
Towards a classification of Fermionic Rational 
CFTs

                                           Zhihao Duan
Korea Institute for Advanced Study

Based on:  J. Bae, ZD, K. Lee, S. Lee, M. Sarkis, arXiv: 2010.12392/2108.01647
 ZD, K. Lee, S. Lee, L. Li, arXiv: 2210.06805

Joint HEP-TH seminar

1



Overview

Summary

Extension to fermionic theories

Integrality

Holomorphic modular bootstrap
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Motivation
Describe critical phenomena of phase transitions

Describe 2D world-sheet of string theory 

Deep mathematical structure
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2D conformal field theory contains two copies of Virasoro algebras as its symmetry algebra 

Radial quantization

<latexit sha1_base64="W+cQxzCzyNjJHqtlVZvJXMOej10=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVbVxWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4XuM/A==</latexit>

t

Conformal primaries are highest-weight states: 
<latexit sha1_base64="pGmu9F5WKmBVQ5QqcJQuekcsluw=">AAACH3icbVBLSwMxGMzWV62vVY9egkXwICUrvi5K0YuHHirYB7RlyabZbmg2uyZZoaz9J178K148KCLe+m9MH0htHQhMZuYj+caLOVMaoYGVWVhcWl7JrubW1jc2t+ztnaqKEklohUQ8knUPK8qZoBXNNKf1WFIcepzWvO7N0K89UqlYJO51L6atEHcE8xnB2kiufVZy0VPQlFh0OIWXMPi9HDUfEtyGJTcV8Aqi/nQKuXYeFdAIcJ44E5IHE5Rd+7vZjkgSUqEJx0o1HBTrVoqlZoTTfq6ZKBpj0sUd2jBU4JCqVjrarw8PjNKGfiTNERqO1OmJFIdK9ULPJEOsAzXrDcX/vEai/YtWykScaCrI+CE/4VBHcFgWbDNJieY9QzCRzPwVkgBLTLSpNGdKcGZXnifV44JzWkB3J/ni9aSOLNgD++AQOOAcFMEtKIMKIOAZvIJ38GG9WG/Wp/U1jmasycwu+ANr8AOms6F1</latexit>

L0|hi = h|hi, Ln>0|hi = 0
<latexit sha1_base64="e0EQ4Ob1UBygQkNRnmTOOhTr1Uk=">AAACEXicbVC7TsMwFHV4lvIKMLJYVEhdqJIKBGMFCwNDkehDaqLIcZzWquNEtoNUhfwCC7/CwgBCrGxs/A1ukwFajmT5+Jx7dX2PnzAqlWV9G0vLK6tr65WN6ubW9s6uubfflXEqMOngmMWi7yNJGOWko6hipJ8IgiKfkZ4/vpr6vXsiJI35nZokxI3QkNOQYqS05Jn1Gy87GXt2XtzN3MFBrCQsnjx/GDkC8SEjnlmzGtYMcJHYJamBEm3P/HKCGKcR4QozJOXAthLlZkgoihnJq04qSYLwGA3JQFOOIiLdbLZRDo+1EsAwFvpwBWfq744MRVJOIl9XRkiN5Lw3Ff/zBqkKL9yM8iRVhONiUJgyqGI4jQcGVBCs2EQThAXVf4V4hATCSodY1SHY8ysvkm6zYZ81rNvTWuuyjKMCDsERqAMbnIMWuAZt0AEYPIJn8ArejCfjxXg3PorSJaPsOQB/YHz+ABBenTA=</latexit>

L�k1L�k2 · · ·L�kn |hiConformal descendants:

Degeneracy

Highest-weight Representation

CFT Basics

<latexit sha1_base64="HeKZVRTxZHqqpOkra3E+A/O73tM="></latexit>

HS1 =
M

h,h̄

z}|{
dh,h̄ Vh ⌦ Vh̄

<latexit sha1_base64="9DRj6fiMIjRrrGHAMX5YE6gZFGU="></latexit>

[Lm, Ln] = (m� n)Lm+n +
c

12
(m3 �m)�m,�n (m 2 Z)
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CFT Basics
Torus Partition Function

�h(⌧)

<latexit sha1_base64="II9HDS/J7tGXB1ASMfvKzkqUaJc=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBDiJexKRI9BLx4jmAdk1zA7mU2GzD6Y6VXCkv/w4kERr/6LN//GSbIHTSxoKKq66e7yEyk02va3tbK6tr6xWdgqbu/s7u2XDg5bOk4V400Wy1h1fKq5FBFvokDJO4niNPQlb/ujm6nffuRKizi6x3HCvZAOIhEIRtFIDy4bil42nFRcpOlZr1S2q/YMZJk4OSlDjkav9OX2Y5aGPEImqdZdx07Qy6hCwSSfFN1U84SyER3wrqERDbn2stnVE3JqlD4JYmUqQjJTf09kNNR6HPqmM6Q41IveVPzP66YYXHmZiJIUecTmi4JUEozJNALSF4ozlGNDKFPC3ErYkCrK0ARVNCE4iy8vk9Z51alVL+5q5fp1HkcBjuEEKuDAJdThFhrQBAYKnuEV3qwn68V6tz7mrStWPnMEf2B9/gA1cZJU</latexit>

�h̄(⌧̄)

<latexit sha1_base64="T8g4Lh4dRklbZ5mBckmw9ra4EWk=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFqJuSSEWXRTcuK9gLNCFMppNm6GQSZiZCCQE3voobF4q49SXc+TZO0yy09YeBj/+cw5nz+wmjUlnWt1FZWV1b36hu1ra2d3b3zP2DnoxTgUkXxywWAx9JwignXUUVI4NEEBT5jPT9yc2s3n8gQtKY36tpQtwIjTkNKEZKW5555OCQepnjI5GFed4owFEozc88s241rUJwGewS6qBUxzO/nFGM04hwhRmScmhbiXIzJBTFjOQ1J5UkQXiCxmSokaOISDcrbsjhqXZGMIiFflzBwv09kaFIymnk684IqVAu1mbmf7VhqoIrN6M8SRXheL4oSBlUMZwFAkdUEKzYVAPCguq/QhwigbDSsdV0CPbiycvQO2/arebFXavevi7jqIJjcAIawAaXoA1uQQd0AQaP4Bm8gjfjyXgx3o2PeWvFKGcOwR8Znz95f5gP</latexit>

Modular invariance

Z(⌧, ⌧̄) = TrHS1 [exp (2⇡i⌧1P � 2⇡⌧2H)]

= TrHS1 [q
L0�c/24

q̄
L̄0�c/24]

=
X

h,h̄

dh,h̄ TrVh [q
L0�

c
24 ]| {z }TrVh̄

[q̄L̄0�
c
24 ]

| {z }

<latexit sha1_base64="X5T0V4wplSZmycJHwZO4/AzG9e0="></latexit>

 symmetry group generated by  and SL(2,ℤ) T S

Character: counting states in rep.

q = e2⇡i(⌧1+i⌧2)

= e2⇡i⌧

<latexit sha1_base64="UV1BqyTWnU2NbPRsAaNi25YWvFw=">AAACInicbVDLSsNAFJ3UV42vqEs3g0WpCCUpFXUhFN24rGAf0MQwmU7boZOHMxOhhHyLG3/FjQtFXQl+jNM0C1s9MHA451zu3ONFjAppml9aYWFxaXmluKqvrW9sbhnbOy0RxhyTJg5ZyDseEoTRgDQllYx0Ik6Q7zHS9kZXE7/9QLigYXArxxFxfDQIaJ9iJJXkGuf38PACkrukakcU0rItUexa8BhSmNHqUWrbOpwJZU7qGiWzYmaAf4mVkxLI0XCND7sX4tgngcQMCdG1zEg6CeKSYkZS3Y4FiRAeoQHpKhognwgnyU5M4YFSerAfcvUCCTP190SCfCHGvqeSPpJDMe9NxP+8biz7Z05CgyiWJMDTRf2YQRnCSV+wRznBko0VQZhT9VeIh4gjLFWruirBmj/5L2lVK1atcnJTK9Uv8zqKYA/sgzKwwCmog2vQAE2AwSN4Bq/gTXvSXrR37XMaLWj5zC6Ygfb9AwqboFQ=</latexit>

T : Z(⌧, ⌧̄) ! Z(⌧ + 1, ⌧̄ + 1) = Tr[e2⇡iJqL0� c
24 q̄L̄0� c

24 ]

<latexit sha1_base64="w8/Vgoo+KXxPInssbJx5mexC55o="></latexit>

S : Z(⌧, ⌧̄) ! Z(�1

⌧
,�1

⌧̄
)

<latexit sha1_base64="e0lf+7fBwbPbIoBEK1UFiKaX5zE="></latexit>

States must have integer spin

Impose constraints on the spectrum

5
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τ2



Rational CFT
Rational CFT has only finitely many conformal primaries

<latexit sha1_base64="cE3NBbd1lshRJJu4TMC1ziiRMms=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cq9gPaUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3Hrk2QsUPOE64H9FBLELBKFqp070XgyFSrdVTr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7OTJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+j/pC80ZyrEllGlhbyVsSDVlaFMq2RC8xZeXSfOs6l1U3bvzSu06j6MIR3AMp+DBJdTgFurQAAYKnuEV3hx0Xpx352PeWnDymUP4A+fzB5JtkXE=</latexit>)  and all  rational!c h

Lattice CFT, WZW model, etc

[Anderson, Moore 1988] [Vafa 1988]
<latexit sha1_base64="FLog/Fr+OvEtnVUfaZLpqXq3Zjs="></latexit>

Z(⌧, ⌧̄) =
n�1X

i,j=0

�i dij �̄j

=
�
�0, · · · , �n�1

�
· M ·

0

B@
�̄0
...

�̄n�1

1

CA

(Holomorphic) characters form a weight zero vector-valued modular form for SL(2,ℤ)
<latexit sha1_base64="l0F7i3NJ2atswpXFzcGYCx7CeeA="></latexit>

�i(⌧ + 1) =
n�1X

j=0

Tij�j(⌧), �i(�
1

⌧
) =

n�1X

j=0

Sij�j(⌧)

Classify?
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Modularity

Characters span solutions to -th order Modular Linear Differential Equation (MLDE)n

Recall MF of weight k Weight
<latexit sha1_base64="+dGSl2l+C/Pr0IImCM6sHiJNhSU="></latexit>

f(
a⌧ + b

c⌧ + d
) = (c⌧ + d)

k
⇠f(⌧),

✓
a b
c d

◆
2 SL(2,Z) e.g.

<latexit sha1_base64="4h+tUDVwRuIa+iO1NaFCgcuhdow="></latexit>

Ek(⌧) =
X

m,n2Z
m,n 6=0

1

(m⌧ + n)k

<latexit sha1_base64="9iqOtHc9Ny8pr+cGKp/HlujqvpI="></latexit>"
Dn

⌧ +
n�1X

a=0

�a(⌧)D
a
⌧

#
�i(⌧) = 0

<latexit sha1_base64="49AfAIRMF/FytmkAAR/xKTZWuNw="></latexit>

D⌧ =
1

2⇡i
@⌧ � k

12
E2 : Mk ! Mk+2Serre Derivative

Modular form of weight 2(n − a)

<latexit sha1_base64="ttuvlo/BW044fK3Mwg1UkUBTEeU=">AAAB/HicbVBNS8NAFHypX7V+RXv0slgETyURRY9FLz1WsLXQhLLZbtqlm03Y3Qgh1L/ixYMiXv0h3vw3btoctHVgYZh5jzc7QcKZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Cop+JUEtolMY9lP8CKciZoVzPNaT+RFEcBpw/B9LbwHx6pVCwW9zpLqB/hsWAhI1gbaWjXPY1T5DGBvAjrSRDk7dnQbjhNZw60StySNKBEZ2h/eaOYpBEVmnCs1MB1Eu3nWGpGOJ3VvFTRBJMpHtOBoQJHVPn5PPwMnRplhMJYmic0mqu/N3IcKZVFgZksEqplrxD/8wapDq/9nIkk1VSQxaEw5UjHqGgCjZikRPPMEEwkM1kRmWCJiTZ91UwJ7vKXV0nvvOleNp27i0brpqyjCsdwAmfgwhW0oA0d6AKBDJ7hFd6sJ+vFerc+FqMVq9ypwx9Ynz9TVJSQ</latexit>

⌧ 2 H

Graded ring of holomorphic modular forms  freely generated by  and Mk(SL(2,ℤ)) E4 E6

Related to null vectors [Gaberdiel, Keller 0804.0489] [Anderson, Moore 1988]

Modular Forms also have -expansionq = exp(2πiτ)
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MLDE
Wronskian method

Physical constraint: characters have no poles in upper half-plane

Poles of  all come from zeros of  ϕa(τ) Wn

Meromorphic

<latexit sha1_base64="ErN7KeXMee13tkgCkg0wnTtXedg="></latexit>

Wk = det

0

BBBBBBBBBB@

�0 · · · �n�1

D⌧�0 · · · D⌧�n�1
...

...
Dk�1

⌧ �0 · · · Dk�1
⌧ �n�1

Dk+1
⌧ �0 · · · Dk+1

⌧ �n�1
...

...
Dn

⌧ �0 · · · Dn
⌧ �n�1

1

CCCCCCCCCCA

, �k(⌧) = (�1)n�k Wk

Wn

<latexit sha1_base64="9QIZavLL73u964VdB/sliv1RCfg=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FPXisYD+gu5Zsmm1Ds8mSZC1l6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2DppapIrRBJJeqHWJNORO0YZjhtJ0oiuOQ01Y4vJn6rSeqNJPiwYwTGsS4L1jECDZWevRD1vdv5UhgpeSoW664VXcGtEy8nFQgR71b/vJ7kqQxFYZwrHXHcxMTZFgZRjidlPxU0wSTIe7TjqUCx1QH2ezqCTqxSg9FUtkSBs3U3xMZjrUex6HtjLEZ6EVvKv7ndVITXQUZE0lqqCDzRVHKkZFoGgHqMUWJ4WNLMFHM3orIACtMjA2qZEPwFl9eJs2zqndRde/PK7XrPI4iHMExnIIHl1CDO6hDAwgoeIZXeHNGzovz7nzMWwtOPnMIf+B8/gDP9JK3</latexit> w �

<latexit sha1_base64="gO+tXlxBlwfdIPz9GQhWGrtzhyE="></latexit>

det

0

BBBBBBBB@

� �0 · · · �n�1

D� D�0 · · · D�n�1
...

...
...

Dk� Dk�0 · · · Dk�n�1
...

...
...

Dn� Dn�0 · · · Dn�n�1

1

CCCCCCCCA

= 0

<latexit sha1_base64="/noFHiZFD+Gka230qQ3PB4geX5Y="></latexit>

Dn
⌧ �+

n�1X

a=0

�a(⌧)D
a
⌧� = 0
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Holomorphic modular bootstrap
Classify RCFT by  (number of ) and  (order of zeros for )n χi l Wn

2nd order holomorphic  MLDE(l = 0)
<latexit sha1_base64="Y1fJbzQyI2PKLHvtsFDEPwfpZEA=">AAACFHicbVDJSgNBEO2JW4zbqEcvjUGIBMJMiOhFCC7gMYJZIDMOPZ2epEnPQneNEEI+wou/4sWDIl49ePNv7CwHTXxQ8Hiviqp6fiK4Asv6NjJLyyura9n13Mbm1vaOubvXUHEqKavTWMSy5RPFBI9YHTgI1kokI6EvWNPvX4795gOTisfRHQwS5oakG/GAUwJa8syiI1gA7SvPAZLel3ERO2GKr72KI3m3By4OCmPnGJ9jyzPzVsmaAC8Se0byaIaaZ345nZimIYuACqJU27YScIdEAqeCjXJOqlhCaJ90WVvTiIRMucPJUyN8pJUODmKpKwI8UX9PDEmo1CD0dWdIoKfmvbH4n9dOIThzhzxKUmARnS4KUoEhxuOEcIdLRkEMNCFUcn0rpj0iCQWdY06HYM+/vEga5ZJ9UrJuK/nqxSyOLDpAh6iAbHSKqugG1VAdUfSIntErejOejBfj3fiYtmaM2cw++gPj8wf6hpw6</latexit>⇥
D2

⌧ + µE4

⇤
f(⌧) = 0

<latexit sha1_base64="H0NTJb3Hk4k4r3XgxHmdoKa+b/I="></latexit>

µ = �c(c+ 4)

576
, c =

⇢
2

5
, 1, 2,

14

5
, 4,

26

5
, 6, 7,

38

5
, 8

�
Finite unitary family

<latexit sha1_base64="xuBHOIyBLXuUrK3FBXS8JaAhWtw="></latexit>

1

<latexit sha1_base64="a4xvER1i2ntBurtVB1F4NIPLLq0="></latexit>

2 Identify or disprove the solutions

 generated by  and Mk(SL(2,ℤ)) E4 E6

[Mathur, Mukhi, Sen 1988]

[Mathur, Mukhi, Sen 1988]

<latexit sha1_base64="u5EFHjWqSxmlelFI2AR4C9OFdF8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbSbt2k427G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9oapkqhg0mhVTtgGoUPMaG4UZgO1FIo0BgKxjdTP3WEyrNZXxvxgn6ER3EPOSMGis1uwN8JG6vXHGr7gxkmXg5qUCOeq/81e1LlkYYGyao1h3PTYyfUWU4EzgpdVONCWUjOsCOpTGNUPvZ7NoJObFKn4RS2YoNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMeJ6nBmM0XhakgRpLp66TPFTIjxpZQpri9lbAhVZQZG1DJhuAtvrxMmmdV76Lq3p1Xatd5HEU4gmM4BQ8uoQa3UIcGMHiAZ3iFN0c6L8678zFvLTj5zCH8gfP5A9UdjqM=</latexit>� 0

<latexit sha1_base64="u5EFHjWqSxmlelFI2AR4C9OFdF8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbSbt2k427G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9oapkqhg0mhVTtgGoUPMaG4UZgO1FIo0BgKxjdTP3WEyrNZXxvxgn6ER3EPOSMGis1uwN8JG6vXHGr7gxkmXg5qUCOeq/81e1LlkYYGyao1h3PTYyfUWU4EzgpdVONCWUjOsCOpTGNUPvZ7NoJObFKn4RS2YoNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMeJ6nBmM0XhakgRpLp66TPFTIjxpZQpri9lbAhVZQZG1DJhuAtvrxMmmdV76Lq3p1Xatd5HEU4gmM4BQ8uoQa3UIcGMHiAZ3iFN0c6L8678zFvLTj5zCH8gfP5A9UdjqM=</latexit>� 0

vacuum

Bounded denominator

<latexit sha1_base64="m1mGs9GHRcavKjENrDFQOk4TslM="></latexit>8
<

:
�0 = q�c/24(1 +

X
aiq

i), ai 2 Z

�i = qhi�c/24(1 +
X

aiq
i), ai 2 Q

Physical constraints on -expansionq

Integrality; Positivity; Unique Vacuum; Unitarity…
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Mathur-Mukhi-Sen family
MMS (Cvitanovic-Deligne) Series

Appears also

Level 1 WZW model

<latexit sha1_base64="kUuh5Ncz/redyeaO7wx7vCzrSGE="></latexit>

{LY, a1, a2, g2, d4, f4, e6, e7, (e7 1
2
), e8

| {z }
} <latexit sha1_base64="m4jkTIGwwoIxYWIPYlSOeOo8C2I="></latexit>

dimL(2✓) = 5(h_)2
(2h_ + 3)(5h_ � 6)

(h_ + 12)(h_ + 6)
<latexit sha1_base64="4s83S4K/AbS++H36lT7EkhSJLCE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa9eKxgP6ANZbPZtGs3u2F3IpTQ/+DFgyJe/T/e/Ddu2xy09cHA470ZZuaFqeAGPe/bWVldW9/YLG2Vt3d29/YrB4ctozJNWZMqoXQnJIYJLlkTOQrWSTUjSShYOxzdTv32E9OGK/mA45QFCRlIHnNK0EqtHo0Umn6l6tW8Gdxl4hekCgUa/cpXL1I0S5hEKogxXd9LMciJRk4Fm5R7mWEpoSMyYF1LJUmYCfLZtRP31CqRGyttS6I7U39P5CQxZpyEtjMhODSL3lT8z+tmGF8HOZdphkzS+aI4Ey4qd/q6G3HNKIqxJYRqbm916ZBoQtEGVLYh+IsvL5PWec2/rHn3F9X6TRFHCY7hBM7Ahyuowx00oAkUHuEZXuHNUc6L8+58zFtXnGLmCP7A+fwBr6mPMw==</latexit>· · ·

<latexit sha1_base64="oMuBqasxzL89TQAICYcHZa0etuE="></latexit>

dimL(✓) = dim g =
2(h_ + 1)(5h_ � 6)

h_ + 6

Gauge algebra (except ) of minimal 6d  SCFTs𝔞1, 𝔤2 𝒩 = (1,0)

Instanton moduli space of simply laced  = Higgs branch of 4d rank 1  SCFT𝔤 𝒩 = 2

(Modified) Schur index = Vacuum character of WZW model at level  = non-unitary solution of 2nd order MLDE−
h∨

6
− 1

At the boundary of 2d numerical modular bootstrap 

<latexit sha1_base64="8SAo2wJxSXlC0Kg1YwShANGEeo0="></latexit>⇢
2

5
, 1, 2,

14

5
, 4,

26

5
, 6, 7, (

38

5
), 8

�

[Collier, Lin, Yin 1608.06241] 

[Morrsion, Tyalor 1201.1943]

<latexit sha1_base64="q8GjsNRyTlj8rceh/PfzYa8f90U=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FPXisYD+wXUo2zbah2WRJspay9F948aCIV/+NN/+N6XYP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywupn5rSeqNJPiwUxi6kd4IFjICDZWeuzeyrHASslxr1xxq24GtEy8nFQgR71X/ur2JUkiKgzhWOuO58bGT7EyjHA6LXUTTWNMRnhAO5YKHFHtp9nFU3RilT4KpbIlDMrU3xMpjrSeRIHtjLAZ6kVvJv7ndRITXvkpE3FiqCDzRWHCkZFo9j7qM0WJ4RNLMFHM3orIECtMjA2pZEPwFl9eJs2zqndRde/PK7XrPI4iHMExnIIHl1CDO6hDAwgIeIZXeHO08+K8Ox/z1oKTzxzCHzifP87ekQE=</latexit>

+[Beem et al. 1312.5344] [Beem, Rastelli 1707.07679]

[Bae, Lee, Song 1708.08815] 

<latexit sha1_base64="9QIZavLL73u964VdB/sliv1RCfg=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FPXisYD+gu5Zsmm1Ds8mSZC1l6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2DppapIrRBJJeqHWJNORO0YZjhtJ0oiuOQ01Y4vJn6rSeqNJPiwYwTGsS4L1jECDZWevRD1vdv5UhgpeSoW664VXcGtEy8nFQgR71b/vJ7kqQxFYZwrHXHcxMTZFgZRjidlPxU0wSTIe7TjqUCx1QH2ezqCTqxSg9FUtkSBs3U3xMZjrUex6HtjLEZ6EVvKv7ndVITXQUZE0lqqCDzRVHKkZFoGgHqMUWJ4WNLMFHM3orIACtMjA2qZEPwFl9eJs2zqndRde/PK7XrPI4iHMExnIIHl1CDO6hDAwgoeIZXeHNGzovz7nzMWwtOPnMIf+B8/gDP9JK3</latexit>w�

10



Generalize to fermionic theories!
[J. Bae, ZD, K. Lee, S. Lee, M. Sarkis, 2010.12392]

Are there analogs of MMS family?

11



Torus Partition Function Revisited

Four partition functions

Four spin structures

<latexit sha1_base64="XUkOftg1NrtrPcw0XBl5D5D6JdU=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCAlKYoui25cuKhoH9iEMplO2qGTBzM3YgnZ+CtuXCji1s9w5984abPQ1gMXDufcy733uBFnEkzzWyssLC4trxRXS2vrG5tb+vZOS4axILRJQh6Kjosl5SygTWDAaScSFPsup213dJn57QcqJAuDOxhH1PHxIGAeIxiU1NP3bKCPkNxep5Xase1jGLpucp8e9fSyWTUnMOaJlZMyytHo6V92PySxTwMgHEvZtcwInAQLYITTtGTHkkaYjPCAdhUNsE+lk0weSI1DpfQNLxSqAjAm6u+JBPtSjn1XdWYnylkvE//zujF4507CgigGGpDpIi/mBoRGlobRZ4IS4GNFMBFM3WqQIRaYgMqspEKwZl+eJ61a1Tqtmjcn5fpFHkcR7aMDVEEWOkN1dIUaqIkIStEzekVv2pP2or1rH9PWgpbP7KI/0D5/AB63lhg=</latexit>

SL(2,Z)

NS NS

NSR

R R

RNS
<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S

<latexit sha1_base64="T092Z6QHHwXICYEMFM+9XO9OMd0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRJRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4VWDwwczrmXOfeEieAGPe/LKa2tb2xulbcrO7t7+wfVw6OOUammrE2VULoXEsMEl6yNHAXrJZqROBSsG07vcr/7yLThSrZwlrAgJmPJI04JWqk/iAlOKBFZaz6s1ry6t4D7l/gFqUGB5rD6ORgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcPbPKyI2Utk+iu1B/bmQkNmYWh3Yyj2hWvVz8z+unGN0EGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksn/yWdi7p/VfceLmuN26KOMpzAKZyDD9fQgHtoQhsoKHiCF3h10Hl23pz35WjJKXaO4Recj2+Of5Fu</latexit>

T
<latexit sha1_base64="T092Z6QHHwXICYEMFM+9XO9OMd0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRJRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4VWDwwczrmXOfeEieAGPe/LKa2tb2xulbcrO7t7+wfVw6OOUammrE2VULoXEsMEl6yNHAXrJZqROBSsG07vcr/7yLThSrZwlrAgJmPJI04JWqk/iAlOKBFZaz6s1ry6t4D7l/gFqUGB5rD6ORgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcPbPKyI2Utk+iu1B/bmQkNmYWh3Yyj2hWvVz8z+unGN0EGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksn/yWdi7p/VfceLmuN26KOMpzAKZyDD9fQgHtoQhsoKHiCF3h10Hl23pz35WjJKXaO4Recj2+Of5Fu</latexit>

T
<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S

NS = Anti-Periodic   R = Periodic

NS NSNS ÑS R R̃

<latexit sha1_base64="F8jbYvfrTRBXwuvJ7yH3FvtGvfg="></latexit>

ZNS(⌧, ⌧̄) = TrHNS

h
qL0�

c
24 q̄L̄0�c/24

i
, ZfNS(⌧, ⌧̄) = TrHNS

h
(�1)F qL0�

c
24 q̄L̄0�c/24

i

ZR(⌧, ⌧̄) = TrHR

h
qL0�

c
24 q̄L̄0�c/24

i
, ZeR(⌧, ⌧̄) = TrHR

h
(�1)F qL0�

c
24 q̄L̄0�c/24

i

<latexit sha1_base64="HMgd1ZmbHqKzHDpd5NRCVtMBEUY=">AAACIXicbZDLSgMxFIYz9VbrrerSTbAILqTMSNEui25ciNRLL9CpQybNtKGZZEgyShnmVdz4Km5cKNKd+DKml4Vt/SHw851zyDm/HzGqtG1/W5ml5ZXVtex6bmNza3snv7tXVyKWmNSwYEI2faQIo5zUNNWMNCNJUOgz0vD7l6N644lIRQV/0IOItEPU5TSgGGmDvHy551HoXgvelbTb00hK8QwNe0zcEOmeDJOb+zQ9cWfZXZp6+YJdtMeCi8aZmgKYqurlh25H4DgkXGOGlGo5dqTbCZKaYkbSnBsrEiHcR13SMpajkKh2Mr4whUeGdGAgpHlcwzH9O5GgUKlB6JvO0YpqvjaC/9VasQ7K7YTyKNaE48lHQcygFnAUF+xQSbBmA2MQltTsCnEPSYS1CTVnQnDmT1409dOic1Ys3ZYKlYtpHFlwAA7BMXDAOaiAK1AFNYDBC3gDH+DTerXerS9rOGnNWNOZfTAj6+cXX2ik6g==</latexit>

hi =) hNS
i , hR

i
12

Witten index if  SUSY∃



Γ Γ Γθ 0
0(2) (2)

1 0-1

-1+i
ω

(1+ω)/3

1+i

0-1/2 1/21-1

Symmetry

Fundamental

 domain

Level-two congruence subgroups of SL(2,ℤ)

<latexit sha1_base64="T092Z6QHHwXICYEMFM+9XO9OMd0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRJRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4VWDwwczrmXOfeEieAGPe/LKa2tb2xulbcrO7t7+wfVw6OOUammrE2VULoXEsMEl6yNHAXrJZqROBSsG07vcr/7yLThSrZwlrAgJmPJI04JWqk/iAlOKBFZaz6s1ry6t4D7l/gFqUGB5rD6ORgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcPbPKyI2Utk+iu1B/bmQkNmYWh3Yyj2hWvVz8z+unGN0EGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksn/yWdi7p/VfceLmuN26KOMpzAKZyDD9fQgHtoQhsoKHiCF3h10Hl23pz35WjJKXaO4Recj2+Of5Fu</latexit>

T
<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S
<latexit sha1_base64="/q11UOzQpcutYGkk4Ub+yTYcbaE=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoiih6LXjxJRfsBTSmbzbRduvlgd6KWEPCvePGgiFd/hzf/jds2B219MPB4b4aZeV4suELb/jYKC4tLyyvF1dLa+sbmlrm901BRIhnUWSQi2fKoAsFDqCNHAa1YAg08AU1veDn2m/cgFY/COxzF0AloP+Q9zihqqWvuuQ/cB+TCh9RFeMT0+jbLumbZrtgTWPPEyUmZ5Kh1zS/Xj1gSQIhMUKXajh1jJ6USOROQldxEQUzZkPahrWlIA1CddHJ+Zh1qxbd6kdQVojVRf0+kNFBqFHi6M6A4ULPeWPzPayfYO++kPIwThJBNF/USYWFkjbOwfC6BoRhpQpnk+laLDaikDHViJR2CM/vyPGkcV5zTin1zUq5e5HEUyT45IEfEIWekSq5IjdQJIyl5Jq/kzXgyXox342PaWjDymV3yB8bnDzXrlko=</latexit>

fNS
<latexit sha1_base64="uJxI3azXM3SYYr25cyp7N/M1X2Q=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4Kokoeix68VjFfkAbymY7aZduNnF3IpbQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsPrid98BG1ErO5xlIAfsb4SoeAMrdTqIDxhdjfulspuxZ2CLhIvJ2WSo9YtfXV6MU8jUMglM6btuQn6GdMouIRxsZMaSBgfsj60LVUsAuNn03vH9NgqPRrG2pZCOlV/T2QsMmYUBbYzYjgw895E/M9rpxhe+plQSYqg+GxRmEqKMZ08T3tCA0c5soRxLeytlA+YZhxtREUbgjf/8iJpnFa884p7e1auXuVxFMghOSInxCMXpEpuSI3UCSeSPJNX8uY8OC/Ou/Mxa11y8pkD8gfO5w9uUJA5</latexit>

R
<latexit sha1_base64="HM5f1idUTPE8G+lHDgE3jIE8hAY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF08S0TwkWcLsZDYZMrO7zPSKYclXePGgiFc/x5t/4+Rx0MSChqKqm+6uIJHCoOt+O7ml5ZXVtfx6YWNza3unuLtXN3GqGa+xWMa6GVDDpYh4DQVK3kw0pyqQvBEMrsZ+45FrI+LoHocJ9xXtRSIUjKKVHtrInzC7uRt1iiW37E5AFok3IyWYodopfrW7MUsVj5BJakzLcxP0M6pRMMlHhXZqeELZgPZ4y9KIKm78bHLwiBxZpUvCWNuKkEzU3xMZVcYMVWA7FcW+mffG4n9eK8Xwws9ElKTIIzZdFKaSYEzG35Ou0JyhHFpCmRb2VsL6VFOGNqOCDcGbf3mR1E/K3lnZvT0tVS5nceThAA7hGDw4hwpcQxVqwEDBM7zCm6OdF+fd+Zi25pzZzD78gfP5Aw5GkJI=</latexit>

NS

<latexit sha1_base64="hatknO57qkwSxg6rbCzOylbyRdY=">AAACGXicbVBNSysxFM349bR+VV26CRbBhZQZUXTzQHShS0WrQqeWO+ltG5pkhuSOUAb/hhv/ytu8hSIudeW/Ma1d+HUgcHLOvTe5J8mUdBSGb8HY+MTk1J/pmdLs3PzCYnlp+cKluRVYE6lK7VUCDpU0WCNJCq8yi6AThZdJ73DgX96gdTI159TPsKGhY2RbCiAvNcthnJsW2sSCwCI+Aq2hGVMXCf7GCkxHIT+/3trkZ7Ed3m6b5UpYDYfgP0k0IhU2wkmz/BK3UpFrNCQUOFePwowaBViSws8rxbnDDEQPOlj31IBG1yiGm93yda+0eDu1/hjiQ/VzRwHaub5OfKUG6rrv3kD8zavn1N5rFNJkOaERHw+1c8Up5YOYeEtaFKT6noCw0v+Viy74lMiHWfIhRN9X/kkutqrRTjU83a7sH4zimGarbI1tsIjtsn12zE5YjQl2x/6xB/YY3Af/g6fg+aN0LBj1rLAvCF7fAX4DoJI=</latexit>

�✓ = hT 2, Si| {z }
<latexit sha1_base64="kEis4Qoifc5/itvqyQl/gaGzbSo=">AAACHnicbVDLSgMxFM34tr6qLt0Ei6CgZaYouhFEF7pU2qrQacud9LYGk8yQZIQy9Evc+CtuXCgiuNK/MX0sfB24cDjn3uTeEyWCG+v7n97Y+MTk1PTMbG5ufmFxKb+8cmniVDOssljE+joCg4IrrFpuBV4nGkFGAq+i25O+f3WH2vBYVWw3wbqEjuJtzsA6qZnfC1PVQh1pYJiFpyAlNPzN0tZhKEB1BNJKo7RNy5VyI9sJeqEeiL1mvuAX/QHoXxKMSIGMcN7Mv4etmKUSlWUCjKkFfmLrGWjLmXsvF6YGE2C30MGaowokmno2OK9HN5zSou1Yu1KWDtTvExlIY7oycp0S7I357fXF/7xaatsH9YyrJLWo2PCjdiqojWk/K9riGpkVXUeAae52pewGXFTWJZpzIQS/T/5LLkvFYK/oX+wWjo5HccyQNbJONklA9skROSPnpEoYuSeP5Jm8eA/ek/fqvQ1bx7zRzCr5Ae/jC1wcoV8=</latexit>

�0(2) = hT 2, STS�1i| {z }
<latexit sha1_base64="BBL9eEzU8cEqbyHBr10dWIDybXM="></latexit>

�0(2) = hT, ST�2S�1i| {z }
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Fermionic MLDE 

Ring of holomorphic modular forms

MLDE for NS,  and R ÑS

Jacobi theta functions, weight 1/2

<latexit sha1_base64="hMmeeWCIp6OmuEU0tZgoMn9b/IY=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXFD0GvXiMYB6YhDA76U2GzM6uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqjm6nffEKleSTvzTjGbkgHkgecUWOlh/KIdAb4SLzTXrHkVtwZyDLxMlKCDLVe8avTj1gSojRMUK3bnhubbkqV4UzgpNBJNMaUjegA25ZKGqLuprOLJ+TEKn0SRMqWNGSm/p5Iaaj1OPRtZ0jNUC96U/E/r52Y4KqbchknBiWbLwoSQUxEpu+TPlfIjBhbQpni9lbChlRRZmxIBRuCt/jyMmmcVbyLint3XqpeZ3Hk4QiOoQweXEIVbqEGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gC/fY+o</latexit>

(k � 1)

<latexit sha1_base64="o6SaPtoIzGU6OSwVl8mLIH1MrkI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF+wFpKJvtpl262Q27k0IJ/RlePCji1V/jzX/jts1Bqw8WHu/NzM68KBXcoOd9OaW19Y3NrfJ2ZWd3b/+genjUNirTlLWoEkp3I2KY4JK1kKNg3VQzkkSCdaLx3dzvTJg2XMlHnKYsTMhQ8phTglYKehOiccSQ9Hm/WvPq3gLuX+IXpAYFmv3qZ2+gaJYwiVQQYwLfSzHM7UBOBZtVeplhKaFjMmSBpZIkzIT5YuWZe2aVgRsrbZ9Ed6H+7MhJYsw0iWxlQnBkVr25+J8XZBjfhDmXaYZM0uVHcSZcVO78fnfANaMoppYQqrnd1aUjoglFm1LFhuCvnvyXtC/q/lXde7isNW6LOMpwAqdwDj5cQwPuoQktoKDgCV7g1UHn2Xlz3pelJafoOYZfcD6+AZCmkW8=</latexit>

#i

<latexit sha1_base64="5abCiRTRUcaTzt/KW3ULmkkX+f0="></latexit>

M2k(�✓) = Symh�#4
2,#

4
4i

M2k(�
0(2)) = Symh#4

2,#
4
3i

M2k(�0(2)) = Symh#4
3,#

4
4i

<latexit sha1_base64="T092Z6QHHwXICYEMFM+9XO9OMd0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRJRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4VWDwwczrmXOfeEieAGPe/LKa2tb2xulbcrO7t7+wfVw6OOUammrE2VULoXEsMEl6yNHAXrJZqROBSsG07vcr/7yLThSrZwlrAgJmPJI04JWqk/iAlOKBFZaz6s1ry6t4D7l/gFqUGB5rD6ORgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcPbPKyI2Utk+iu1B/bmQkNmYWh3Yyj2hWvVz8z+unGN0EGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksn/yWdi7p/VfceLmuN26KOMpzAKZyDD9fQgHtoQhsoKHiCF3h10Hl23pz35WjJKXaO4Recj2+Of5Fu</latexit>

T

<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S

<latexit sha1_base64="cZ8Ojjul7YctjSQWpDEA7xPnixE="></latexit>"
Dn

⌧ +
n�1X

a=0

�a(⌧)D
a
⌧

#
fNS
i (⌧) = 0, fNS

i = qh
NS
i � c

24 (
1X

i=0

aiq
i/2)

"
Dn

⌧ +
n�1X

a=0

�a(⌧)D
a
⌧

#
f

fNS
i (⌧) = 0, f

fNS
i = qh

NS
i � c

24 (
1X

i=0

(�1)iaiq
i/2)

"
Dn

⌧ +
n�1X

a=0

�a(⌧)D
a
⌧

#
fR
i (⌧) = 0, fR

i = qh
R
i � c

24 (
1X

i=0

biq
i)

Focus on
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Classification of fermionic RCFTs
Holomorphic first order ( ) MLDE for n = 1, l = 0 Γθ

<latexit sha1_base64="JFQ42GsSBszEJWezI0RJ4K7hZyc="></latexit>h
D⌧ + µ

�
�#4

2(⌧) + #4
4(⌧)

� i
fNS = 0, µ =

c

12
<latexit sha1_base64="9QIZavLL73u964VdB/sliv1RCfg=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FPXisYD+gu5Zsmm1Ds8mSZC1l6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2DppapIrRBJJeqHWJNORO0YZjhtJ0oiuOQ01Y4vJn6rSeqNJPiwYwTGsS4L1jECDZWevRD1vdv5UhgpeSoW664VXcGtEy8nFQgR71b/vJ7kqQxFYZwrHXHcxMTZFgZRjidlPxU0wSTIe7TjqUCx1QH2ezqCTqxSg9FUtkSBs3U3xMZjrUex6HtjLEZ6EVvKv7ndVITXQUZE0lqqCDzRVHKkZFoGgHqMUWJ4WNLMFHM3orIACtMjA2qZEPwFl9eJs2zqndRde/PK7XrPI4iHMExnIIHl1CDO6hDAwgoeIZXeHNGzovz7nzMWwtOPnMIf+B8/gDP9JK3</latexit>w� Change of variables

<latexit sha1_base64="AA8L4D0s50cRxgNe7qno2VJ2r0A="></latexit>

fNS
0 (�) =

h 16

�(1� �)

i c
12

All Solutions

To have non-negative coefficients
<latexit sha1_base64="ePb4xePMEvPL+BvROtPZF3zGAAg=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0ISUpim6EohtXUsE+oAllMpm0QyeTODMRSsgnuPFX3LhQxK1Ld/6NkzYLbT1w4XDOvdx7jxczKpVlfRulhcWl5ZXyamVtfWNzy9zeacsoEZi0cMQi0fWQJIxy0lJUMdKNBUGhx0jHG13lfueBCEkjfqfGMXFDNOA0oBgpLfXNQwwvoBMIhNNRltazY+jcJ8iHI+hQDp0QqaHnpTdZ36xaNWsCOE/sglRBgWbf/HL8CCch4QozJGXPtmLlpkgoihnJKk4iSYzwCA1IT1OOQiLddPJQBg+04sMgErq4ghP190SKQinHoac78wvlrJeL/3m9RAXnbkp5nCjC8XRRkDCoIpinA30qCFZsrAnCgupbIR4inY7SGVZ0CPbsy/OkXa/ZpzXr9qTauCziKIM9sA+OgA3OQANcgyZoAQwewTN4BW/Gk/FivBsf09aSUczsgj8wPn8ACU6b+w==</latexit>

c =
k

2
, k 2 N

Tensor products of  theory. What is it?k = 1 Majorana-Weyl fermion!

<latexit sha1_base64="2yTWYB+uwxZFlcwGy/qA9BOSvlU="></latexit>

[
d

d�
+

c

12

1� 2�

�(1� �)
]fNS = 0, � =

#4
2

#4
3

<latexit sha1_base64="4i0iTNMGyKlRxMwEWwMtTzog3Qs="></latexit>

Mk(�✓) = Symh�#4
2,#

4
4i
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Ising Model
Unitary minimal model  with (m + 1, m) c = 1 −

6
m(m + 1)

 is Ising model:  and m = 3 h = 0,
1
2

1
16

<latexit sha1_base64="4DO+qTV4mq/86SRXLUQON7dpjq8="></latexit>

�0(⌧) =
1

2

"s
#3(⌧)

⌘(⌧)
+

s
#4(⌧)

⌘(⌧)

#
= q�

1
24 ·

1
2 (1 + q2 + q3 + 2q4 + · · · )

�✏(⌧) =
1

2

"s
#3(⌧)

⌘(⌧)
�

s
#4(⌧)

⌘(⌧)

#
= q

1
2�

1
24 ·

1
2 (1 + q + q2 + q3 + · · · )

��(⌧) =
1p
2

s
#2(⌧)

⌘(⌧)
= q

1
16�

1
24 ·

1
2 (1 + q + q2 + 2q3 + · · · )

They satisfy a third order holomorphic bosonic MLDE

16



Rank 1 solution

<latexit sha1_base64="RtlXar0BlpKEzuSH4eprDqaVRyg="></latexit>

fNS
0 =


16

�(1� �)

� 1
24

=

s
#3(⌧)

⌘(⌧)
= �0(⌧) + �✏(⌧)

<latexit sha1_base64="5rAw7poV2xEkwtyD+LF/Bgl4Ce0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF0xaaUDabTbt0s7vsbiyl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5sWRUG8/7dkpr6xubW+Xtys7u3v5B9fCopUWuMAmwYEJ1YqQJo5wEhhpGOlIRlMWMtOPh3cxvPxGlqeCPZixJlKE+pynFyFgpDAOZiBFHSolRr1rz6t4c7irxC1KDAs1e9StMBM4zwg1mSOuu70kTTZAyFDMyrYS5JhLhIeqTrqUcZURHk/nNU/fMKombCmWLG3eu/p6YoEzrcRbbzgyZgV72ZuJ/Xjc36U00oVzmhnC8WJTmzDXCnQXgJlQRbNjYEoQVtbe6eIAUwsbGVLEh+Msvr5LWRd2/qnsPl7XGbRFHGU7gFM7Bh2towD00IQAMEp7hFd6c3Hlx3p2PRWvJKWaO4Q+czx98+JH6</latexit>

m
<latexit sha1_base64="o9ZnA/DNNRKPNG+N9HOHqBb5d7Y="></latexit>

f
fNS
0 =

s
#4(⌧)

⌘(⌧)
= �0(⌧)� �✏(⌧)

<latexit sha1_base64="eXbKbr6u8HJWuk8dt8rpkqnkUuI="></latexit>

fR
0 =

s
#2(⌧)

⌘(⌧)
=

p
2��(⌧)

<latexit sha1_base64="5rAw7poV2xEkwtyD+LF/Bgl4Ce0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF0xaaUDabTbt0s7vsbiyl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5sWRUG8/7dkpr6xubW+Xtys7u3v5B9fCopUWuMAmwYEJ1YqQJo5wEhhpGOlIRlMWMtOPh3cxvPxGlqeCPZixJlKE+pynFyFgpDAOZiBFHSolRr1rz6t4c7irxC1KDAs1e9StMBM4zwg1mSOuu70kTTZAyFDMyrYS5JhLhIeqTrqUcZURHk/nNU/fMKombCmWLG3eu/p6YoEzrcRbbzgyZgV72ZuJ/Xjc36U00oVzmhnC8WJTmzDXCnQXgJlQRbNjYEoQVtbe6eIAUwsbGVLEh+Msvr5LWRd2/qnsPl7XGbRFHGU7gFM7Bh2towD00IQAMEp7hFd6c3Hlx3p2PRWvJKWaO4Q+czx98+JH6</latexit>

m

<latexit sha1_base64="+5+3Csa3K2R+WAm9xFQtWTNzZnA=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0Wol5IURS9C0YvHCvYD2lA22027dLMJuxulxPwULx4U8eov8ea/cdvmoK0PBh7vzTAzz485U9pxvq2V1bX1jc3CVnF7Z3dv3y4dtFSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj2+mfvuBSsUica8nMfVCPBQsYARrI/XtUmWErlAvkJikbpbWstO+XXaqzgxombg5KUOORt/+6g0ikoRUaMKxUl3XibWXYqkZ4TQr9hJFY0zGeEi7hgocUuWls9MzdGKUAQoiaUpoNFN/T6Q4VGoS+qYzxHqkFr2p+J/XTXRw6aVMxImmgswXBQlHOkLTHNCASUo0nxiCiWTmVkRG2MSgTVpFE4K7+PIyadWq7nnVuTsr16/zOApwBMdQARcuoA630IAmEHiEZ3iFN+vJerHerY9564qVzxzCH1ifP3m0kto=</latexit>

(h =
1

2
)

MW fermion
<latexit sha1_base64="cE3NBbd1lshRJJu4TMC1ziiRMms=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cq9gPaUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3Hrk2QsUPOE64H9FBLELBKFqp070XgyFSrdVTr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7OTJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+j/pC80ZyrEllGlhbyVsSDVlaFMq2RC8xZeXSfOs6l1U3bvzSu06j6MIR3AMp+DBJdTgFurQAAYKnuEV3hx0Xpx352PeWnDymUP4A+fzB5JtkXE=</latexit>)

  solution for fermionic MLDEk = 1 (c =
1
2

)

Partition function:

<latexit sha1_base64="T092Z6QHHwXICYEMFM+9XO9OMd0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRJRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4VWDwwczrmXOfeEieAGPe/LKa2tb2xulbcrO7t7+wfVw6OOUammrE2VULoXEsMEl6yNHAXrJZqROBSsG07vcr/7yLThSrZwlrAgJmPJI04JWqk/iAlOKBFZaz6s1ry6t4D7l/gFqUGB5rD6ORgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcPbPKyI2Utk+iu1B/bmQkNmYWh3Yyj2hWvVz8z+unGN0EGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksn/yWdi7p/VfceLmuN26KOMpzAKZyDD9fQgHtoQhsoKHiCF3h10Hl23pz35WjJKXaO4Recj2+Of5Fu</latexit>

T

<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S

<latexit sha1_base64="//2jDMb3DM/C2d/214L2dEEsJJ4="></latexit>

Z = |�0|2 + |�✏|2 + |��|2

=
1

2

�
|�0 + �✏|2| {z }+ |�0 � �✏|2| {z }+ |

p
2��|2| {z }+ 0|{z}

�

<latexit sha1_base64="f8aCVVAE7T9DfeDGvaTcBYFVMlA=">AAAB+HicbVC7TsMwFHXKq5RHA4wsFhUSU5WgChgrWJhQEfQh2ihyXKe1ajuR7SCVKF/CwgBCrHwKG3+D02aAliNZOjrnXt3jE8SMKu0431ZpZXVtfaO8Wdna3tmt2nv7HRUlEpM2jlgkewFShFFB2ppqRnqxJIgHjHSDyVXudx+JVDQS93oaE4+jkaAhxUgbyberD3464EiPJU9v7rLMt2tO3ZkBLhO3IDVQoOXbX4NhhBNOhMYMKdV3nVh7KZKaYkayyiBRJEZ4gkakb6hAnCgvnQXP4LFRhjCMpHlCw5n6eyNFXKkpD8xknlEtern4n9dPdHjhpVTEiSYCzw+FCYM6gnkLcEglwZpNDUFYUpMV4jGSCGvTVcWU4C5+eZl0TuvuWb1x26g1L4s6yuAQHIET4IJz0ATXoAXaAIMEPINX8GY9WS/Wu/UxHy1Zxc4B+APr8wc6epN5</latexit>

ZNS
<latexit sha1_base64="01fOS0KrDLE4CbZXvE2KUa24tjQ=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7APbsWTStA1NMkOSUcow/+HGhSJu/Rd3/o2ZdhbaeiBwOOde7skJIs60cd1vp7C0vLK6VlwvbWxube+Ud/eaOowVoQ0S8lC1A6wpZ5I2DDOctiNFsQg4bQXjq8xvPVKlWSjvzCSivsBDyQaMYGOlh/te0hXYjJRIbtO0V664VXcKtEi8nFQgR71X/ur2QxILKg3hWOuO50bGT7AyjHCalrqxphEmYzykHUslFlT7yTR1io6s0keDUNknDZqqvzcSLLSeiMBOZhH1vJeJ/3md2Awu/ITJKDZUktmhQcyRCVFWAeozRYnhE0swUcxmRWSEFSbGFlWyJXjzX14kzZOqd1Y9vTmt1C7zOopwAIdwDB6cQw2uoQ4NIKDgGV7hzXlyXpx352M2WnDynX34A+fzByB8ku8=</latexit>

ZR

<latexit sha1_base64="VFZ3rYZLhEcSk6OaWG6YsxWHZlo=">AAACBHicbVDLSsNAFJ3UV62vqMtugkVwVRIp6rLoxpVUtA9sQphMbtuhkwczE6WELNz4K25cKOLWj3Dn3zhps9DWAxcO59zLvfd4MaNCmua3VlpaXlldK69XNja3tnf03b2OiBJOoE0iFvGehwUwGkJbUsmgF3PAgceg640vcr97D1zQKLyVkxicAA9DOqAESyW5evXOTe0H6oOkzIfUDrAc8SC9usmyzNVrZt2cwlgkVkFqqEDL1b9sPyJJAKEkDAvRt8xYOinmkhIGWcVOBMSYjPEQ+oqGOADhpNMnMuNQKb4xiLiqUBpT9fdEigMhJoGnOvMjxbyXi/95/UQOzpyUhnEiISSzRYOEGTIy8kQMn3Igkk0UwYRTdatBRphjIlVuFRWCNf/yIukc162TeuO6UWueF3GUURUdoCNkoVPURJeohdqIoEf0jF7Rm/akvWjv2sestaQVM/voD7TPHwkbmQA=</latexit>

ZfNS

<latexit sha1_base64="GaKr06Yl9ArghW4OnXeekgEBnJY=">AAACEHicbVC7TsMwFHV4lvIKMLJEVAimKkEVMFawMBZEH6KJKse5aa06D9kOqLL6CSz8CgsDCLEysvE3uGkGaDmSpaNz7rWPj58yKqRtfxsLi0vLK6ultfL6xubWtrmz2xJJxgk0ScIS3vGxAEZjaEoqGXRSDjjyGbT94eXEb98DFzSJb+UoBS/C/ZiGlGCppZ555OZ3KA7BWN31lPtAA5CUBaDcCMsBj9TNWKNnVuyqncOaJ05BKqhAo2d+uUFCsghiSRgWouvYqfQU5pISBuOymwlIMRniPnQ1jXEEwlN5mLF1qJXAChOuTyytXP29oXAkxCjy9eQkpJj1JuJ/XjeT4bmnaJxmEmIyfSjMmCUTa9KOFVAORLKRJphwqrNaZIA5JlJ3WNYlOLNfnietk6pzWq1d1yr1i6KOEtpHB+gYOegM1dEVaqAmIugRPaNX9GY8GS/Gu/ExHV0wip099AfG5w+H957P</latexit>

ZeR due to fermonic zero mode
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Fermionization

Non-anomalous

 symmetry ℤ2 g

Couple to spin TQFT and gauge  background fieldℤ2

More precisely

  Majorana fermionIsing model
Gauging ℤ2

<latexit sha1_base64="vTNjGpEt39YhwQNH9ebyNUw6juk=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0lE0WPRiwcPFewHtKFstpt06WY37E6UEOpf8eJBEa/+EG/+G7dtDtr6YODx3gwz84KEMw2u+22VVlbX1jfKm5Wt7Z3dPXv/oK1lqghtEcml6gZYU84EbQEDTruJojgOOO0E4+up33mgSjMp7iFLqB/jSLCQEQxGGtjV/q0UEachKBaNACslHwd2za27MzjLxCtIDRVoDuyv/lCSNKYCCMda9zw3AT/HChjhdFLpp5ommIxxRHuGChxT7eez4yfOsVGGTiiVKQHOTP09keNY6ywOTGeMYaQXvan4n9dLIbz0cyaSFKgg80Vhyh2QzjQJZ8gUJcAzQzBRzNzqkBFWmIDJq2JC8BZfXibt07p3XnfvzmqNqyKOMjpER+gEeegCNdANaqIWIihDz+gVvVlP1ov1bn3MW0tWMVNFf2B9/gB4HZVN</latexit>()
 symmetry(−1)F

   sum over all spin structures  (GSO projection) t

Zℬ(T ) =
1
2g ∑

s∈H1(Σg,ℤ2)

Zℱ[s + ρ] exp[iπ (Arf[T + ρ]+Arf[ρ] + ∫ s ∪ T)]Zℱ(ρ) =
1
2g ∑

t∈H1(Σg,ℤ2)

Zℬ[t + ρ] exp [iπ(Arf[t + ρ]+Arf[ρ] + ∫ t ∪ S)]

<latexit sha1_base64="YltxK9EAdKS1QxAbqNalUNsY6nY="></latexit>

ZNS
F =

1

2

�
Z(1,1) + Z(g,1) + Z(1,g)�Z(g,g)

�
,

Z
fNS
F =

1

2

�
Z(1,1) + Z(g,1)�Z(1,g) + Z(g,g)

�
,

ZR
F =

1

2

�
Z(1,1)�Z(g,1) + Z(1,g) + Z(g,g)

�
,

Z
eR
F =

1

2

�
Z(1,1)�Z(g,1)�Z(1,g)�Z(g,g)

�
.

Denote  the partition function with  symmetry line ,  in spatial and time directionZ(a,b) ℤ2 a b

<latexit sha1_base64="WKEhHdn21wRSOuN8jmvX6vBiPSM="></latexit>

ZB = Z(1,1) = ZNS
F + Z

fNS
F + ZR

F + Z
eR
F

e.g. [Karch, Tong, Turner 1902.05550]

b
a

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

<latexit sha1_base64="W+cQxzCzyNjJHqtlVZvJXMOej10=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVbVxWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4XuM/A==</latexit>

t
<latexit sha1_base64="SpCXkLefrF6r/GlhqI8DE6a37AE=">AAACGXicbVC7TsNAEDzzDOFloKQ5ESFRQGSjCCgRNBQUQUoCUmys8+VMTpwf3K0R0cm/QcOv0FCAECVU/A2XxAWvkVYazexqdyfMBFfgOJ/WxOTU9MxsZa46v7C4tGyvrHZUmkvK2jQVqbwIiWKCJ6wNHAS7yCQjcSjYeXh9PPTPb5lUPE1aMMiYH5OrhEecEjBSYDsesDvQLVkEuhPofhAWRZdgbxvfXOrTwME72IskoZoWerdRFH5g15y6MwL+S9yS1FCJZmC/e72U5jFLgAqiVNd1MvA1kcCpYEXVyxXLCL0mV6xraEJipnw9+qzAm0bp4SiVphLAI/X7hCaxUoM4NJ0xgb767Q3F/7xuDtGBr3mS5cASOl4U5QJDiocx4R6XjIIYGEKo5OZWTPvEBAEmzKoJwf398l/S2a27e/XGWaN2eFTGUUHraANtIRfto0N0gpqojSi6R4/oGb1YD9aT9Wq9jVsnrHJmDf2A9fEF95WgQQ==</latexit>

TrVhb
[a qL0� c

24 ]
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Two-Character Case
<latexit sha1_base64="/ffS7LunwnWPhYcYIDR2DDr6qQY="></latexit>h
D2

⌧ + µ1

�
�#4

2(⌧) + #4
4(⌧)

�
D⌧ + µ2✓

8
3(⌧) + µ3E4(⌧)

i
fNS(⌧) = 0

 and  can only fix two of c hNS μi

Extra constraint
<latexit sha1_base64="IwcAIS2aCw7fgT9BECN3+ijCWdU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqmR8oBuh6MZlBfuQdiiZNNOGJpkhyQhl6Fe4caGIWz/HnX9j2s5CqwcuHM65l3vvCRPBjcX4yyssLa+srhXXSxubW9s75d29polTTVmDxiLW7ZAYJrhiDcutYO1EMyJDwVrh6Gbqtx6ZNjxW93acsECSgeIRp8Q66aEr094pukK4V67gKp4B/SV+TiqQo94rf3b7MU0lU5YKYkzHx4kNMqItp4JNSt3UsITQERmwjqOKSGaCbHbwBB05pY+iWLtSFs3UnxMZkcaMZeg6JbFDs+hNxf+8TmqjyyDjKkktU3S+KEoFsjGafo/6XDNqxdgRQjV3tyI6JJpQ6zIquRD8xZf/kuZJ1T+v4ruzSu06j6MIB3AIx+DDBdTgFurQAAoSnuAFXj3tPXtv3vu8teDlM/vwC97HNyr8j1U=</latexit>

µ3 = 0

<latexit sha1_base64="xuBHOIyBLXuUrK3FBXS8JaAhWtw="></latexit>

1

<latexit sha1_base64="a4xvER1i2ntBurtVB1F4NIPLLq0="></latexit>

2

Physical constraints on -expansionq

Identify or disprove the solutions

Strategy

Holomorphic fermionic MLDE

or
<latexit sha1_base64="kEoncana53tJCEBDCBnjbyCiQAU="></latexit>

fNS
0 = q�

c
24 (1 + a1q

1
2 + · · · )<latexit sha1_base64="yoGlUof/94WkM4eXJks9m3mqkaM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoheh6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy0UwS9CM6lDzkjBortWnfIzfE7ZcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdK6qHq1qvtwWanf5nEU4QRO4Rw8uII63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+IpY5i</latexit>

a1 = 0 in

Number of free MW fermions“BPS” condition

Check the Ramond sector [Benjamin, Lin 2005.02394]

Vacuum inside NS

sector

Bounded denominatorPut bound on the denominators of  and numerically searchc, hNS

<latexit sha1_base64="hNtanNgc4hWolhVH3ceA9YAppUs="></latexit>8
<

:
fNS
0 = q�c/24(1 +

X
aiq

i
2 ), ai 2 Z�0

fNS
1 = qh

NS�c/24(1 +
X

aiq
i
2 ), ai 2 Q�0

Check the fusion algebra

19



Result

[J. Bae, ZD, K. Lee, S. Lee, M. Sarkis, 2010.12392]

<latexit sha1_base64="oR2N69v164ApAXcB7Q0JmNwWhR4="></latexit>

type property central charge c

BPS, I hR
� = c

24 , a1 = 0 1, 9
4 , 6,

39
4 , 11, 12

BPS, II hR
� = c

24 , a1 6= 0 3
4 ,

3
2 , 3, 6, 9,

21
2 , 45

4 ,12

non-BPS, I hR
� > c

24 , h
NS 6= 1

2
7
10 ,

133
10 , 91

5 , 102
5 , 21, 85

4 , 22, 114
5

non-BPS, II hR
� > c

24 , h
NS = 1

2
9
2 , 5,

11
2 , 6, 13

2 , 7, 15
2

non-BPS, III one-parameter family 16

non-BPS, IV single-character 17
2 , 9, 19

2 , 10, · · · , 47
2
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Result
<latexit sha1_base64="/PGRP/KLYAsyjHAdLoJnSHl2MFY="></latexit>

c 1 9
4 6 39

4 11 12

hns 1
6

1
4

1
2

3
4

5
6 [1]

hr 1
24 ,

3
8

3
32 ,

15
32

1
4 ,

3
4

13
32 ,

33
32

11
24 ,

9
8

1
2 , [1]

For 

<latexit sha1_base64="SkPDxj69nmdcabCrWqWD/iSWVFY=">AAACGHicbVDLSsNAFJ3UV62vqks3g0VoMcSkVXRTKLpxWcE+oAllMpm0QyYPZyZCCf0MN/6KGxeKuO3Ov3H6WGj1wIXDOfdy7z1uwqiQpvml5VZW19Y38puFre2d3b3i/kFbxCnHpIVjFvOuiwRhNCItSSUj3YQTFLqMdNzgZup3HgkXNI7u5SghTogGEfUpRlJJ/eIZVMDloFKHts8RzmrBOAtOq2Nb16H9kCIPloO6pVf1mm4YRqVfLJmGOQP8S6wFKYEFmv3ixPZinIYkkpghIXqWmUgnQ1xSzMi4YKeCJAgHaEB6ikYoJMLJZo+N4YlSPOjHXFUk4Uz9OZGhUIhR6KrOEMmhWPam4n9eL5X+lZPRKEklifB8kZ8yKGM4TQl6lBMs2UgRhDlVt0I8RCofqbIsqBCs5Zf/knbVsC4M8+681LhexJEHR+AYlIEFLkED3IImaAEMnsALeAPv2rP2qn1on/PWnLaYOQS/oE2+ARIMm2c=</latexit>

c(k) =
3k

k + 2
, (k = 1, 2, 3, ...)

 type  superconformal minimal modelAk 𝒩 = 2

<latexit sha1_base64="ArjZxfBc3/I9LeiYri+G3cfrxUg="></latexit>

k = 1 (c = 1), (hNS, Q) = (0, 0), (
1

6
,±1

3
)

<latexit sha1_base64="Abk8wxk7r/TA5Nb7iQWy+nFcBOg=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrNHokevGIxgUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91hNVmknxYMYJDWI8ECxiBBsrNf2qd9q775Urbs2dAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXibNs5p3UXPvziv16zyOIhzBMVTBg0uowy00wAcCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AQA2OQg==</latexit>

U(1)R

<latexit sha1_base64="LeJ5xGBhhemgElna50blH3A53To="></latexit>8
><

>:

fNS
0 = �NS

(0,0) = q�
1
24

⇣
1 + q + 2q

3
2 + 2q2 + 2q

5
2 + · · ·

⌘

fNS
1 = �NS

( 1
6 ,±

1
3 )

= q
1
6�

1
24

⇣
1 + q

1
2 + q + q

3
2 + 2q2 + · · ·

⌘
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Result
<latexit sha1_base64="/PGRP/KLYAsyjHAdLoJnSHl2MFY="></latexit>

c 1 9
4 6 39

4 11 12

hns 1
6

1
4

1
2

3
4

5
6 [1]

hr 1
24 ,

3
8

3
32 ,

15
32

1
4 ,

3
4

13
32 ,

33
32

11
24 ,

9
8

1
2 , [1]

Fermionization of  level six WZW model (7 primaries,  symmetry from Verlinde line)𝔞1 ℤ2

<latexit sha1_base64="ZGOnjditfjOY/m9iVSG6AU2gOjU=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSNcxOepMhsw9mZpWw7H948aCIV//Fm3/jZLMHTSxoKKq6p6fLiwVX2ra/rdLK6tr6RnmzsrW9s7tX3T9oqyiRDFssEpHselSh4CG2NNcCu7FEGngCO97kZuZ3HlEqHoX3ehqjG9BRyH3OqDbSQz9/IZU4zNLzbFCt2XU7B1kmTkFqUKA5qH71hxFLAgw1E1SpnmPH2k2p1JwJzCr9RGFM2YSOsGdoSANUbprvzMiJUYbEj6SpUJNc/T2R0kCpaeCZzoDqsVr0ZuJ/Xi/R/pWb8jBONIZsvshPBNERmUVAhlwi02JqCGWSm78SNqaSMm2CqpgQnMWTl0n7rO5c1O2781rjuoijDEdwDKfgwCU04Baa0AIGEp7hFd6sJ+vFerc+5q0lq5g5hD+wPn8AFt+S5A==</latexit>

4

Macdonald

Identity (The yellow book Ex.14.9)

At the level of partition function:
<latexit sha1_base64="6oDk9qEcIbRm1Q0dBKz0G0+d94A="></latexit>

Z = |�0|2 + |�1|2 + |�2|2 + |�3|2 + |�4|2 + |�5|2 + |�6|2 + |�7|2

=
1

2

�
|�0 + �6|2 + |�2 + �4|2| {z }+ |�0 � �6|2 + |�2 � �4|2| {z }+ |�1 + �5|2 + |

p
2�3|2| {z }+|�1 � �5|2| {z }

�

<latexit sha1_base64="f8aCVVAE7T9DfeDGvaTcBYFVMlA=">AAAB+HicbVC7TsMwFHXKq5RHA4wsFhUSU5WgChgrWJhQEfQh2ihyXKe1ajuR7SCVKF/CwgBCrHwKG3+D02aAliNZOjrnXt3jE8SMKu0431ZpZXVtfaO8Wdna3tmt2nv7HRUlEpM2jlgkewFShFFB2ppqRnqxJIgHjHSDyVXudx+JVDQS93oaE4+jkaAhxUgbyberD3464EiPJU9v7rLMt2tO3ZkBLhO3IDVQoOXbX4NhhBNOhMYMKdV3nVh7KZKaYkayyiBRJEZ4gkakb6hAnCgvnQXP4LFRhjCMpHlCw5n6eyNFXKkpD8xknlEtern4n9dPdHjhpVTEiSYCzw+FCYM6gnkLcEglwZpNDUFYUpMV4jGSCGvTVcWU4C5+eZl0TuvuWb1x26g1L4s6yuAQHIET4IJz0ATXoAXaAIMEPINX8GY9WS/Wu/UxHy1Zxc4B+APr8wc6epN5</latexit>

ZNS
<latexit sha1_base64="01fOS0KrDLE4CbZXvE2KUa24tjQ=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7APbsWTStA1NMkOSUcow/+HGhSJu/Rd3/o2ZdhbaeiBwOOde7skJIs60cd1vp7C0vLK6VlwvbWxube+Ud/eaOowVoQ0S8lC1A6wpZ5I2DDOctiNFsQg4bQXjq8xvPVKlWSjvzCSivsBDyQaMYGOlh/te0hXYjJRIbtO0V664VXcKtEi8nFQgR71X/ur2QxILKg3hWOuO50bGT7AyjHCalrqxphEmYzykHUslFlT7yTR1io6s0keDUNknDZqqvzcSLLSeiMBOZhH1vJeJ/3md2Awu/ITJKDZUktmhQcyRCVFWAeozRYnhE0swUcxmRWSEFSbGFlWyJXjzX14kzZOqd1Y9vTmt1C7zOopwAIdwDB6cQw2uoQ4NIKDgGV7hzXlyXpx352M2WnDynX34A+fzByB8ku8=</latexit>

ZR

<latexit sha1_base64="VFZ3rYZLhEcSk6OaWG6YsxWHZlo=">AAACBHicbVDLSsNAFJ3UV62vqMtugkVwVRIp6rLoxpVUtA9sQphMbtuhkwczE6WELNz4K25cKOLWj3Dn3zhps9DWAxcO59zLvfd4MaNCmua3VlpaXlldK69XNja3tnf03b2OiBJOoE0iFvGehwUwGkJbUsmgF3PAgceg640vcr97D1zQKLyVkxicAA9DOqAESyW5evXOTe0H6oOkzIfUDrAc8SC9usmyzNVrZt2cwlgkVkFqqEDL1b9sPyJJAKEkDAvRt8xYOinmkhIGWcVOBMSYjPEQ+oqGOADhpNMnMuNQKb4xiLiqUBpT9fdEigMhJoGnOvMjxbyXi/95/UQOzpyUhnEiISSzRYOEGTIy8kQMn3Igkk0UwYRTdatBRphjIlVuFRWCNf/yIukc162TeuO6UWueF3GUURUdoCNkoVPURJeohdqIoEf0jF7Rm/akvWjv2sestaQVM/voD7TPHwkbmQA=</latexit>

ZfNS

<latexit sha1_base64="GaKr06Yl9ArghW4OnXeekgEBnJY=">AAACEHicbVC7TsMwFHV4lvIKMLJEVAimKkEVMFawMBZEH6KJKse5aa06D9kOqLL6CSz8CgsDCLEysvE3uGkGaDmSpaNz7rWPj58yKqRtfxsLi0vLK6ultfL6xubWtrmz2xJJxgk0ScIS3vGxAEZjaEoqGXRSDjjyGbT94eXEb98DFzSJb+UoBS/C/ZiGlGCppZ555OZ3KA7BWN31lPtAA5CUBaDcCMsBj9TNWKNnVuyqncOaJ05BKqhAo2d+uUFCsghiSRgWouvYqfQU5pISBuOymwlIMRniPnQ1jXEEwlN5mLF1qJXAChOuTyytXP29oXAkxCjy9eQkpJj1JuJ/XjeT4bmnaJxmEmIyfSjMmCUTa9KOFVAORLKRJphwqrNaZIA5JlJ3WNYlOLNfnietk6pzWq1d1yr1i6KOEtpHB+gYOegM1dEVaqAmIugRPaNX9GY8GS/Gu/ExHV0wip099AfG5w+H957P</latexit>

ZeR
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Result
<latexit sha1_base64="/PGRP/KLYAsyjHAdLoJnSHl2MFY="></latexit>

c 1 9
4 6 39

4 11 12

hns 1
6

1
4

1
2

3
4

5
6 [1]

hr 1
24 ,

3
8

3
32 ,

15
32

1
4 ,

3
4

13
32 ,

33
32

11
24 ,

9
8

1
2 , [1]

Fermionization of six copies of  level one WZW model𝔞1

Conformal weights: (lots of degeneracies)  h = 0,
1
4

,
1
2

,
3
4

, 1,
5
4

,
3
2

 supersymmetry?𝒩 = 4

One-character theory. The second solution does not make sense as a character.

What is it? Why we list it here?

[Harvey, Moore 2003.13700]

<latexit sha1_base64="+YquwR9q+fRwajdMAw80AvVql4o=">AAACFnicbZDLSsNAFIYnXmu9RV26GSxCXbQkpV42QtGNywr2Ak0Ik+mkHTqZhJmJUEKewo2v4saFIm7FnW/jtM2itv4w8POdczhzfj9mVCrL+jFWVtfWNzYLW8Xtnd29ffPgsC2jRGDSwhGLRNdHkjDKSUtRxUg3FgSFPiMdf3Q7qXceiZA04g9qHBM3RANOA4qR0sgzK2UHD6mXOoFAOLWztJ5lsALn4fkMXsPamWeWrKo1FVw2dm5KIFfTM7+dfoSTkHCFGZKyZ1uxclMkFMWMZEUnkSRGeIQGpKctRyGRbjo9K4OnmvRhEAn9uIJTOj+RolDKcejrzhCpoVysTeB/tV6igis3pTxOFOF4tihIGFQRnGQE+1QQrNhYG4QF1X+FeIh0FkonWdQh2IsnL5t2rWpfVOv39VLjJo+jAI7BCSgDG1yCBrgDTdACGDyBF/AG3o1n49X4MD5nrStGPnME/sj4+gV/PZ5P</latexit>

(� 1
4
� � 5

4
= 2)
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 TheoryC = 12

Very large symmetry group known as Conway group  ( order ~   )Co0 8 × 108

Solution

Describe  orbifold of eight free bosons + eight free fermionsℤ2

  super vertex operator algebra∃ 𝒩 = 1

Start from 24 free fermions: to generate the required supercurrent,

Conjectured to be holographically dual to the pure  supergravity in 𝒩 = 1 AdS3

<latexit sha1_base64="7wAfpb9hzGbvws5HxFM1BRj32YA=">AAACInicbZBNS8MwGMfT+TbnW9Wjl+AQPMhoZb7sIAy9eJzg1sHalTTLtrA0LUkqjNLP4sWv4sWDop4EP4zZ1oNuPhD45f9/HpLnH8SMSmVZX0ZhaXllda24XtrY3NreMXf3WjJKBCZNHLFItAMkCaOcNBVVjLRjQVAYMOIEo5uJ7zwQIWnE79U4Jl6IBpz2KUZKS75Zc+AVdGUS+qmLWDxE+mpn3bRq1c4z6JJYUhbxbm5m7gl0/Bn7ZtmqWNOCi2DnUAZ5NXzzw+1FOAkJV5ghKTu2FSsvRUJRzEhWchNJYoRHaEA6GjkKifTS6YoZPNJKD/YjoQ9XcKr+nkhRKOU4DHRniNRQznsT8T+vk6j+pZdSHieKcDx7qJ8wqCI4yQv2qCBYsbEGhAXVf4V4iATCSqda0iHY8ysvQuu0Yp9VrLtquX6dx1EEB+AQHAMbXIA6uAUN0AQYPIJn8ArejCfjxXg3PmetBSOf2Qd/yvj+AUCcouw=</latexit>

W =
4096X

↵=1

✏↵ W↵

A choice of  breaks  symmetry to ϵα O(24) Co0

<latexit sha1_base64="oIDgLFZCEU2AockQeLVXGpxLLGk="></latexit>

fNS
0 = K(⌧) =

16

�(1� �)
� 24, � =

✓42
✓43

[Witten 0706.3359]

[Duncan 0502267]
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Bilinear Relation

<latexit sha1_base64="HcLMdMVZkVc0ISYhFSzFP23YEps="></latexit>

c 1 9
4 6 39

4 11 12

M 2 1 15 1 2 [0]

Primary

degeneracy

<latexit sha1_base64="HakdzpQnl388VMCOJP7RQVqVMK8="></latexit>

fNS,(c)
0 fNS,(12�c)

0 +MfNS,(c)
1 fNS,(12�c)

1 = fNS,(12)
0 = K(⌧)

Decompose the one-character theory into two sub-theories
Generalized coset construction

Related to Hecke image of characters [Harvey, Wu 1804.06860]

[Gaberdiel, Hampapura, Mukhi 1602.01022] Extended to 4-point functions [Muhki, Poddar 2011.09487]

[ZD, Lee, Sun 2206.07478]
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Conway Moonshine

Beyond two characters starting from  groupJ2

  SVOA with symmetry Suzuki chain subgroups

 are identified in 
𝒩 = 1

[Johnson-Freyd 1908.11012]

[J. Bae, ZD, K. Lee, S. Lee, M. Sarkis, 2108.01647]

<latexit sha1_base64="yk8woHTkko/MlQhKOZdDtCh2Hs8=">AAAB8XicbVDLTgJBEJzFF+IL9ehlIjHxRHaNRo9ELx4xyiPChswODUyYnd3M9Bpxw1948aAxXv0bb/6NA+xBwUo6qVR1p7sriKUw6LrfTm5peWV1Lb9e2Njc2t4p7u7VTZRoDjUeyUg3A2ZACgU1FCihGWtgYSChEQyvJn7jAbQRkbrDUQx+yPpK9ARnaKX7NsIjprfJ07hTLLlldwq6SLyMlEiGaqf41e5GPAlBIZfMmJbnxuinTKPgEsaFdmIgZnzI+tCyVLEQjJ9OLx7TI6t0aS/SthTSqfp7ImWhMaMwsJ0hw4GZ9ybif14rwd6FnwoVJwiKzxb1EkkxopP3aVdo4ChHljCuhb2V8gHTjKMNqWBD8OZfXiT1k7J3VnZvTkuVyyyOPDkgh+SYeOScVMg1qZIa4USRZ/JK3hzjvDjvzsesNedkM/vkD5zPHytXkT0=</latexit>

Suz

<latexit sha1_base64="ipV6PaykW32+XPbcEmhXbo2KVKY=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSSi6LHYi8cK9gPaUDbbSbt0sxt2J2IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqBk2mhNKdkBoQXEITOQroJBpoHApoh+P6zG8/gjZcyQecJBDEdCh5xBlFK3V7CE+Y1dW07/fLFa/qzeGuEj8nFZKj0S9/9QaKpTFIZIIa0/W9BIOMauRMwLTUSw0klI3pELqWShqDCbL5yVP3zCoDN1LalkR3rv6eyGhszCQObWdMcWSWvZn4n9dNMboJMi6TFEGyxaIoFS4qd/a/O+AaGIqJJZRpbm912YhqytCmVLIh+Msvr5LWRdW/qnr3l5XabR5HkZyQU3JOfHJNauSONEiTMKLIM3klbw46L86787FoLTj5zDH5A+fzB1Q+kUc=</latexit>

Co1

<latexit sha1_base64="86KgfIGeihzWPtu7zYARvmz7PjY=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKewGRY9BL+IpgnlgsoTZSScZMju7zPSKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzaHOIxnpVsAMSKGgjgIltGINLAwkNIPR9dRvPoI2IlL3OI7BD9lAib7gDK300EF4wvR20q10iyW37M5Al4mXkRLJUOsWvzq9iCchKOSSGdP23Bj9lGkUXMKk0EkMxIyP2ADalioWgvHT2cUTemKVHu1H2pZCOlN/T6QsNGYcBrYzZDg0i95U/M9rJ9i/9FOh4gRB8fmifiIpRnT6Pu0JDRzl2BLGtbC3Uj5kmnG0IRVsCN7iy8ukUSl752X37qxUvcriyJMjckxOiUcuSJXckBqpE04UeSav5M0xzovz7nzMW3NONnNI/sD5/AGPBpDW</latexit>

J2

<latexit sha1_base64="NJq33h+vfl1Sls/U2CHruuEpJ78=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuqeix6EGPFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8c3Mbz9RpZkUD2YSUz/CQ8FCRrCxUuu2Xy3XzvvFkltx50CrxMtICTI0+sWv3kCSJKLCEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcAR1X46v3aKzqwyQKFUtoRBc/X3RIojrSdRYDsjbEZ62ZuJ/3ndxIRXfspEnBgqyGJRmHBkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYELzll1dJq1rxLirufa1Uv87iyMMJnEIZPLiEOtxBA5pA4BGe4RXeHOm8OO/Ox6I152Qzx/AHzucP/z6OFw==</latexit>

G2(4)

<latexit sha1_base64="vNQozz9rlunKctvvxChmFq1NBEg=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlKRZdFN+6saB/QhjCZTNuhkwczE7WE/IobF4q49Ufc+TdO2yy09cCFwzn3cu89XsyZVJb1baysrq1vbBa2its7u3v75kGpLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+Grqdx6okCwK79Ukpk6AhyEbMIKVllyz1H9kPh1hld7dVGr108y1XbNsVa0Z0DKxc1KGHE3X/Or7EUkCGirCsZQ924qVk2KhGOE0K/YTSWNMxnhIe5qGOKDSSWe3Z+hEKz4aREJXqNBM/T2R4kDKSeDpzgCrkVz0puJ/Xi9RgwsnZWGcKBqS+aJBwpGK0DQI5DNBieITTTARTN+KyAgLTJSOq6hDsBdfXibtWtU+q1q39XLjMo+jAEdwDBWw4RwacA1NaAGBJ3iGV3gzMuPFeDc+5q0rRj5zCH9gfP4ApTKThg==</latexit>

\SO(24)1

<latexit sha1_base64="zBrJ+LHz1tFG4qyqFuDMnfLXrq0=">AAAB+3icbVBNS8NAEN34WetXrEcvwSLUS0mKoseiF48VTVtoQ9hspu3SzSbsbtQS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8IGFUKtv+NlZW19Y3Nktb5e2d3b1986DSlnEqCLgkZrHoBlgCoxxcRRWDbiIARwGDTjC+nvqdBxCSxvxeTRLwIjzkdEAJVlryzUr/kYYwwiq7c2tO4zT3Hd+s2nV7BmuZOAWpogIt3/zqhzFJI+CKMCxlz7ET5WVYKEoY5OV+KiHBZIyH0NOU4wikl81uz60TrYTWIBa6uLJm6u+JDEdSTqJAd0ZYjeSiNxX/83qpGlx6GeVJqoCT+aJByiwVW9MgrJAKIIpNNMFEUH2rRUZYYKJ0XGUdgrP48jJpN+rOed2+Pas2r4o4SugIHaMactAFaqIb1EIuIugJPaNX9GbkxovxbnzMW1eMYuYQ/YHx+QOp25OJ</latexit>

\SU(12)1

<latexit sha1_base64="LABohi9eeDqlgHPC80fAvV0SzDc=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUGIlzAT3I5BLx4jmgWScejpdJImPT1Dd40Shjl58Ve8eFDEq9/gzb+xsxw08UHB470qqur5keAabPvbyiwsLi2vZFdza+sbm1v57Z26DmNFWY2GIlRNn2gmuGQ14CBYM1KMBL5gDX9wOfIb90xpHspbGEbMDUhP8i6nBIzk5ffbD7zD+gSSm6h4epR6zl3SDoEHTONy6uULdskeA88TZ0oKaIqql/9qd0IaB0wCFUTrlmNH4CZEAaeCpbl2rFlE6ID0WMtQScweNxm/keJDo3RwN1SmJOCx+nsiIYHWw8A3nQGBvp71RuJ/XiuG7rmbcBnFwCSdLOrGAkOIR5ngDleMghgaQqji5lZM+0QRCia5nAnBmX15ntTLJeekZF8fFyoX0ziyaA8doCJy0BmqoCtURTVE0SN6Rq/ozXqyXqx362PSmrGmM7voD6zPH3jBmHo=</latexit>

\Sp(6)
⌦2

1

<latexit sha1_base64="x4r1IOinAjzcm4FJJsmFIxH3pVA=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHqpiTF17LoxmVF+4A2hMnkph06eTAzsZTYT3HjQhG3fok7/8Zpm4W2HrhwOOde7r3HSziTyrK+jZXVtfWNzcJWcXtnd2/fLB20ZJwKCk0a81h0PCKBswiaiikOnUQACT0ObW94M/XbjyAki6MHNU7ACUk/YgGjRGnJNUu9EfNhQFR2n1QuTiduzTXLVtWaAS8TOydllKPhml89P6ZpCJGinEjZta1EORkRilEOk2IvlZAQOiR96GoakRCkk81On+ATrfg4iIWuSOGZ+nsiI6GU49DTnSFRA7noTcX/vG6qgisnY1GSKojofFGQcqxiPM0B+0wAVXysCaGC6VsxHRBBqNJpFXUI9uLLy6RVq9rnVevurFy/zuMooCN0jCrIRpeojm5RAzURRSP0jF7Rm/FkvBjvxse8dcXIZw7RHxifP2Ykk24=</latexit>

\Sp(6)2

<latexit sha1_base64="2X9L8vxJpdcbuxqEPzMk2H97VPc=">AAAB+nicbVDLTsJAFJ36RHwVXbqZSExwQ1ria0l04xKjBRJomul0gAnTR2ZuJaTyKW5caIxbv8Sdf+MAXSh4kpucnHNv7r3HTwRXYFnfxsrq2vrGZmGruL2zu7dvlg6aKk4lZQ6NRSzbPlFM8Ig5wEGwdiIZCX3BWv7wZuq3HplUPI4eYJwwNyT9iPc4JaAlzyx1RzxgAwLZvVOpnU68C88sW1VrBrxM7JyUUY6GZ351g5imIYuACqJUx7YScDMigVPBJsVuqlhC6JD0WUfTiIRMudns9Ak+0UqAe7HUFQGeqb8nMhIqNQ593RkSGKhFbyr+53VS6F25GY+SFFhE54t6qcAQ42kOOOCSURBjTQiVXN+K6YBIQkGnVdQh2IsvL5NmrWqfV627s3L9Oo+jgI7QMaogG12iOrpFDeQgikboGb2iN+PJeDHejY9564qRzxyiPzA+fwA8hpNT</latexit>

\SU(2)6

<latexit sha1_base64="v9ofgN63Yu+iD8zAf0CffzDyjv8=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAxCvITdqOgx6MVjRDcJJDHMzs4mQ2YfzPQqYdmTF3/FiwdFvPoN3vwbJ4+DJhY0FFXddHe5seAKLOvbyC0sLi2v5FcLa+sbm1vm9k5dRYmkzKGRiGTTJYoJHjIHOAjWjCUjgStYwx1cjvzGPZOKR+EtDGPWCUgv5D6nBLTUNffbD9xjfQLpjVOqHGXd47u0HQEPmMKVrGsWrbI1Bp4n9pQU0RS1rvnV9iKaBCwEKohSLduKoZMSCZwKlhXaiWIxoQPSYy1NQ6L3dNLxGxk+1IqH/UjqCgGP1d8TKQmUGgau7gwI9NWsNxL/81oJ+OedlIdxAiykk0V+IjBEeJQJ9rhkFMRQE0Il17di2ieSUNDJFXQI9uzL86ReKdunZev6pFi9mMaRR3voAJWQjc5QFV2hGnIQRY/oGb2iN+PJeDHejY9Ja86YzuyiPzA+fwBKv5hd</latexit>

\SU(2)
⌦2

3

<latexit sha1_base64="sA8ds1nXbjVPeeOXLk9EUkBw3I8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIoheh6MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxvr+t1dYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5Zw3IrWDvRjMShYK1wdDv1W09MG67kgx0nLIjJQPKIU2Kd1KToGmHcK1f8qj8DWiY4JxXIUe+Vv7p9RdOYSUsFMaaD/cQGGdGWU8EmpW5qWELoiAxYx1FJYmaCbHbtBJ04pY8ipV1Ji2bq74mMxMaM49B1xsQOzaI3Ff/zOqmNroKMyyS1TNL5oigVyCo0fR31uWbUirEjhGrubkV0SDSh1gVUciHgxZeXSfOsii+q/v15pXaTx1GEIziGU8BwCTW4gzo0gMIjPMMrvHnKe/HevY95a8HLZw7hD7zPH9Xwjfw=</latexit>

c = 11

<latexit sha1_base64="u8+b/W69rH/Vm8FvMuP20rI7BCo=">AAACAnicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOFC2DNjaBCOYDkhD2NpNkyd7esTsnhiPY+FdsLBSx9VfY+W/cJFdo4oOBx3szzMzzIykMuu63k1laXlldy67nNja3tnfyu3s1E8aaQ5WHMtQNnxmQQkEVBUpoRBpY4Euo+8PriV+/B21EqO5wFEE7YH0leoIztFInf9BCeMDExBFoHqpeqAMmW7RcHnfyBbfoTkEXiZeSAklR6eS/Wt2QxwEo5JIZ0/TcCNsJ0yi4hHGuFRuIGB+yPjQtVSwA006mL4zpsVW61K63pZBO1d8TCQuMGQW+7QwYDsy8NxH/85ox9i7biVBRjKD4bFEvlhRDOsmDdoUGjnJkCeNa2FspHzDNONrUcjYEb/7lRVI7LXrnRff2rFC6SuPIkkNyRE6IRy5IidyQCqkSTh7JM3klb86T8+K8Ox+z1oyTzuyTP3A+fwD5eJfI</latexit>

superconformal MM
<latexit sha1_base64="Bxo9PadKctv+rNK+snXQO6HhxpE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtIu3WzC7kYoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6e0srq2vlHerGxt7+zuVfcPHnWSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObqd+6wmV5ol8MOMUg5gOJI84o8ZKPiPXxOtVa27dnYEsE68gNSjQ7FW/uv2EZTFKwwTVuuO5qQlyqgxnAieVbqYxpWxEB9ixVNIYdZDPjp2QE6v0SZQoW9KQmfp7Iqex1uM4tJ0xNUO96E3F/7xOZqKrIOcyzQxKNl8UZYKYhEw/J32ukBkxtoQyxe2thA2poszYfCo2BG/x5WXyeFb3Luru/XmtcVPEUYYjOIZT8OASGnAHTfCBAYdneIU3RzovzrvzMW8tOcXMIfyB8/kDZa+NwQ==</latexit>

c = 1

<latexit sha1_base64="so2V0kuH5bFBOo4qgkAnlac8e/s=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld2i6EUoevFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jVZW19Y3Ngtbxe2d3b390sFh06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3U791hPThiv5YMcJC2IykDzilFgnNSm+xn61Vyp7FW8GvEz8nJQhR71X+ur2FU1jJi0VxJiO7yU2yIi2nAo2KXZTwxJCR2TAOo5KEjMTZLNrJ/jUKX0cKe1KWjxTf09kJDZmHIeuMyZ2aBa9qfif10ltdBVkXCapZZLOF0WpwFbh6eu4zzWjVowdIVRzdyumQ6IJtS6gogvBX3x5mTSrFf+i4t2fl2s3eRwFOIYTOAMfLqEGd1CHBlB4hGd4hTek0At6Rx/z1hWUzxzBH6DPH9d0jf0=</latexit>

c = 12

<latexit sha1_base64="GIYtNCiYUiiDsnqH17/YCmedfxg=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU93VinoQil48VrAf0C4lm2bb0CS7JlmhLP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN5O/OYTVZpF8sGMYuoL3JcsZAQbK7UIukZnVyeVbrHklt0p0CLxMlKCDLVu8avTi0giqDSEY63bnhsbP8XKMMLpuNBJNI0xGeI+bVsqsaDaT6f3jtGRVXoojJQtadBU/T2RYqH1SAS2U2Az0PPeRPzPaycmvPRTJuPEUElmi8KEIxOhyfOoxxQlho8swUQxeysiA6wwMTaigg3Bm395kTROy9552b2vlKo3WRx5OIBDOAYPLqAKd1CDOhDg8Ayv8OY8Oi/Ou/Mxa8052cw+/IHz+QPH2o59</latexit>

c = 39/4
<latexit sha1_base64="JX7lpEzpeYwUorXMLqHUlQxL86Q=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKe5KRD0IQS8eI5gHJEuYnXSSIbOzy8ysEJZ8hBcPinj1e7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JRzOO0Q/pQPI+Z9RYqcnIDbk+q3SLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9n507IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvpXfsplnBiUbL6onwhiIjL9nfS4QmbE2BLKFLe3EjakijJjEyrYELzFl5dJ47zsXZTdh0qpepvFkYcjOIZT8OASqnAPNagDgxE8wyu8ObHz4rw7H/PWnJPNHMIfOJ8/VCWOQA==</latexit>

c = 9/4

<latexit sha1_base64="RnG3YtW+uNczeENL+MPyIEMD7dA=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU90tLXoRil48VrAf0C4lm2bb0GyyJlmhLP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxrczv/1ElWZSPJhJTP0IDwULGcHGSh2CrlG1clHrF0tu2Z0DrRIvIyXI0OgXv3oDSZKICkM41rrrubHxU6wMI5xOC71E0xiTMR7SrqUCR1T76fzeKTqzygCFUtkSBs3V3xMpjrSeRIHtjLAZ6WVvJv7ndRMTXvkpE3FiqCCLRWHCkZFo9jwaMEWJ4RNLMFHM3orICCtMjI2oYEPwll9eJa1K2auV3ftqqX6TxZGHEziFc/DgEupwBw1oAgEOz/AKb86j8+K8Ox+L1pyTzRzDHzifP8A7jng=</latexit>

c = 42/5 <latexit sha1_base64="2F0aycmeZngDvYKxK/UZ2roOBwY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8xV0xmIsQ9OIxgnlAsoTZSScZMju7zswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BbHg2rjut7Oyura+sZnbym/v7O7tFw4OGzpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U795hMqzSP5YMYx+iEdSN7njBortRi5Jl7lvNwtFN2SOwNZJl5GipCh1i18dXoRS0KUhgmqddtzY+OnVBnOBE7ynURjTNmIDrBtqaQhaj+d3Tshp1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//PaielX/JTLODEo2XxRPxHERGT6POlxhcyIsSWUKW5vJWxIFWXGRpS3IXiLLy+TxkXJK5fc+8ti9SaLIwfHcAJn4MEVVOEOalAHBgKe4RXenEfnxXl3PuatK042cwR/4Hz+AMTKjns=</latexit>

c = 18/5

<latexit sha1_base64="YF6JNwIpuUXTFqXMrd7Z/m+gTgY=">AAAB+nicbVDLTsJAFL31ifgqunTTSExwQ1rFx5Loxp0Y5ZFA00ynA0yYTpuZqYRUPsWNC41x65e4828coAsFT3KTk3Puzb33+DGjUtn2t7G0vLK6tp7byG9ube/smoW9howSgUkdRywSLR9JwigndUUVI61YEBT6jDT9wfXEbz4SIWnEH9QoJm6Iepx2KUZKS55Z6AxpQPpIpfe3pbNj73TsmUW7bE9hLRInI0XIUPPMr04Q4SQkXGGGpGw7dqzcFAlFMSPjfCeRJEZ4gHqkrSlHIZFuOj19bB1pJbC6kdDFlTVVf0+kKJRyFPq6M0SqL+e9ifif105U99JNKY8TRTieLeomzFKRNcnBCqggWLGRJggLqm+1cB8JhJVOK69DcOZfXiSNk7JzXq7cVYrVqyyOHBzAIZTAgQuowg3UoA4YhvAMr/BmPBkvxrvxMWtdMrKZffgD4/MHNIqTUg==</latexit>

\SO(5)3
<latexit sha1_base64="qtWgMORqOBiJ/xPL47hCdfZih84=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr4tQ9OKxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hZXVtfaO4Wdra3tndK+8fNHSSKYY+S0SiWiHVKLhE33AjsJUqpHEosBkO76Z+8wmV5ol8NKMUg5j2JY84o8ZKPiM35KJbrrhVdwayTLycVCBHvVv+6vQSlsUoDRNU67bnpiYYU2U4EzgpdTKNKWVD2se2pZLGqIPx7NgJObFKj0SJsiUNmam/J8Y01noUh7YzpmagF72p+J/Xzkx0HYy5TDODks0XRZkgJiHTz0mPK2RGjCyhTHF7K2EDqigzNp+SDcFbfHmZNM6q3mX1/OG8UrvN4yjCERzDKXhwBTW4hzr4wIDDM7zCmyOdF+fd+Zi3Fpx85hD+wPn8AW1bjco=</latexit>

c = 5
<latexit sha1_base64="l/7oeoo3G0FTrj+C9iP4MhDnTFY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErBeh6MVjBfsBbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8d3Mbz9xbUSsHnGScD+iQyVCwShaqcnIDan1yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/mx87JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xw2s+ESlLkii0WhakkGJPZ52QgNGcoJ5ZQpoW9lbAR1ZShzadkQ/CWX14lrYuqd1W9fLis1G/zOIpwAqdwDh7UoA730IAmMBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AHBjjcw=</latexit>

c = 7

<latexit sha1_base64="TLNYbDAJNQo/QhTZJKlAyye8lC8=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16CRahXkpSinosevFY0X5AG8Jms22XbjZhd6OWkL/ixYMiXv0j3vw3btsctPXBwOO9GWbm+TGjUtn2t1FYW9/Y3Cpul3Z29/YPzMNyR0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr+5Hrmdx+IkDTi92oaEzdEI06HFCOlJc8sDx5pQMZIpXdx1amfeU7mmRW7Zs9hrRInJxXI0fLMr0EQ4SQkXGGGpOw7dqzcFAlFMSNZaZBIEiM8QSPS15SjkEg3nd+eWadaCaxhJHRxZc3V3xMpCqWchr7uDJEay2VvJv7n9RM1vHRTyuNEEY4Xi4YJs1RkzYKwAioIVmyqCcKC6lstPEYCYaXjKukQnOWXV0mnXnPOa43bRqV5lcdRhGM4gSo4cAFNuIEWtAHDEzzDK7wZmfFivBsfi9aCkc8cwR8Ynz/UtpOp</latexit>

\Sp(12)1

<latexit sha1_base64="OilxoFwuSNdiR3HrS+hC1YFBRt4=">AAAB+HicbVBPS8MwHE39O+efVT16CQ5hXkbrhnocevE4wW6DrZQ0S7ewJC1JKsyyT+LFgyJe/Sje/DamWw+6+SDweO/34/fywoRRpR3n21pb39jc2i7tlHf39g8q9uFRR8WpxMTDMYtlL0SKMCqIp6lmpJdIgnjISDec3OZ+95FIRWPxoKcJ8TkaCRpRjLSRArsy4EiPJc+8WdCoNc4Du+rUnTngKnELUgUF2oH9NRjGOOVEaMyQUn3XSbSfIakpZmRWHqSKJAhP0Ij0DRWIE+Vn8+AzeGaUIYxiaZ7QcK7+3sgQV2rKQzOZx1TLXi7+5/VTHV37GRVJqonAi0NRyqCOYd4CHFJJsGZTQxCW1GSFeIwkwtp0VTYluMtfXiWdi7p7WW/eN6utm6KOEjgBp6AGXHAFWuAOtIEHMEjBM3gFb9aT9WK9Wx+L0TWr2DkGf2B9/gDb15KS</latexit>

U3(3)

<latexit sha1_base64="B1pwU2JRVAB4dpn6t+NGyIzL2QQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AMzBj0Y=</latexit>...

Decompose Conway CFT into theories with subgroup symmetry
<latexit sha1_base64="HakdzpQnl388VMCOJP7RQVqVMK8="></latexit>

fNS,(c)
0 fNS,(12�c)

0 +MfNS,(c)
1 fNS,(12�c)

1 = fNS,(12)
0 = K(⌧)

Bilinear relation:
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Dual theories naturally appear from the classification



Comparison with MTC classification
Modular Tensor Category (MTC) contains objects with topological spin,  fusion, braiding operations…∃

Similarity: modularity plays an important role 

Difference:
Holomorphic bootstrap MTC Classification

Explicit form of characters Modular data (T, S)

Cannot distinguish degeneracies No degeneracy

More structures

Reduce

Increase rank

New constraints? Refinement?

Fermionic theories: Spin/Super/Fermionic MTC 

Input

First non-trivial example:  level six WZW model𝔞1

[Bruillard, Plavnik, Rowell, Zhang, 1909.09843]
[Bruillard et al, 1705.05293]
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Rank 3
Problem: number of parameters grows too fast

Improvement: make use of integrality!
Already appeared in MTC literature [W. Eholzer 9408160], heavily used e.g. in [Ng, Rowell, Wang, Wen, 2203.14829]

For holomorphic case,  determine three out of five; impose both “BPS” condition and absence of free fermions.c, hNS
1 , hNS

2
<latexit sha1_base64="Jv1+drJ7RQBhJxHq3603/HrFYcg="></latexit>
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5
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9
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7
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3
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2
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5
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5
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3
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3
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11
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3
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5
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5
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9
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IV
(1, 1
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3
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1
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3
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5
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3
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[J. Bae, ZD, K. Lee, S. Lee, M. Sarkis, 2108.01647]

First appeared in holomorphic bootstrap [Kaidi, Lin, Parra-Martinez 2107.13557]
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Integrality for  SL(2,ℤ)
Unbounded Denominator Conjecture (congruence property in MTC):

If coefficients of a vector-valued modular form (characters in particular) are all integral, 

each component is invariant under a fixed principal congruence subgroup Γ(N)

<latexit sha1_base64="IU7rlLth786Ulu9Qj0SpT0tOFKw="></latexit>

�(N) :=

(✓
a b
d e

◆
2 SL(2,Z), N 2 N,

✓
a b
d e

◆
⌘

✓
1 0
0 1

◆
mod N

)

No assumptions on positivity;  acts trivially, so actually  reps−id PSL(2,ℤN)

Action of  is reduced to:  SL(2,ℤ) SL(2,ℤ)/Γ(N) = SL(2,ℤN)
Finite group 

Smallest  possibleNproved by [Calegari, Dimitrov, Tang, 2109.09040]
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Fun with Finite Group
If  with  prime, then: N = ∏

i

pλi
i pi

<latexit sha1_base64="Yf1mhZjigcRbiB7XvUyB7XPzYbo="></latexit>

SL(2,ZN ) =
Y

i

SL(2,Z
p
�i
i
)

Understand representation theory of , then tensor them togetherSL(2,ℤpλ)
Easily accessed from e.g.,  GAP

Assumption:

Not for degenerate theory where ∃(i, j), hi − hj ∈ ℤ

<latexit sha1_base64="xuBHOIyBLXuUrK3FBXS8JaAhWtw="></latexit>

1

<latexit sha1_base64="a4xvER1i2ntBurtVB1F4NIPLLq0="></latexit>

2

characters transform as irreducible representation

 cannot be reduced furtherpλ

Not for irreps that are pulled back from irreps of SL(2,ℤpλ−1)
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Lesson from Finite Group
Define exponents  as , i.e., αi χi ∼ qαi(1 + ⋯) αi = hi −

c
24

(0 ≤ i ≤ n − 1)

For given , the set of is always finite, independent of  and can be determinedn {αi (mod 1)} l

When  n = 2

<latexit sha1_base64="rOhrog+W10wMyoQXRsrKVE8rlhg="></latexit>
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[Kaidi, Lin, Parra-Martinez 2107.13557]Extend the classification to n ≤ 5, l < 6
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Integrality for  ?Γϑ
Conjecture (is it?):

If coefficients of a vector-valued modular form of  are all integral, 

each component is invariant under a fixed principal congruence subgroup  with  even

Γϑ
Γ(N) N

Action of  is reduced to:  Γϑ Γθ /Γ(N) < SL(2,ℤN)

Similar conjecture for  sector:  and R sector: ÑS Γ0(2) Γ0(2)

Smallest  possibleNFor super MTC under technical assumption, proved by [Bonderson, Rowell, Zhang, Wang 1704.02041]

<latexit sha1_base64="IU7rlLth786Ulu9Qj0SpT0tOFKw="></latexit>

�(N) :=

(✓
a b
d e

◆
2 SL(2,Z), N 2 N,

✓
a b
d e

◆
⌘

✓
1 0
0 1

◆
mod N

)

subgroup 

∈TN <latexit sha1_base64="2DVCunx/+ZFKZxYiCnj3NTYMxGw="></latexit>

�✓ =
⌦
T 2, S

↵
<
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More Fun with Finite Group
If  with  odd prime, then: N = 2k × ∏

i

pλi
i pi

New ingredient: understand representation theory of Γθ /Γ(2k)

How to identify it?

<latexit sha1_base64="6uffKjpfJFkDPvZ/ykkXhSB3PUM="></latexit>

�✓/�(N) = �✓/�(2
k)⇥

Y

i

SL(2,Z
p
�i
i
)

Same assumptions: non-degeneracy, irreducibility of representations

 is a 2-Sylow subgroup of !Γθ /Γ(2k) SL(2,ℤ2k) Precisely three of them 

,   and Γθ /Γ(2k) Γ0(2)/Γ(2k) Γ0(2)/Γ(2k)Order is a pure power of 2

[Cho, Kim, Seo, You, 2210.03681]
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More Lesson from Finite Group
Irrep   character function ℛi ⟺ χi(g) = Trℛi

g

For given , extract eigenvalues of some elements Γθ /Γ(2k)

<latexit sha1_base64="xuBHOIyBLXuUrK3FBXS8JaAhWtw="></latexit>

1

<latexit sha1_base64="a4xvER1i2ntBurtVB1F4NIPLLq0="></latexit>

2

<latexit sha1_base64="LX0yU0/Yx2g/Mdq3fcCgY4gaxzY=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCCykzpajLohuXFfuCTi2Z9E4bmskMSUYotQt/xY0LRdz6G+78G9PpLLT1wIWTc+4l9x4/5kxpx/m2lpZXVtfWcxv5za3tnV17b7+hokRSqNOIR7LlEwWcCahrpjm0Ygkk9Dk0/eH11G8+gFQsEjU9iqETkr5gAaNEG6lrH3qciD4HXLsvneE77Mn02bULTtFJgReJm5ECylDt2l9eL6JJCEJTTpRqu06sO2MiNaMcJnkvURATOiR9aBsqSAiqM073n+ATo/RwEElTQuNU/T0xJqFSo9A3nSHRAzXvTcX/vHaig8vOmIk40SDo7KMg4VhHeBoG7jEJVPORIYRKZnbFdEAkodpEljchuPMnL5JGqeieF8u35ULlKosjh47QMTpFLrpAFXSDqqiOKHpEz+gVvVlP1ov1bn3MWpesbOYA/YH1+QM645T3</latexit>

hT 2, Si

:gm = T2m for m = 0, 1, ⋯, 2k−1 − 1

:hj = (ST)−1Tj(ST) for j = 0, 1, ⋯, 2k − 1

 acts diagonallyT2

knowing all values   knowing eigenvalues of  = χℛi
(gm) ⟺ T2 e2πi(2αNS

k )

Lift  from  to ℛi Γθ /Γ(2k) SL(2,ℤ2k)

 (mod 1)2αNS
k = 2hNS

k −
c

12

knowing all values   knowing eigenvalues of  in  = χℛi
(hj) ⟺ T Γ0(2)/Γ(2k) e2πi αR

k

 (mod 1)αR
k = hR

k −
c

24

 Conjugates  to ST R NS
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Example: Γθ /Γ(4)

Pulled back from Γθ /Γ(2)

T2 −idid (ST )−1T(ST )
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Result

For rank , we determine all possible  for  and irreps:n ≤ 4 N Γ(N)

Finiteness at given rank: When  is large, low dimensional irreps are all pullbacksN

•  , 48 irrepsn = 1, N ∈ {2,4,6,8,12,16,24,48}

•  , 1206 irrepsn = 4, N ∈ {8,10,12,16,18,20,24,28,30,32,36,40,48,56,60,64,72,80,84,96,112,120,144,160,168,192,240,336,480}

•  , 300 irrepsn = 2, N ∈ {4,8,12,16,20,24,32,40,48,60,80,96,120,240}
•  , 208 irrepsn = 3, N ∈ {6,10,12,14,20,24,28,30,40,42,48,56,60,80,84,112,120,168,240,336}

<latexit sha1_base64="9QIZavLL73u964VdB/sliv1RCfg=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FPXisYD+gu5Zsmm1Ds8mSZC1l6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2DppapIrRBJJeqHWJNORO0YZjhtJ0oiuOQ01Y4vJn6rSeqNJPiwYwTGsS4L1jECDZWevRD1vdv5UhgpeSoW664VXcGtEy8nFQgR71b/vJ7kqQxFYZwrHXHcxMTZFgZRjidlPxU0wSTIe7TjqUCx1QH2ezqCTqxSg9FUtkSBs3U3xMZjrUex6HtjLEZ6EVvKv7ndVITXQUZE0lqqCDzRVHKkZFoGgHqMUWJ4WNLMFHM3orIACtMjA2qZEPwFl9eJs2zqndRde/PK7XrPI4iHMExnIIHl1CDO6hDAwgoeIZXeHNGzovz7nzMWwtOPnMIf+B8/gDP9JK3</latexit>w�

 exponents  mod 12n {2αNS
i , αR

i }

[ZD, K. Lee, S. Lee, L.Li, 2210.06805]
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Rank 1
 , 48 irrepsn = 1, N ∈ {2,4,6,8,12,16,24,48}

Exponents mod 1  can be grouped into two families{2αNS, αR}

For higher , exponents mod 1 can also be grouped into families with exponent differ by .n {
i

24
, −

i
24

}

We can always tensor a theory with decoupled free fermions which shifts the exponent

(But theories with exponents in the same family may be total unrelated)

Ruled out by anomaly argument

<latexit sha1_base64="GlQRHrthdcTIL20aGaATSmvan7U="></latexit>

1 { i
24 ,

12�i
24 }, 0  i  23

2 { i
24 ,

24�i
24 }, 0  i  23

MW fermions! ( )i = 23

<latexit sha1_base64="asrZY9hM1DBgh6mLRxSphBcUqRU="></latexit>

fNS = q�
1
48 (1 + q

1
2 + · · · )

fR =
p
2q

1
24 (1 + q1 + · · · )
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T
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S

Classification

For each pair of exponents mod 1 , generate a list of real exponents s.t. < fixed bound{2αNS
i , αR

i } |hNS,R
i |

<latexit sha1_base64="xuBHOIyBLXuUrK3FBXS8JaAhWtw="></latexit>

1

Exponents  constrains the parameters in MLDE, when  determine it up to {2αNS
i , αR

i } l = 0 n = 4

Expand the solutions to high powers in  and impose other physical constraintsq
<latexit sha1_base64="a4xvER1i2ntBurtVB1F4NIPLLq0="></latexit>
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Transform

Confirm two character results, and bootstrap new rank three and four candidate theories



Summary and Future Directions

Reconstruct S matrix? Make contact with MTC classification?

Connection to 4d SCFTs, e.g. flavored MLDE 

Initiate the program of classifying fermionic rational CFTs from fermionic MLDE

Classify solutions with low rank, identify many solutions and study their properties

Explore the consequence of integrality

Identify or disprove all solutions from holomorphic bootstrap 

[Pan, Wang, Zheng, 2104.12180 & 2207.10463]
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