudo entropy



④ : Brief Summary

For HPE, the holographic calculation requires          to generate non-negative               .  

The proof of QI interpretation for PE is valid when    is semi-positive definite.

Non-Negative Pseudo-Entropy Requirement 

Complex-valued in general!

However It's usually Non-Hermitian



⑤ : Our focus and motivation

To find the sufficient and necessary condition

Our motivation

To find the sufficient and necessary condition
for 

the transition matrix          such that                            ?



⑥ : Resort to Pseudo-Hermiticity due to matrix algebra

What is Pseudo-Hermiticity

[Mostafazadeh’2001]

Pseudo-Hemiticity: A generalization of Hermiticity.



⑦ : Basic Properties of Pseudo-Hermiticity

Any invertible Hermitian operator

Property 1:

Property 2:

[Mostafazadeh’2001]



① : Summary of Our Results

*We still don’t know how to construct this set

Both       and       are positive or negative

Subset

{       |                  } 

All density matrices belong to the blue subset!



Eigenvalues of

come in real or C.C. pairs 

Chart of equivalence relation

② : Mind Mapping of the Construction

a b
c

What kind of
de



What kind of

③ : Find           that generates pseudo-Hermitian

The answer:

de

[He, Guo, Zhang’2022]

(Simple proof in the next slide)

Theorem 1:



③ : Find           that generates pseudo-Hermitian

Theorem 1

pseudo-Hermitian



Eigenvalues of

come in real or C.C. pairs 

Chart of equivalence relation

④ : Constructions



Eigenvalues of

come in real or C.C. pairs 

Chart of equivalence relation

This barrier is insurmountable 
in the pseudo-Hermitian 

framework

④ : Barriers



Eigenvalues of

come in real or C.C. pairs 

Chart of equivalence relation

⑤ : The Sufficient Condition



Eigenvalues of

come in real or C.C. pairs 

Chart of equivalence relation

⑤ : Find the Sufficient Condition



Eigenvalues of

come in real or C.C. pairs 

Chart of equivalence relation

⑤ : Find the Sufficient Condition



Theorem 2:

⑤ : The Sufficient Condition

[He, Guo,Zhang’2022]

Always Positive semi-definite!



Both       and       are positive or negative

⑤ : The Sufficient Conditions



Part 5: Summary



Summary

 Obtain Psuedo Renyi entropy of pair of locally excited 

states in 2D CFT.

 Late time of PRE is log quantum dimension (Universal)

 Construct the sufficient condition for PRE Construct the sufficient condition for PRE

 PRE for more generic locally excited states, Please refer 

to our work.

How to extend the reality condition for Type III &Type II 

algebra, PRE in SYK, etc, …



Thanks for your attentionThanks for your attention


