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Introduction

* Topological strings: A N = (2,2) supersymmetric non-linear sigma model from world
sheet 2. to target space X

When the target space X is a Calabi-Yau 3-fold, topological string theory is the most
interesting that higher genus free energies are non-trivial

* There are two types of topological twists, they give A-model and B-model. The
topological string partition function

where t; are Kahler moduli in the case of A-model, and complex structure moduli in the
case of B-model



Introduction

* Topological strings on a CY3 X, have a close connection with M-theory on the
background R* x S! x X

* The M2-branes winding on holomorphic 2-cycles in X give BPS particles. The
number of the BPS particles are BPS invariants or Gopakumar-Vafa(GV) invariants,
which are captured by the A-model topological string free energies.

* They are related to Gromov-Witten invariants by a transformation.

* Low energy theory is a supergravity theory on | * % S When X is non-compact,

the low energy theory is 5d N=1 supersymmetric gauge theory on | 4% S with 8
supercharges




Introduction

* Mirror symmetry relates topological A-model on manifold X to topological B-model
on its mirror manifold.

* Some very difficult mathematical problems of enumerate geometry can be easily

solved by topological B-model methods

* The solutions to the Picard-Fuchs operator for quintic:
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Introduction

Mirror map

292 3 4731457062524
t(z) = log(z)+7702+7178252° : 530380002 :39 3 270 © -40621541175614042°+O (2°)

* The coefficients in the mirror map are not always integers, but the coefficients in
the inverse of the complex structure are always integers (Q = ¢')
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Introduction

1

o For a K3 surface, — gives Thompson series related to moonshine. [Lian and Yau, 94’]
<

* |Local (hon-compact) Calabi-Yau

e Local P! x P! , the low energy theory is 5d pure SU(2),
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BPS particles with Wilson loop operator
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Outline

* Topological strings on local CY3 / N=1 SQFT in 5d
* Wilson loops in SQFT in 5d

* B-model approach to 5d Wilson loops
* Wilson loop free energies are quasi-modular forms

* Applications to quantum/refined periods.



5d BPS partition function

e 5d N = 1 SYM on Omega-deformed | P xS

€12

* Nekrasov’s partition function, well-defined in mathematics
e M-theory compactified on non-compact Calabi-Yau three-fold X

* The BPS states are captured by M2-branes winding on 2-cycles C € H,(X, Z)

* Schwinger integral for dynamic electric particles | Gopakumar and Vafa, 98]
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Spectrum of dynamic operator
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BPS invariants
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refined BPS invariants
positive integers

With the spin (J;, jz) in the representation of SU(2); X SU(2)r = SO(4) Lorentz symmetry of R*



BPS invariants

| | XiL (ne_)XjR (ney) —nt
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refined BPS invariants
positive integers

Fgps(to, €1, €,) = Z (€, + ez)zn(elez)g_lF];’”llgé)(tC)

n,g ‘

Refined Topological string amplitude/free energy




Half-BPS Wilson loop operator

e 5d N=1SYMonR*x S!

* Put a heavy, stationery quark at the origin of space | 4 by inserting a half-BPS
operator

Wy = Tr.T exp (Z jgl dt(Ao(t) — 90(15)))

* Labeled by a representation r of the gauge group.
* Goal: expectation value of the halt-BPS Wilson loop operator <Wr>

* In the 4d limit, Chiral operators [Losev, Marshakov and Nekrasov, 03]



Brane realization [Tong and Wong]
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e Half-BPS brane bound states — S i i i i i 6 | 7
* D3 branes in type IIB (fermonic quarks) NSS| x | x | x | x | x %
* 1 string with fixed end point on D3(stationery) i)~ X
D3| x |O|O|0O]| O y

Codimension 4 defect
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Dyson-Schwinger equation [Nekrasov, 15']

e Consider a single D3 defect-brane and define the partition function to be Xx()
* Introduce )Y(x) observable

* Non-perturbative Dyson-Schwinger equation (for pure SU(N))

*The LHS is called gg-character

*The RHS is a Laurent polynomial of X = e, with the coefficients to be Wilson
loops

*|n the Nekrasov-Shatashvili (NS) limit €2 — 0, qguantum Seiberg-Witten curve

*classical Seiberg-Witten curve €12 — 0



Example pure SU(2)

* For pure SU(2) case

1 1 SU(2)
z) + A? — X L (W,
V@) A S g o) x e
* Quantum curve
Y+=+X+—==H, H=lm W"?), XY =e1XY
Y X eo—0

* Classical curve (Spectral curve for relativistic Toda chain)

o 1 L SU(2)
Y A - X A ¥ = U 11,—611,12E0<I/V2 )




Mirror geometry of local CY3

* For local CY3’s, the mirror geometry

st=H(X,Y,u;)

* All the information of periods can be translated to the periods of the mirror curve

0= H(X,Y,ui)

e For local P! x P!  the mirror curve is

1 1
Y v X X—u.

where u is the complex structure parameter dual to the compact divisor



Mirror geometry of local CY3

e The mirror curve of local P! x P! coincides with the classical SW curve of pure
SU(2)

1 1 : SU(2
Vigp+Xt+x=w u= lim (W “)

* The statement here can be generalized to arbitrary local toric CY3’s and even
non-toric cases

* E.g. for SU(N), the complex structure parameter of the Sasaki-Einstein manifold
YN,O

61,2—)0 (00...010...0)
I th

—1
U = sz 9= lim (W2UW)
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Half-BPS Wilson loop operator

* The source of the Wilson loop are heavy stationery quarks which can be
fermionic or bosonic

* From M-theory perspective, bosonic quarks (electric particles) are generated by
M2-branes winding on curves in CY3.

* heavy: curves with infinite volume, non-compact

* stationery: the curves are fixed as background, without dynamic



Half-BPS Wilson loop operator

* Schwinger integral for dynamic electric particles | Gopakumar and Vafa, 98]
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DS ds Tr(j, jp)(
FBPS — JLaij = R. . ’
CeHy(X,Z) jrn S (2sinh(seF1/2))(2sinh(seF5/2))

* Schwinger integral for stationery electric particles
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ds Tr(;, ; >(
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No dynamic term!

* We first add dynamic electric particles and then absorb the dynamic term by
defining the effective mass

—tc
e
M =

2sinh(e/2) - 2sinh(ey/2)




Half-BPS Wilson loop operator

* The additional non-compact curve C as primitive curve [Kim, Kim, Kim,21], it
generates stationery electric particles.

* The particle mass is extremely heavy, that only the leading term contributes.

. . —2t —3t
* There is no state like e “¢, e ¢, ...

* The representation r generated by a primitive curve is not decomposable






Half-BPS Wilson loop operator

* Denote the additional curve C as primitive curve, the particle mass is extremely heavy, that
only the leading term contributes, that we have the Wilson loop partition function

ZI\BA{DIISSOH = €XP (FBPS(tC'a €1, 62) + F]?lglsson(t(b tC: €1, 62))

C _
~ Zpps(tc, €1, €2) (1 + ) ) (-1)HrtAurN Ji,]RX]L( ~)Xjr(€4)e tCM)

C€H2(X Z) JLJR

v
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* The representation I generated by a primitive curve is not decomposable



Half-BPS Wilson loop operator

e For SU(2), 2 is not decomposable which is generated by a primitive curve

e 3=2® 2 —1isdecomposable

* The tensor product of non-decomposable representations are generated by
multiple primitive curves, e.g. 2 @ 2 are generated by C,, C, which generate 2

and 2 respectively.

* Define the BPS sector

_ 2]L+2]R CCl) ,C , , —tco
FBPS,{C1,,C} = Z Z ]L,]R "X (€-)Xjr(€4)e
CeH2(X,Z)JL:JR

as the amplitude of the curve class C +C; +---+ C; forany C € Hy(X,Z)



Half-BPS Wilson loop operator

* The free energy has an additional term

Frps™(tc, to, €1, €2) = Fpps.(c;y M1 + Feps (e M2 + I - Fpps ic,.co) M1 Ma + O(M7,)

where

7 = 2sinh(€1/2) - 2sinh(ey/2)

In the massive limit M, , — 0, the Wilson loop expectation value has the BPS
expansion in terms with BPS sectors.

<Wr1®r2> — fBPS){Cl}FBpsa{CQ} _I_ I . FBPSa{C1>C2}

In each BPS sector, the BPS invariants are always positive integers!



Bosonic quark from 5-branes ®

Q

nm — + oo
D> (1,1)-strings

NS5 e g

Pure SU(2) SU(2) with N, = 1 Extremely heavy limit

e—m

_|_
2 sinh(e;/2) - 2 sinh(e,/2)

\ \
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Wilson loop expectation value Momentum term from dynamics
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ZSUQN=1 _ 7SUQ2) <W§U(2)>




Bosonic quark from 5-branes

VAR

d @N](li] (Jis Jr) d @N;li i (Ji» Jr)
(1.1) (0, 0) (1.3) 0.1)
(1,5) (0,2) (1,7) (0, 3)
(1,9) (0, 4) (2.5) (0,2)
@7 | 02e203e0/272) |@9)| /(20,’72/)2%(3(’ 13/) 26,993/(20)’ g (?, .
(O, 2) o, 2(0, 3) P 3(0,4) D
(3’ 7) (O’ 3) (3’ 9) (1/2, 7/2) b 2(1/2, 9/2) b (1, 5)

Table 1. BPS Spectrum of SU(2) Wilson loop expectation value in the representation 2 for the

curve class dimg + da¢ with d; = 1,2,3, and ds < 9.
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Bosonic quark from 5-branes




Bosonic quark from 5-branes

(q q>|l£1\+\l£2‘ | Ch,ul,ug (QF7t7q)Chugu§ (QF,q,t)
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Bosonic quark from 5-branes

NS

N




Bosonic quark from 5-branes

7-branes

Hanany-Witten transitions

ﬁ




Bosonic quark from 5-branes

Higgsing from toric case




Wilson loops as 1-strings ending on D5 branes

Zw R5 Zpert (q _) J—
] 1,142 b Hz’,jzl N.uz'uj (Qij; t, Q)

X :Chulm(QF, t, Q)3ChMgM3(QF, g,t)° + (1 —t)(1 —1/q)Chy, 4, (Qr, t,q)°
—q(1 = ¢)*(1 = 1/t)*Chyy uy (QF, ,¢)Chyye 4t (QF, ¢, 1)
+3q(1 — ¢)(1 — 1/t)Chy,; 1, (QF, t, ) Chye 4t (QF, g, 1)
+3q%(1 — ¢)*(1 — t°)/t/qChy, 4, (QF, t, q)
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Wilson loops as 1-strings ending on D5 branes
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[Kim,Taki,Yagi,15]



Summary: 5d half-BPS Wilson loop

Fermionic Quantum curve/Dyson-Schwinger eq

/

heavy stationery quarks

\ / M2-branes on primitive curves \

Bosonic Schwinger integral

BPS expansion
New topological invariants



Summary: 5d half-BPS Wilson loop

Fermionic Quantum curve/Dyson-Schwinger eq

/

heavy stationery quarks

\ / M2-branes on primitive curves \

Bosonic Schwinger integral

For SU(2) 2", with n<=8 BPS expansion
Inherit from the BPS invariants of SU(2)+n F New topo]ogical invariants



Summary: 5d half-BPS Wilson loop

Fermionic Quantum curve/Dyson-Schwinger eq

/

heavy stationery quarks

\ / M2-branes on primitive curves \

Bosonic Schwinger integral

For SU(2) 2", with n>8 BPS expansion

NEW! New topological invariants



Holomorphic anomaly equation [BCOV]

TGP SE

_ 1 —.
0iFg = 5CI(DiDxFgr+ ) D7y DiFyy)

® 74(t,1) : Genus g topological string amplitude, which is a section of line bundle of the geometry



Holomorphic anomaly equation

1
%, 1 .
5551 = S OIDFra+ D5 DL
® F,= lim %, :holomorphic limit
Imt—o0
1

® g _

O, J1 + holo.func. : propagator
Cijk

—1
1 J
Fy = /dSZJ§(DjDkFg—1 + E D;Fy - Dk.fg_g/) + holomorphic ambiguity
g'=1



Direct integration method

® Effective coupling: 7;; = ai()jF(O’O)

® SYis proportional to quasi-modular form. e.g. Eisenstein series E5(7)

—1
1 J
Fy = /dS’UQ(DjDkFg_l -+ E D;Fy - DkFg_g/) + holomorphic ambiguity
9'=1

Rational function of complex structure parameters (modular function)



Direct integration method

® Holomorphic anomaly equation works for all Calabi-Yau three folds

® Fg IS @ weight zero meromorphic quasi-modular form

® Usually hard to solve the holomorphic ambiguity

o Fg can be explicitly expanded to arbitrary order at any point in the CY moduli space

® .. MUM, orbifold, conifold point

® For non-compact CY3, Refined holomorphic anomaly equation [Huang and Klemm, 10’]
[Krefl and Walcher 10’]

O F(1:9)

!
05" 2

DZ-DJ-]-'(”’Q_D 4 Z'Dz.]:(n’,g’) . Dj]:(n—n’,g—g’) C n+g>2

I
n.,g



Refined holomorphic anomaly equation

* Holomorphic ambiguities can be completely solved from gap condition near
conifold point and regularity near orbifold point to arbitrary (n, g)

e For local P! x P!
02) _ 553 87 (=2160z" +21600z°) 5 (585z* — 12960z° + 80640z°)  —5570 + 188427 — 24000z° + 110592°
2475(—1 + 1622 | 12960z2(—1 + 162> 12960z5(—1+ 1622 129602(—1 + 162)> |
g S700-7207) S (—45z% + 600z° — 7680z*) 52— 1082° + 25602 - 2150477
2160z4(—1 + 162)> 2160z4(—1 + 162)? 2160z4(—1 + 162)2 ’
o _ S (15 — 240z + 960z7) : _522 4 16423 — 3200z* + 107522
4320z2(—1 + 162)2 4320z2(—1 + 167)?

Local P! x P!



Mirror curve & Seiberg-Witten curve & Wilson loops

Local P! x P!
, , Mirror curve

Seiberg-Witten curve D = {u=0}

1 1
Y A D.& u =20
Y X
Wilson loop Complex structure parameter
~1
C = — 2 :intersection matrix

1
c.g. SU(2), u = ﬁ



Refined holomorphic anomaly equation for Wilson loops

. 8F1§n,g) 1 n,g—1 ! n’,q’ n—n',g—g’
Conjecture 957 §(D¢DjF§ 9D LN D ET) L Dy ET )y,

I
n,g

o Fr=logZw, = Y (a1 + €2)*"(e162) 7 ' K™Y
n,g

Lw.

* W = log(W,) = 7

* Properties

— 2(61 + €2)°"(e1€2)7™ Lyy(m9)

1. pole free from € »: win9=0) _

2. Seiberg-Witten curve/Mirror curve correspondence : 1(-0’1) = —C llogz
e For SU(2), W3 = —% log 2
3. Tensor product : W% — W%
4. Direct sum: exp(W\%) ) = exp(WPY) + exp(Wia ™) Local P! x P



Refined holomorphic anomaly equation for Wilson loops

* Holomorphic ambiguities can be completely solved from gap condition near
conifold point and regularity near orbifold point for representationr = 2

[

Wz%’ll) = 7222A(35 — 2487z — 2% +202°),
7 (02) _ 0S? +2452° — 2% + 162°
2 3624 A ’
702 _ 1852 + 9522 — 96523 — 52* +1162° — 5762°
2002 3624A 9
(0,2) 98? + 9522 — 120523 — 42* +1002° — 5762°
Waz2e2 = 1224A ’

Local P! x P!



Refined holomorphic anomaly equation for Wilson loops

* By computing the amplitudes to higher enough genus, we recover the BPS
invariants from topological vertex

2i\2jr | O 2i:\2jr | O 2it\2jr | 0 1 2 2i.\2jr |0 1 2 3 4
0 1 0 2 0 1 0 2
d=—1 i=1 =3 i=?2

2i,\2jr |0 1 2 3 4 5 6 7T
0 1 4
1 1
d=1
2ii\2jr |0 1 2 3 4 5 6 7 8 9 10
0 2 4 8
1 2 4
2 2
d=2

Local P! x P!



Refined holomorphic anomaly equation for Wilson loops

* By computing the amplitudes to higher enough genus, we recover the BPS

invariants from topological vertex

2it\2jr [0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
0 1 4 9 12 17 1
1 1 5 10 12 1
2 1 5 9
3 1 4
4 1
i=4
2it\2jr |0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
0 2 4 12 20 32 36 40 6 2
1 2 6 16 28 38 38 8
2 2 6 18 28 32 4
3 2 6 16 20 2
4 2 6 12
5 2 4
6 2

Local P! x P!



Refined holomorphic anomaly equation for Wilson loops

* |In the NS-limit

8W1(n’1) n—1 (' 1) g
NG = ;)Dil/\/r . D; Fn=m0)

e additive

(n,1) _ y(n,1) (n,1)
Wrz-1®---®rz-l — V¥ S Wl‘l , n =0,

* In the NS limit, the Wilson loop expectation value of tensor products is equal to
the product of the Wilson loop expectation values of each representations.

* Hamiltonians are commutative



Other applications

* Quantum period from WKB method of a guantum mechanic system

1 1
Y+ —=—+X+——u=90
Y X
q (0.1) (t(z)) = Z Wi (t(z; h)) ™"
n=>0
log u Quantum Wilson loop
* One can solve o
t(z, h) — []_ + Z hzZDZZ]t(Z) Qi — C;‘ljk O, F1 + holo.func.
1=1

* Results agree with [Huang, Klemm, Reuter and Schiereck, 14]



Other applications

* Refined period

* One can solve

t(Z, €1, 62) —



Other applications

e Local P! x P!, D; j is still a second differential operator, but depends on the
propagator S

1
Do, = [(—35 + 2 — 322°)0 + (35 + 42” — 642°)07,
1

Doz = 15960.5A2 ¢
— 172552°% — 11059205%2° + 125280S52" + 8302° — 3098880.52° — 789202”
+ 25436160S2° + 289161620 — 48084480z + 30611865621%)O

(32405* — 10805322 — 345605223 + 2295.5%2% — 799205%2° + 17255 2°

+1105920522% — 12528052 + 254528 + 309888052° — 2189442
— 2543616052” + 727161620 — 108942336211 + 6122373122'2)07],

—32408* + 10805°% 2% + 345605323 — 22955224 + 7992052 2°

where © = 20,
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