
Ladder operators and quasinormal modes 
in Banados-Teitelboim-Zanelli black holes

Takuya Katagiri

Based on 2205.15610 (T.K. and Masashi Kimura)

August 3rd 2022, Joint HEP-TH seminar @ online

Astronomical Institute, Tohoku Univ. 
Niels Bohr Institute



Outline

2. Review: Mass ladder operators

6. Shift of quasinormal mode frequencies

1. Introduction

4. Quasinormal modes in Banados-Teitelboim-Zanell spacetimes

3. Review: Quasinormal modes

5. Mass ladder operators in Banados-Teitelboim-Zanell spacetimes



Black hole perturbations

・Test fields in BH spacetimes play an important role in  

    the understanding of phenomena in the strong-gravity regime

e.g., gravitational waves from binary black holes,  
        time evolution of ultralight bosons around black holes, 
        linear stabilities of black hole spacetimes,  
        relaxation phenomena within AdS/CFT, …

・In many problems, master equations take a form of Schrodinger eq:
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dx2
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� = 0

・Mathematical tools in quantum mechanics can be useful in BH perturbation theory 

    e.g., ladder operators



Ladder operators

・Ladder operators in curved spacetimes: Mass ladder operators

Mass ladder operator      maps a Klein-Gordon field onto another Klein-Gordon field 

[Cardoso et al, 2017] 
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[Cardoso et al, 2018] 

・In quantum mechanics,  

    ladder operators allow to relate the different energy eigenvalues

This work: Application of mass ladder operators to black hole physics

Question:  
Does a mass ladder operator keep physics determined by boundary conditions?

This is constructed from spacetime conformal symmetry
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・Material: spacetime conformal symmetry

Review: Mass Ladder operators from spacetime conformal symmetry

Kintaro-ame

Spacetime               possesses symmetry  
iff        admits an isometry defined by
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(M, gab)
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t gab = gabsuch that

Definition: spacetime symmetry

Isometry group is generated by                            
along a Killing vector field that satisfies
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Spacetime               possesses conformal symmetry  
iff        admits a conformal isometry defined by
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(M, gab)
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such that                             , where     is a function on 

Definition: spacetime conformal symmetry

・What is spacetime conformal symmetry?

Conformal isometry group is generated by                            
along a conformal Killing vector field that satisfies

Generalization of spacetime symmetry
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＊ Conformal Killing vector field is  
a Killing vector field of                    with 
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Review: Mass Ladder operators from spacetime conformal symmetry
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・“Closed” condition for conformal Killing vector fields:

Construction of mass Ladder operators [Cardoso et al, 2018] 

・Assumption:

e.g., n-dimensional (anti-) de Sitter spacetimes with 

・Mass ladder operator : 
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Note: Mass ladder operator is an onto map

[Cardoso et al, 2017] 
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Mass Ladder operators
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・    is required to be real, so                     leads to inequalities:
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・Mass ladder operator connects Klein-Gordon fields with different mass squared:
<latexit sha1_base64="0CXpZwE+B1ccCY1xHbbNkxUa4ag="></latexit>⇥
⇤�

�
µ2 + �µ2

�⇤
Dk� = 0

<latexit sha1_base64="FOMZxfc43M3H67RghN5ire6FdxM="></latexit>

k

Note: In AdS case           , the lower bound coincides with the BF bound<latexit sha1_base64="cNeTc1xI06lImtV0mgLPBquOMWo="></latexit>

(� < 0)

<latexit sha1_base64="xFDJpeUHRYaSnWbjcbD35qGwCf4="></latexit>

µ2 � �

4
(n� 1)2 (for � < 0) , µ2  �

4
(n� 1)2 (for � > 0)

mass lowering (raising) for 
<latexit sha1_base64="c5yVLzcNCreGCJVPEWmRm0Yzayw="></latexit>

� < 0 (> 0)

[Cardoso et al, 2018] 
[Cardoso et al, 2017] 

・When parametrizing                                                   , 

                    leads to two solutions,             
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Mass shift

Mass ladder operators        make mass squared raise or lower 

Example: 
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Quasinormal modes

・ Quasinormal modes (QNMs) describe  

　 characteristic dynamics of test fields on BH spacetimes as a linear response

・Many applications:
modeling ringdown gravitational waveforms, 
analysis of relaxation phenomena within AdS/CFT, 
linear mode stability of BH spacetimes,…

[Witek et al, 2013] 

[Giesler et al, 2019] 

[Regge and Wheeler, 1957] 

[Horowitz and Hubeny, 2000] 



Brief review: QNMs in asymptotically flat BH spacetimes

・Equation for linear perturbations on asymptotically flat background:  
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・Appropriate boundary conditions at the horizon              and infinity            ,  

define QNMs and (a discrete set of) QNM frequencies

<latexit sha1_base64="w/qEFTV/EQ2ZX2BG2syuR5O2uVQ="></latexit>

lim
x!�1

� =e�i!x (purely ingoing)

lim
x!+1

� =ei!x (purely outgoing)

<latexit sha1_base64="AdDeBl+4ZglZa9eYPoJc8KelRu0="></latexit>x = �1 <latexit sha1_base64="YjqcZ7H8mA6BXjmj9btjB8xnRz8="></latexit>x = 1

・QNM frequencies are complex,

e.g., spin-s field perturbation on Schwarzschild backgrounds
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Brief review: QNMs as poles of Green’s function

・Equation for linear perturbations in time domain:  

・Green’s function in frequency domain:
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Brief review: Overtones

・QNM takes a form:

For each mode with    ,  
there exists a discrete set of modes labeled by                          : overtones
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QNMs in AdS BH spacetimes

・QNMs in AdS BH spacetimes can be defined in the same manner

・Variety of boundary condition at infinity exists due to the asymptotic structure

for massless scalar field

: Dirichlet condition

: Neumann condition
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Rich structure of QNM dynamics appears in AdS (as will be seen later)
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Question and our work

Question:  
Does a mass ladder operator keep physics determined by boundary conditions?

We study QNMs of a massive Klein-Gordon field 
in Banados-Teitelboim-Zanelli black hole spacetimes

Why BTZ?: BTZ spacetime is the simplest system, 
in which QNMs and mass ladder operators can be exactly derived

Mass ladder operator works in curved spacetimes with conformal symmetry: 
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・Line element in              coordinates:

Static Banados-Teitelboim-Zanelli spacetime
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＊BTZ BH can rotate but for simplicity we consider the static version

・BTZ geometry describes asymptotically AdS black hole spacetimes in 3 dim.

<latexit sha1_base64="gluj3S45Fak6vJe/6m6UjwIsIRQ="></latexit>�1 < t < 1, rH < r < 1, 0  ' < 2⇡



・Massive Klein-Gordon field: 

Massive Klein-Gordon fields
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・Expanding the field:  
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・Appropriate B.C. selects a discrete set of eigenvalues, i.e., QNM frequencies 
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At the horizon: Ingoing-wave condition
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 if                 or               for                        due to

QNMs in BTZ spacetimes

<latexit sha1_base64="PTPjhdXhPUIEbxrPFDXtnTzk2eo="></latexit>
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・B.C. at infinity: Dirichlet B.C. for 

<latexit sha1_base64="pHKEyuJyjWWlihA72IYJkp0RLek="></latexit>

AI (!)

✓
:= A

�(c)�(a+ b� c)

�(a)�(b)

◆
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b = �n
<latexit sha1_base64="y6EoLkF7pBVmOIaSsRkVpf4rjrk="></latexit>

n = 0, 1, 2, · · ·
<latexit sha1_base64="Gn9gPsuSAmrsvpc7q6fGAoDKb/o="></latexit>

1/�(�n) = 0

・QNMs frequencies:
<latexit sha1_base64="ggHWhf/eD9PrkgSD+YPl9k6VcSM="></latexit>
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where
<latexit sha1_base64="Nf2d9woahu3pi78VMGn1B6W+9lU="></latexit>

(⇠)k ⌘ �(z + k)/�(z)

<latexit sha1_base64="8PoAFFNoMxYa8jHHPAVy9Ttm76I="></latexit>
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Imaginary parts are negative, indicating linear mode stability

<latexit sha1_base64="oTogKTyHxSdVBaUDgp7s/5CsB5I="></latexit>

⌫ > �1 (µ2 > µ2
BF)

[Cardoso and Lemos, 2001] 



QNMs in BTZ spacetimes: Other boundary condition

・B.C. at infinity: Neumann B.C. for 
<latexit sha1_base64="8PoAFFNoMxYa8jHHPAVy9Ttm76I="></latexit>
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<latexit sha1_base64="aDAU+lJvdMej6YdSZjqjd4jRAEk="></latexit>

!N = ±m
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rH
`2

(2n� ⌫) , (Neumann B.C.)

Imaginary part can be nonnegative if                         , 
indicating linear mode instability 
due to the presence of non-normalizable mode

<latexit sha1_base64="6JwzYSszDQgBOlAZxCtt6hzkPbo="></latexit>

⌫ � 0 (µ2 � 0)

・B.C. at infinity: Robin B.C. for 
<latexit sha1_base64="K+n1QQjjlpuSfWVicsYW45T3xNc="></latexit>

AII/AI =  ( 2 R)

including the Dirichlet                           and Neumann B.C.
<latexit sha1_base64="47XR1RHMTeWSWn8Ml6gfQTCtvNg="></latexit>

 = 1 (AI = 0)
<latexit sha1_base64="sXgf359TJ7SP/XIwm4sHAbqv7ok="></latexit>

 = 0 (AII = 0)

In this sense, Robin B.C. is more general and admits rich structure

<latexit sha1_base64="oTogKTyHxSdVBaUDgp7s/5CsB5I="></latexit>

⌫ > �1 (µ2 > µ2
BF)

<latexit sha1_base64="wjWTbe7L7Y5yvyx51MRGRP57LBQ="></latexit>

�1 < ⌫ < 0 (µ2
BF < µ2 < 0)



Fundamental modes in Robin condition

Neumann B.C.

Dirichlet B.C.

As     decreases, the trajectories approach the imaginary axis, 
eventually intersect, and split into two parts 

[Ishibashi and Wald, 2004] 

<latexit sha1_base64="fkuSV/pWv8gdOCug8SMW/+Noln0="></latexit>

( = 0)

<latexit sha1_base64="ta+DmgDRKot9JutNJ0YkYQelVCw="></latexit>

( = 1)

<latexit sha1_base64="oXSlGt6xmTKEXXH+tXcQDLy61W4="></latexit>�

There exist growing modes,  
indicating linear mode instability due to the boundary condition

[TK and Harada, 2021] 



QNMs in BTZ spacetimes: BF bound case
・B.C. at infinity: Dirichelt-Neumann B.C. for 

・B.C. at infinity: Robin B.C. for 

<latexit sha1_base64="YzSQ7+3wUvtm3Y14rEpQuZnfQ/U="></latexit>
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<latexit sha1_base64="5P6g0ufRkYjfRvfLCW6/mgTxgBY="></latexit>

!DN = ±m
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rH
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(2n+ 1) , (Dirichlet�Neumann B.C.)

<latexit sha1_base64="vZxyvS6vx31PnrjT8ex/LzOPiWE="></latexit>

AII,BF/AI,BF = 1/BF (BF 2 R)

[Ishibashi and Wald, 2004] 

Dirichlet - Neumann B.C.
<latexit sha1_base64="fuaxEQKL06GQO2AlUPmc52YUGwk="></latexit>

(BF ! �1)

<latexit sha1_base64="NZpVFffC1oVs6JSQLJxan5Emtn8="></latexit>

⌫ = �1 (µ2 = µ2
BF)

<latexit sha1_base64="NZpVFffC1oVs6JSQLJxan5Emtn8="></latexit>

⌫ = �1 (µ2 = µ2
BF)



Outline

2. Review: Mass ladder operators

6. Shift of quasinormal mode frequencies

1. Introduction
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5. Mass ladder operators in Banados-Teitelboim-Zanell spacetimes



Acting on                            , the factors             shift 

・Mass ladder operators:

Mass ladder operators in BTZ spacetimes
<latexit sha1_base64="orxDoWGMY9tYLdmrhuxN0HqfJE0="></latexit>
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・Four independent CCKVs                       exist in the BTZ spacetime, thus:
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<latexit sha1_base64="l/7fgQfr+nUxo58+5dYrgQxwv6c="></latexit>
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! ! ! ± irH/`2

while                  break the periodicity to 
<latexit sha1_base64="o6i8phVqSbGNmPtjij6HfOse8UI="></latexit>
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We mainly focus on                    (                   still work by multiple action)
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D0,k, D1,k
<latexit sha1_base64="0XfjYFyo4R01456fnylLU4LooH4="></latexit>

D2,k, D3,k



When choosing                        

Mass ladder operators in BTZ spacetimes

・Commutation relation:
<latexit sha1_base64="CVNExzahaAqCZX82/cY5bniM0u4="></latexit>
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<latexit sha1_base64="hvDfzPJWH3zkZt8iV61Oz25hJu4="></latexit>

k = k+ := �2� ⌫

When choosing                        <latexit sha1_base64="Z+kAgNsLk/l2mClA8XHJNctEfoA="></latexit>

k = k� := ⌫
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For the massive Klein-Gordon field      with 
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(⌫̃ = ⌫ ± 1)



・QNM with Dirichlet B.C.: 

Mass ladder operators and QNM boundary conditions
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・Acting                        on the QNMs, at 
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Mass ladder operators keep the ingoing-wave condition



Mass ladder operators and QNM boundary conditions

・Acting                        on the QNMs, at <latexit sha1_base64="ware8wskU6K6Yjhp6S4XqMaBvsQ="></latexit>
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Mass ladder operators                       keep the Dirichlet B.C.
<latexit sha1_base64="ware8wskU6K6Yjhp6S4XqMaBvsQ="></latexit>

D0,k+ , D1,k+

Asymptotic behaviors of the Klein-Gordon field with 
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Mass ladder operators and QNM boundary conditions

(Dirichlet B.C.) 
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・For

・For                        : <latexit sha1_base64="7sCf+6XBpWDX8GBvB1dLHILdoW4="></latexit>

⌫̃ = �1 corresponds to 
<latexit sha1_base64="g276khV5MvbSZ0TXRs61cjNxeAk="></latexit>

µ2
BF`

2 = �1

Dirichlet B.C. changes to the Dirichlet-Neumann B.C.

Asymptotic behaviors of the Klein-Gordon field with 
<latexit sha1_base64="hRImZP2CvXaFzibBx2w5mfAadMw="></latexit>
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Mass ladder operators                      keep the Dirichlet B.C.

<latexit sha1_base64="6BR0Sc+bZPuPeYKdYzklhx7i+So="></latexit>

⌫̃

<latexit sha1_base64="twXlVNJ9VmehAVcLlaEPNWTeCS4="></latexit>

⌫̃(⌫̃ + 2)/`2

<latexit sha1_base64="ZAovl1n4HeMQC53HYn29YXhkVhQ="></latexit>

D0,k� , D1,k�

<latexit sha1_base64="Gm6TMqcydKMMmJ1zy725o8rb/ls="></latexit>

⌫ > 0 (µ2 > 0)
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Mass ladder operators and QNM boundary conditions
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For                                          : 

The above corresponds to                    (Neumann B.C.)

of the asymptotic behavior

with 
<latexit sha1_base64="NA+GVZKmXXX3L48oeAaeknTSpUY="></latexit>

⌫̃ = |⌫|� 1

Dirichlet B.C. changes to Neumann B.C.
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Brief summary: Changes of QNM boundary conditions

Mass ladder operators                      
<latexit sha1_base64="ware8wskU6K6Yjhp6S4XqMaBvsQ="></latexit>

D0,k+ , D1,k+

Dirichlet B.C.    Dirichlet B.C.    

Mass ladder operators                         keep the ingoing-wave condition                   
<latexit sha1_base64="R3EFwsnF7LU/mOtoERWWI61WDZU="></latexit>

D0,k± , D1,k±

・At the horizon:

・At infinity:

Mass ladder operators                      
<latexit sha1_base64="ZAovl1n4HeMQC53HYn29YXhkVhQ="></latexit>

D0,k� , D1,k�

Dirichlet B.C.    Dirichlet B.C.    

Dirichlet B.C.    Dirichlet-Neumann B.C.

Dirichlet B.C.    Neumann B.C.    

For

For              

For                         
<latexit sha1_base64="wjWTbe7L7Y5yvyx51MRGRP57LBQ="></latexit>

�1 < ⌫ < 0 (µ2
BF < µ2 < 0)

<latexit sha1_base64="Gm6TMqcydKMMmJ1zy725o8rb/ls="></latexit>

⌫ > 0 (µ2 > 0)

<latexit sha1_base64="i8KLGxW+Nb2Xr4PL0yYGIJQxAc0="></latexit>

⌫ = 0 (µ2 = 0)



Brief summary: Neumann case

Mass ladder operators                      
<latexit sha1_base64="ware8wskU6K6Yjhp6S4XqMaBvsQ="></latexit>

D0,k+ , D1,k+

Neumann B.C.    Neumann B.C.    

・At infinity:

Mass ladder operators                      
<latexit sha1_base64="ZAovl1n4HeMQC53HYn29YXhkVhQ="></latexit>
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Neumann B.C.    Dirichlet-Neumann B.C.

Neumann B.C.    Dirichlet B.C.    

For

For              

For                         
<latexit sha1_base64="wjWTbe7L7Y5yvyx51MRGRP57LBQ="></latexit>
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⌫ > 0 (µ2 > 0)
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Brief summary: Dirichlet-Neumann, Robin cases

Mass ladder operators                      
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・Robin boundary condition is kept  

    but the resulting boundary condition parameter is complex 
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2. Review: Mass ladder operators

6. Shift of quasinormal mode frequencies
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・Frequency shift from expressions of mass ladder operators

QNM frequency shift

The factors              suggest                              
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・Example: Shift by 
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QNM frequency shift

where
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Mass ladder operators change not only mass squared but also indices of overtones



・Multiple actions                           or                              keep mass squared 

    but QNM frequencies are shifted:

Overtone shift by multiple actions
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Factors                  break the periodicity to     ; 
thus, the single action of                         fails to generate a regular solution

・Multiple actions can remove those singular factors,                 

Regular solutions generated by multiple actions of 

for Dirichlet B.C.
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・Robin B.C.                       :                                ,

Other boundary condition: Robin case
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・Acting the mass ladder operators, 

At least, for     so that      is purely imaginary, 
     is real, and      is also purely imaginary 

<latexit sha1_base64="yCtTZ/GsNaVkI3OAwgOqDF65EdM="></latexit>

̃

<latexit sha1_base64="OcPkxxqfgsEVdBG9PG1OYD1JpwQ="></latexit>!QNM

<latexit sha1_base64="J9XRti5WcBsm7kLm9Wt4M/T5w1A="></latexit>

 ! ̃ (complex value)

<latexit sha1_base64="YBGsdUAFr3FHVwX6VTa4SMpscnM="></latexit>

! ! !̃ = ! ± irH/`2

<latexit sha1_base64="jGlMJQHYMGqeqk4zt9xklP88V9o="></latexit>
<latexit sha1_base64="Rklll8PsH3fhomNYRUqkjIN9SPc="></latexit>

!̃

<latexit sha1_base64="kEgAZ7WvvoxFP0+kAIUM7OYZEFg="></latexit>

!N(0) = ±m

`
� i

rH
`2

[�⌫]

<latexit sha1_base64="tHe0FAHf32XwEULnO1i0TZ2ybcM="></latexit>

!D(0) = ±m

`
� i

rH
`2

[2 + ⌫]

[Ishibashi and Wald, 2004] 
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Summary

We have studied QNMs of massive Klein-Gordon fields in static BTZ spacetimes  
in terms of mass ladder operators

・Mass ladder operator change not only mass squared but also QNM frequencies

・In particular, an index of overtones are shifted

・All overtones can be generated from fundamental modes by their multiple actions

・Ladder operator is a useful tool to understand mathematical properties of QNMs



Other boundary condition: Neumann case

where
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BF bound case

・We find new mass ladder operator only for the fundamental mode in BF bound:
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・Robin B.C.                  :                                                    ,

Other boundary condition: Robin case with BF bound

Dirichlet - Neumann B.C.
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・Acting the mass ladder operators, 

At least, for          so that      is purely imaginary, 
        is real, and      is also purely imaginary 
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Application: scalars in near-horizon geometry

・Vicinity of black holes with zero Hawking temperature is  

   highly-symmetric geometry called near-horizon geometry:
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・Reduction of scalars on near-horizon geometry to that on AdS2: 
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Mass ladder operators connect different multipole modes
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[TK and Kimura 2022] 
[TK and Kimura 2021] ・We have derived conserved quantities along black hole horizons  

    by exploiting mass ladder operators near the horizon

・We obtain conservation laws along the horizon: 
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