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Preparing Bethe ansatz states and other interesting 
many-body states on a quantum computer



In general, representing ! quantum 2-level systems involves storing   2 ∗ 2$ real 
numbers. Scaling is exponential!

Even storing moderately-sized quantum states is infeasible with classical hardware

# of qubits RAM required to store state
1 32 B

10 16 kiB

20 16 MiB

30 16 GiB

40 16 TiB

46 1 PiB

Classical simulations of quantum systems
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International Journal of Theoretical Physics, Vol. 21, p. 467 (1982)

• Size of Hilbert space grows exponentially with system size 
à Inefficient to store wavefunctions on classical computers

• Use quantum devices to simulate other quantum systems

Quantum simulation
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• Analog quantum simulation
o Create Hamiltonian of system on simulator
o Simulator has tunable parameters, study various regimes
o Limited by native interactions of simulator

• Digital quantum simulation
o Evolution decomposed into elementary gates
o Any problem can in principle be solved
o Need to map problem to quantum processor

(straightforward with spin ½ lattice models)

Analog vs digital simulation
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Mapping fermionic problems to qubits

• Fermionic Hamiltonian

Jordan-Wigner mapping: 

• Each orbital is mapped onto a qubit: |0> à unoccupied orbital, |1> à occupied orbital

• Fermions satisfy Pauli exclusion principle but qubits are distinguishable à impose on qubits through Z strings

Review: Rev. Mod. Phys. 92, 015003 (2020)
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Image from Physics 11, 14 (2018)

Ansatz
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Measured energy

Variationally change ~✓
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Nat. Comm. 5, 4213 (2014)
New J. Phys. 18, 023023 (2016)
arXiv:2012.09265 (2021)

Variational quantum eigensolver (VQE) algorithms



Cost function and wavefunction ansatz 

C(~✓) = h (~✓)|H| (~✓)i
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Hardware-efficient ansatz
• Use gates native to hardware
• Inefficient—too much of the Hilbert 

space sampled
• Difficult to optimize (barren plateaus)

McClean et al., Nat. Commun. 9, 4812 (2018)

Chemistry-inspired ansatz (UCC)
• Respects symmetries of problem
• State preparation times exceed coherence 

times
• Not guaranteed to be exact
• Ill-defined under low-order Trotterization

Grimsley et al., JCTC 2020, 16, 1, 1-6

Both approaches use very little information from problem Hamiltonian

Commonly used ansätze:

| (~✓)i = T (~✓)| ref i
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• Alternating gate structure
• Single-qubit gates contain optimized parameters

Kandala et al (IBM group),  Nature 549, 242 (2017)

Experiments using hardware-efficient ansätze
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Peruzzo et al, 
Nature Comm. 5, 1 (2014)

O’Malley et al, 
PRX 6, 031007 (2016)

• Photonic qubits, He-H+ ground state • Superconducting qubits, H2 ground state

Xue et al, 
Nature 601, 343 (2022)

• Spin qubits, H2 ground state• Trapped ions, H2 ground state

Hempel et al, 
PRX 8, 031022 (2018)

Experiments using chemistry-inspired ansätze (UCCSD)
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Desired features: 
üshallow circuits
üsmall/minimal number of optimization parameters
üExactness

• Symmetry enforcing circuits
• ADAPT-VQE, qubit-ADAPT-VQE

Our approach: problem-tailored ansätze

ℋ"#

Use information from the Hamiltonian to restrict search subspace of Hilbert space



• Adaptive, Problem-tailored (ADAPT)-VQE: the first dynamically created ansatz

• Start from a simple/short-depth ansatz (e.g., Hartree-Fock)

• Use measurements on the quantum processor to determine how to grow the ansatz further

• The measurements depend on the Hamiltonian à problem-tailored ansatz

ADAPT-VQE

Grimsley, Economou, Barnes, Mayhall, Nature Communications 10, 3007 (2019)

Adaptive Derivative Assembled 
Problem Tailored VQE



ADAPT-VQE workflow

Grimsley, Economou, Barnes, Mayhall, Nature Communications 10, 3007 (2019)

Quantum 
parallelizable 



fermionic ADAPT-VQE—results

✏1 = 0.1

✏2 = 0.01

✏3 = 0.001
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UCCSD
HF
ADAPT(ϵ1)
ADAPT(ϵ2)
ADAPT(ϵ3)
Chemical 
Accuracy

Exact (FCI)
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Qubit ADAPT-VQE—results

• 8, 12, 12 qubits respectively
• bond distances 1.5, 2, 1.5 Å

Hardware-efficient pool 
{!"#$%$}, where Pj is a 

Pauli string with up to 4 Paulis

Tang et al, 
PRX Quantum  2, 
020310 (2021)



Grimsley, Economou, Barnes, Mayhall, 
Nat. Commun. 10, 3007 (2019)

BeH2
bond distance 2.39 Å

Comparing ADAPT to other operator orderings
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● ADAPT produces compact, problem-
tailored ansätze

● Shallow circuit à the landscape is 
generally too rugged

● Trainability?

● ADAPT avoids the issues associated with 
trainability by “burrowing”

● ADAPT also avoids barren plateaus 
because gradient is guaranteed to be 
large in one direction

Grimsley et al, arXiv:2204.07179

Trainability of ADAPT-VQE

16



How should the operator pool be chosen?

• We can choose it according to hardware constraints

• What are the right operators, and how many do we need? 



Minimal complete pool (MCP): smallest sized complete pool
The minimal size of complete pools is linear in the nr of qubits: 2n-2

Shkolnikov, Mayhall, Economou, Barnes, arXiv:2109.05340 

Example of min complete pool 
“G pool”

• Proof that G is complete
• Proof that 2n-2 is the minimal size of a complete pool
• Three criteria for identifying MCPs 
• Incorporating symmetries into MCPs



TETRIS-ADAPT-VQE: concept

Instead of one-at-a-time, add multiple operators at each step according to: 
• Gradient magnitude
• !th operator acting on different set of qubits from (! − #)th

Tiling Efficient Trial circuits with Rotations Implemented Simultaneously 

Anastasiou, Chen, et al, arXiv:2209.10562



H H H H H H H H H H

TETRIS-ADAPT-VQE: results

Blue: TETRIS-ADAPT
Orange: standard ADAPT Anastasiou, Chen, et al, arXiv:2209.10562



• Optimization: ADAPT-QAOA, where we use ADAPT to determine mixers

Zhu et al, PRR 4, 033029 (2022)

Chen et al, arxiv:2205.12283 

• Nuclear physics: LMG (‘Lipkin’ model), where ADAPT finds g.s. across phase transition

Romero et al, Phys. Rev. C 105, 064317 (2022)

• Spin Hamiltonians with lattice structure, small instances and scale up through ‘tiling’

Van Dyke et al, 2206.14215

• Gibbs state preparation: new, easier to measure objective function; ADAPT strategy 

reduces  resource requirements

Warren et al, arXiv: 2203.12757

Other applications of ADAPT-VQE
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Non-variational routes to quantum advantage?

Are there problems for which we know a lot about the solutions, but not everything?

Can we use what we know about the solutions to design efficient algorithms to 
figure out the parts we don’t know?



Bethe Ansatz

[Wikipedia]

H. Bethe, “Zur Theorie der 
Metalle” Z. Physik 71, 205 (1931).

Solved Heisenberg chain in 1D

Began a new subfield of mathematical physics

XXZ, Hubbard, Lieb-Liniger, Kondo, Richardson-Gaudin,…

Exact solutions of interacting many-body models

Korepin et al., Quantum Inverse Scattering Method and Correlation Functions (1993)
Takahashi, Thermodynamics of One-Dimensional Solvable Models (1999)
Essler et al., The One-Dimensional Hubbard Model (2005)

23



Quantum Advantage?

exact solution ≠ complete knowledge

Model Bethe ansatz 
wave function Bethe equations

Use solutions to calculate 
(some) physical observables

Difficult to work 
with directly

Korepin et al., Quantum Inverse Scattering Method and Correlation Functions (1993)
Takahashi, Thermodynamics of One-Dimensional Solvable Models (1999)
Essler et al., The One-Dimensional Hubbard Model (2005)
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Quantum Advantage?

exact solution ≠ complete knowledge

Model Bethe ansatz 
wave function Bethe equations

Difficult to work 
with directly

Prepare state on 
quantum computer

Korepin et al., Quantum Inverse Scattering Method and Correlation Functions (1993)
Takahashi, Thermodynamics of One-Dimensional Solvable Models (1999)
Essler et al., The One-Dimensional Hubbard Model (2005)

Directly measure 
“difficult” observables

Use solutions to calculate 
(some) physical observables
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Bethe Ansatz: XXZ chain

XXZ spin chain:
(anisotropic Heisenberg model)

<latexit sha1_base64="4HpyhqyJ6BR1bd8mz7VVUapiG94="></latexit>

HXXZ = J

LX

j=1

⇥
S
x
j S

x
j+1 + S

y
j S

y
j+1 +�S

z
j S

z
j+1

⇤
w/ periodic 
boundary conditions

<latexit sha1_base64="Mm+GrIIaQFc6Y/rCNHLa5jkeArk=">AAACLnicbVC7TgJBFJ3FF+ILtaSZSEwsDNk1Rm1MiDaUGAU2wrqZHQaYMPtw5q4Jbij8Glv8GRMLY+tHWDgLFAKeZJKTc+69c+/xIsEVmOaHkVlaXlldy67nNja3tnfyu3t1FcaSshoNRShtjygmeMBqwEEwO5KM+J5gDa9/nfqNJyYVD4M7GETM8Uk34B1OCWjJzReauOImtn0/xMf49uHZTSCEIXbwJTbdfNEsmWPgRWJNSRFNUXXzP612SGOfBUAFUappmRE4CZHAqWDDXCtWLCK0T7qsqWlAfKacZHzEEB9qpY07odQvADxW/3YkxFdq4Hu60ifQU/NeKv7rtVU6cOb35JFySWMOcztB58JJeBDFwAI6WakTCwwhTrPDbS4ZBTHQhFDJ9VWY9ogkFHTCOR2XNR/OIqmflKyzknVzWixfTYPLogI6QEfIQueojCqoimqIohf0ikbozRgZ78an8TUpzRjTnn00A+P7F+SBqC4=</latexit>

[HXXZ , S
z
tot] = 0 Consider states with fixed number of down spins
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Bethe Ansatz: XXZ chain

Solution:

Permutations of 
down spin positions

<latexit sha1_base64="GbVTyOkD1pnTeitL/ZwQwJhfWFY="></latexit>

 (x1, . . . , xM ) =
X

P

AP exp

2

4i
MX

j=1

kPjxj

3

5 <latexit sha1_base64="iKHAgsPUihgAdJTVRU+Ja9K6LBs="></latexit>

AP = e�i⇥↵,�e�i⇥�,� · · · e�i⇥",⇣

Phases from transpositions defining P

27

<latexit sha1_base64="Zl+K5VkaucJrAdwE3fHbxui4THg="></latexit>

| Bi =
X

x1<x2<···
 (x1, x2, . . . )|" · · ·#x2 · · ·" · · ·#x1 · · ·"i

<latexit sha1_base64="fTaoAls+ZbjqfZGL6LhvnLXKPJk=">AAACFnicbVDNTgIxGOziH+If6tFLIzHxRHaJURMvRC8eMXGBBDak2y1Q6XbX9lsTsuEZvOLLeDNevfouHuzCHgScpMlk5vva6fix4Bps+9sqrK1vbG4Vt0s7u3v7B+XDo6aOEkWZSyMRqbZPNBNcMhc4CNaOFSOhL1jLH91lfuuFKc0j+QjjmHkhGUje55SAkdzuzaj31CtX7Ko9A14lTk4qKEejV/7pBhFNQiaBCqJ1x7Fj8FKigFPBJqVuollM6IgMWMdQSUKmvXQWdoLPjBLgfqTMkYBn6t+NlIRaj0PfTIYEhnrZy8R/vUBnFy68nj5TrmjCYSkT9K+9lMs4ASbpPFI/ERginHWEA64YBTE2hFDFza8wHRJFKJgmS6YuZ7mcVdKsVZ3Lau3holK/zYsrohN0is6Rg65QHd2jBnIRRRy9oil6s6bWu/Vhfc5HC1a+c4wWYH39AmA/oFo=</latexit>

kj values determined from Bethe equations:



Bethe Ansatz State Preparation

Goal: Design an algorithm to prepare XXZ chain eigenstates

<latexit sha1_base64="GbVTyOkD1pnTeitL/ZwQwJhfWFY="></latexit>

 (x1, . . . , xM ) =
X

P

AP exp

2

4i
MX

j=1

kPjxj

3

5

<latexit sha1_base64="Zl+K5VkaucJrAdwE3fHbxui4THg="></latexit>

| Bi =
X

x1<x2<···
 (x1, x2, . . . )|" · · ·#x2 · · ·" · · ·#x1 · · ·"i

Linear Combination of Unitaries Childs & Wiebe, QIC 12, 901 (2012)
Berry et al., PRL 114 090502 (2015)

• Van Dyke, et al., PRX Quantum 2, 040329 (2021)
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Linear Combination of Unitaries

29

Want to implement a sum of unitary operations:
<latexit sha1_base64="KnO+mQtYlhicHf/OCNoPbDM2SOU=">AAACG3icbVDLSgMxFM3UV62vqktBgkVwVWZE1I1QdOOygn1ApwyZzG2bNvMguSOUoTt/wx9wq3/gTty68Af8DtPHQlsPhBzOuY/k+IkUGm37y8otLa+sruXXCxubW9s7xd29uo5TxaHGYxmrps80SBFBDQVKaCYKWOhLaPiDm7HfeAClRRzd4zCBdsi6kegIztBIXvHQRSEDyGojekVdnYZen7o+IDN33et7xZJdtiegi8SZkRKZoeoVv90g5mkIEXLJtG45doLtjCkUXMKo4KYaEsYHrAstQyMWgm5nk3+M6LFRAtqJlTkR0on6uyNjodbD0DeVIcOenvfG4r9eoMcD57Zj57KdiShJESI+Xd5JJcWYjoOigVDAUQ4NYVwJ837Ke0wxjibOggnGmY9hkdRPy8552b47K1WuZxHlyQE5IifEIRekQm5JldQIJ4/kmbyQV+vJerPerY9pac6a9eyTP7A+fwDy+aEr</latexit>

Ũ =
X

j

�jVj

Idea: execute individual terms using an ancilla register:

<latexit sha1_base64="ZNFBylbaipTKoyLnWx1ZemDTcz8="></latexit>

select(V )|ji| i = |jiVj | i

Prepare ancilla in a superposition
<latexit sha1_base64="3bw5ayMMBL3jMDROlNQdKfvli4E="></latexit>

B|0i = 1p
s

X

j

p
�j |ji

<latexit sha1_base64="QJJnZolR2dUuepVy7p1agUxPlgE=">AAACD3icbVDLSsNAFJ3UV62vWJduBovgqiQi6kYounFZwT6gDWEymbTTzkzCzEQsoR/hD7jVP3Anbv0Ef8DvcNJmoa0HLhzOuS9OkDCqtON8WaWV1bX1jfJmZWt7Z3fP3q+2VZxKTFo4ZrHsBkgRRgVpaaoZ6SaSIB4w0gnGN7nfeSBS0Vjc60lCPI4GgkYUI20k364qeAX7KuX+CPYDopE/8u2aU3dmgMvELUgNFGj69nc/jHHKidCYIaV6rpNoL0NSU8zItNJPFUkQHqMB6RkqECfKy2a/T+GxUUIYxdKU0HCm/p7IEFdqwgPTyZEeqkUvF//1QpUvXLiuo0svoyJJNRF4fjxKGdQxzMOBIZUEazYxBGFJzf8QD5FEWJsIKyYYdzGGZdI+rbvndefurNa4LiIqg0NwBE6ACy5AA9yCJmgBDB7BM3gBr9aT9Wa9Wx/z1pJVzByAP7A+fwCN85ws</latexit>

s =
X

j

�j,
Childs & Wiebe, Quant. Info. & Comp. 12 901 (2012)
D. W. Berry et al., Phys. Rev. Lett. 114 090502 (2015)



Linear Combination of Unitaries

30

Defining
<latexit sha1_base64="BU1M3bYIp8KJXDJKqgmD+k7kr3Y="></latexit>

W = (B† ⌦ 1)select(V )(B ⌦ 1)

<latexit sha1_base64="SEwkWqQbJ0lB5OdGG0Jp1B/0F3s="></latexit>

W |0i| i = 1

s
|0iŨ | i+

r
1� 1

s2
|�i|junki

<latexit sha1_base64="0OaPVGrB+SCjN8JnVyHBtTmqoFo=">AAACGXicbVDLSsNAFL3xWesr6lIXg0VwVRIRdSMU3bisYB/QhDKZTNuhk0mYmQglduNv+ANu9Q/ciVtX/oDf4aTNQlsPXDicc+/cuSdIOFPacb6shcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxhe537rnkrFYnGnRwn1I9wXrMcI1kbq2gcex6LPKXLQA/LqA4Y8ORUukdO1K07VmQDNE7cgFShQ79rfXhiTNKJCE46V6rhOov0MS80Ip+OylyqaYDLEfdoxVOCIKj+bXDFGR0YJUS+WpoRGE/X3RIYjpUZRYDojrAdq1svFf71Q5Q/ObNe9Cz9jIkk1FWS6vJdypGOUx4RCJinRfGQIJpKZ/yMywBITbcIsm2Dc2RjmSfOk6p5VndvTSu2qiKgE+3AIx+DCOdTgBurQAAKP8Awv8Go9WW/Wu/UxbV2wipk9+APr8weXs58/</latexit>

h0|�i = 0

If measure       , then success
<latexit sha1_base64="4Z8nRm704bahejgJGWE3fSecMPA=">AAACBnicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMlk0g6dzISZiVBi9/6AW/0Dd+LW3/AH/A4nbRbaeuDC4Zz74gQJZ9q47pdTWlldW98ob1a2tnd296r7B20tU0Voi0guVTfAmnImaMsww2k3URTHAaedYHyT+50HqjST4t5MEurHeChYxAg2Vuo9Ihf1FRZDTgfVmlt3Z0DLxCtIDQo0B9XvfihJGlNhCMda9zw3MX6GlWGE02mln2qaYDLGQ9qzVOCYaj+bvTxFJ1YJUSSVLWHQTP09keFY60kc2M4Ym5Fe9HLxXy/U+cKF6ya68jMmktRQQebHo5QjI1GeCQqZosTwiSWYKGb/R2SEFSbGJlexwXiLMSyT9lndu6i7d+e1xnURURmO4BhOwYNLaMAtNKEFBCQ8wwu8Ok/Om/PufMxbS04xcwh/4Hz+AOJ2mSs=</latexit>

|0i

Childs & Wiebe, Quant. Info. & Comp. 12 901 (2012)
D. W. Berry et al., Phys. Rev. Lett. 114 090502 (2015)



<latexit sha1_base64="U5lfdk81h4nubHjwDQ4FsKYTNQw="></latexit>

M !( L
M )

<latexit sha1_base64="LPBxq1t1wfA4JM5knPMBjXw8/5M=">AAACHnicbVDLSgMxFM34rPVVdekmWgRXZaaIuiy6cSNUsA9oh5LJZNrQTGaa3BHK0O9wW3/GnbjVf3Fhpp2FbT0QOJxzb3JyvFhwDbb9ba2tb2xubRd2irt7+weHpaPjpo4SRVmDRiJSbY9oJrhkDeAgWDtWjISeYC1veJ/5rRemNI/kM4xj5oakL3nAKQEjud14QCREYVqZPJ71SmW7Ys+AV4mTkzLKUe+Vfrp+RJOQSaCCaN1x7BjclCjgVLBJsZtoFhM6JH3WMVSSkGk3nYWe4Auj+DiIlDkS8Ez9u5GSUOtx6JnJkMBAL3uZ+K/n6+zChdfTEeWKJhyWMkFw66ZcxgkwSeeRgkRgiHDWFfa5YhTE2BBCFTe/wnRAFKFgGi2aupzlclZJs1pxrivVp6ty7S4vroBO0Tm6RA66QTX0gOqogSgaoVc0RW/W1Hq3PqzP+eiale+coAVYX7/e4KPG</latexit>

M !

Bethe Ansatz Algorithm

Highlight two aspects:

<latexit sha1_base64="GbVTyOkD1pnTeitL/ZwQwJhfWFY="></latexit>

 (x1, . . . , xM ) =
X

P

AP exp

2

4i
MX

j=1

kPjxj

3

5

1. Implementing the AP factors

# of controlled phases:
(naïve)

<latexit sha1_base64="fhc5VWBpsXDBqzhN0TzY0+OdBDQ=">AAACF3icbVC7TsMwFHV4lvIqMLJYVEhlqZKCgLGChQVRJPqQ2lA5jtOaOg/sG6Qq6j+wlp9hQ6yM/AsDTpuBthzJ0tE599rHx4kEV2Ca38bS8srq2npuI7+5tb2zW9jbb6gwlpTVaShC2XKIYoIHrA4cBGtFkhHfEazpDK5Tv/nCpOJh8ADDiNk+6QXc45SAlhp3pdvH05NuoWiWzQnwIrEyUkQZat3CT8cNaeyzAKggSrUtMwI7IRI4FWyU78SKRYQOSI+1NQ2Iz5SdTNKO8LFWXOyFUp8A8ET9u5EQX6mh7+hJn0BfzXup+K/nqvTCmdeTZ8oljTnMZQLv0k54EMXAAjqN5MUCQ4jTkrDLJaMghpoQKrn+FaZ9IgkFXWVe12XNl7NIGpWydV6u3J8Vq1dZcTl0iI5QCVnoAlXRDaqhOqLoCb2iMXozxsa78WF8TkeXjGznAM3A+PoFBKqgFw==</latexit>

O(M3)
(our method)

2. Implementing the              factors

# of controlled phases:

<latexit sha1_base64="X8EPUMoc5DbFdsn8qsTo76hUmB8=">AAACGHicbVC7TsMwFHXKq5RXgZHFokJiqpIKAWMFC2OR6ENqQ+U4N61Vxwm2g6iifgRr+Rk2xMrGvzDgtBloy5EsHZ1zr318vJgzpW372yqsrW9sbhW3Szu7e/sH5cOjlooSSaFJIx7JjkcUcCagqZnm0IklkNDj0PZGt5nffgapWCQe9DgGNyQDwQJGiTZSGx5TNnqZ9MsVu2rPgFeJk5MKytHol396fkSTEISmnCjVdexYuymRmlEOk1IvURATOiID6BoqSAjKTWdxJ/jMKD4OImmO0Him/t1ISajUOPTMZEj0UC17mfiv56vswoXX0yfKJE2YXsqkg2s3ZSJONAg6jxQkHOsIZy1hn0mgmo8NIVQy8ytMh0QSqk2XJVOXs1zOKmnVqs5ltXZ/Uanf5MUV0Qk6RefIQVeoju5QAzURRSP0iqbozZpa79aH9TkfLVj5zjFagPX1C8Kmoao=</latexit>

eikx

(naïve)

<latexit sha1_base64="uXqCpt/CyVJMop70fDWplm9Kjno=">AAACJXicbVDLTgIxFO3gC/E14tLNRGKCGzJDjLokunGhERN5JDCSTinQ0OmM7R0jmfArbvFn3BkTV/6ICzswCwFP0uTknHvb0+OFnCmw7S8js7K6tr6R3cxtbe/s7pn7+boKIklojQQ8kE0PK8qZoDVgwGkzlBT7HqcNb3iV+I1nKhULxAOMQur6uC9YjxEMWuqY+XY4wAICPy6N74q3j+Wbk45ZsEv2FNYycVJSQCmqHfOn3Q1I5FMBhGOlWo4dghtjCYxwOs61I0VDTIa4T1uaCuxT5cbT7GPrWCtdqxdIfQRYU/XvRox9pUa+pyd9DAO16CXiv15XJRfOvR4/ESZJxGAhE/Qu3JiJMAIqyCxSL+IWBFZSmdVlkhLgI00wkUz/yiIDLDEBXWxO1+UslrNM6uWSc1Yq358WKpdpcVl0iI5QETnoHFXQNaqiGiLoBb2iCXozJsa78WF8zkYzRrpzgOZgfP8CeKClhA==</latexit>

O(M2
L)

(our method)
31



Bethe State Preparation

32

<latexit sha1_base64="GbVTyOkD1pnTeitL/ZwQwJhfWFY="></latexit>

 (x1, . . . , xM ) =
X

P

AP exp

2

4i
MX

j=1

kPjxj

3

5

<latexit sha1_base64="Zl+K5VkaucJrAdwE3fHbxui4THg="></latexit>

| Bi =
X

x1<x2<···
 (x1, x2, . . . )|" · · ·#x2 · · ·" · · ·#x1 · · ·"i

Full Quantum Register:

work qubit permutation label
[M2 qubits]

system subregister
[L qubits]

<latexit sha1_base64="byAkPar5UZhS/ZutpTp6dCoLAUM="></latexit>

| i = |wi| · · · if | · · · ip| · · · is

“faucet” ancillas
[M qubits]



Quantum Algorithm

33

1. Prepare the Dicke state 

2. Construct the permutation label while generating the phases

3. Apply site-dependent phases using the “faucet” method

4. Invert the permutation label (without phases)

5. Measure the permutation label, with success on finding

<latexit sha1_base64="J+/D+v/h28MBwZV6sxWz35OBZYQ=">AAACInicbVDLSsNAFJ34rPXRqEs3wSK4kJKIqMuiLlwoVLAPaEOYTKbt0MkkztwIJfZL3NafcSeuBD/FhZM2C9t6YOBwzr0zZ44fc6bAtr+MpeWV1bX1wkZxc2t7p2Tu7jVUlEhC6yTikWz5WFHOBK0DA05bsaQ49Dlt+oPrzG8+U6lYJB5hGFM3xD3Buoxg0JJnll5uvPTu5H7UkVj0OPXMsl2xJ7AWiZOTMspR88yfThCRJKQCCMdKtR07BjfFEhjhdFTsJIrGmAxwj7Y1FTikyk0nwUfWkVYCqxtJfQRYE/XvRopDpYahrydDDH0172Xiv16gsgtnXk+fCJMkYTCXCbqXbspEnAAVZBqpm3ALIivrywqYpAT4UBNMJNO/skgfS0xAt1rUdTnz5SySxmnFOa84D2fl6lVeXAEdoEN0jBx0garoFtVQHRGUoFc0Rm/G2Hg3PozP6eiSke/soxkY378ALaTU</latexit>

|DL,M i
<latexit sha1_base64="NOp8WRTndJcGDBJ28TpWoscs13A=">AAACFHicbVC7TsMwFL3hWcqrwMhiUSExVQlCwFhgYSyCPqQ2qhzHba06D+wbpCrqJ7CWn2FDrOz8CwNOm4G2HMnS0Tnn2tfHi6XQaNvf1srq2vrGZmGruL2zu7dfOjhs6ChRjNdZJCPV8qjmUoS8jgIlb8WK08CTvOkN7zK/+cKVFlH4hKOYuwHth6InGEUjPd50a91S2a7YU5Bl4uSkDDlM/qfjRywJeIhMUq3bjh2jm1KFgkk+LnYSzWPKhrTP24aGNODaTaerjsmpUXzSi5Q5IZKp+ncipYHWo8AzyYDiQC96mfiv5+vswrnX02cmFEsELuyEvWs3FWGcIA/ZbKVeIglGJGuI+EJxhnJkCGVKmF8RNqCKMjQ9Fk1dzmI5y6RxXnEuK87DRbl6mxdXgGM4gTNw4AqqcA81qAODPrzCBN6sifVufVifs+iKlc8cwRysr1+jWp9q</latexit>

AP

<latexit sha1_base64="T6YwROx098/aIBRKuKEvpfX3Nxc=">AAACJ3icbVC7TsMwFHXKq5RXeGwsFhUSU5UgBIwVLIxFog+pjSrHcVurjhPsG6QS+i+s5WfYEIz8BwNOm4G2HMnS0Tn32sfHjwXX4DhfVmFldW19o7hZ2tre2d2z9w8aOkoUZXUaiUi1fKKZ4JLVgYNgrVgxEvqCNf3hbeY3n5jSPJIPMIqZF5K+5D1OCRipax+9OA7u0CACjQ1RRPYF69plp+JMgZeJm5MyylHr2j+dIKJJyCRQQbRuu04MXkoUcCrYuNRJNIsJHZI+axsqSci0l07Tj/GpUQLci5Q5EvBU/buRklDrUeibyZDAQC96mfivF+jswrnX00fKFU04LGSC3rWXchknwCSdReolAkOEs9JwwBWjIEaGEKq4+RWmA6IIBVNtydTlLpazTBrnFfey4t5flKs3eXFFdIxO0Bly0RWqojtUQ3VE0TN6RRP0Zk2sd+vD+pyNFqx85xDNwfr+BY1upg8=</latexit>

|00 · · · 0i

Bethe state preparation algorithm:

<latexit sha1_base64="GbVTyOkD1pnTeitL/ZwQwJhfWFY="></latexit>

 (x1, . . . , xM ) =
X

P

AP exp

2

4i
MX

j=1

kPjxj

3

5



Step 1: Dicke States

34

Dicke state = Equal superposition of all states on 
L sites with M down spins

<latexit sha1_base64="J+/D+v/h28MBwZV6sxWz35OBZYQ=">AAACInicbVDLSsNAFJ34rPXRqEs3wSK4kJKIqMuiLlwoVLAPaEOYTKbt0MkkztwIJfZL3NafcSeuBD/FhZM2C9t6YOBwzr0zZ44fc6bAtr+MpeWV1bX1wkZxc2t7p2Tu7jVUlEhC6yTikWz5WFHOBK0DA05bsaQ49Dlt+oPrzG8+U6lYJB5hGFM3xD3Buoxg0JJnll5uvPTu5H7UkVj0OPXMsl2xJ7AWiZOTMspR88yfThCRJKQCCMdKtR07BjfFEhjhdFTsJIrGmAxwj7Y1FTikyk0nwUfWkVYCqxtJfQRYE/XvRopDpYahrydDDH0172Xiv16gsgtnXk+fCJMkYTCXCbqXbspEnAAVZBqpm3ALIivrywqYpAT4UBNMJNO/skgfS0xAt1rUdTnz5SySxmnFOa84D2fl6lVeXAEdoEN0jBx0garoFtVQHRGUoFc0Rm/G2Hg3PozP6eiSke/soxkY378ALaTU</latexit>

|DL,M i

<latexit sha1_base64="PPNg+Rt2XwoY8ovgVgFg+vYmaA4="></latexit>

|D4,2i =
1p
6

h
|" " # #i+ |" # " #i+ |" # # "i+ |# " " #i+ |# " # "i+ |# # " "i

i

• Bärtschi & Eidenbenz (2019): deterministic algorithm, O(LM)

• Mukherjee et al. (2020): improved gate count

Dicke state preparation:



Step 2: Permutation Labels

35

<latexit sha1_base64="GbVTyOkD1pnTeitL/ZwQwJhfWFY="></latexit>

 (x1, . . . , xM ) =
X

P

AP exp

2

4i
MX

j=1

kPjxj

3

5

Need to sum on permutations

How to label the different permutations?

M=3:

Group 
Elements
()
(1,2)
(2,3)
(1,3)
(1,2,3)
(1,3,2)



Step 2: Permutation Labels

36

<latexit sha1_base64="GbVTyOkD1pnTeitL/ZwQwJhfWFY="></latexit>

 (x1, . . . , xM ) =
X

P

AP exp

2

4i
MX

j=1

kPjxj

3

5

Need to sum on permutations

Group 
Elements

Simple Counter

() |1>
(1,2) |2>
(2,3) |3>
(1,3) |4>
(1,2,3) |5>
(1,3,2) |6>

How to label the different permutations?

M=3:



Step 2: Permutation Labels

37

<latexit sha1_base64="GbVTyOkD1pnTeitL/ZwQwJhfWFY="></latexit>

 (x1, . . . , xM ) =
X

P

AP exp

2

4i
MX

j=1

kPjxj

3

5

Need to sum on permutations

Group
Elements

Simple Counter Explicit Representation

() |1> |1>|2>|3>
(1,2) |2> |2>|1>|3>
(2,3) |3> |1>|3>|2>
(1,3) |4> |3>|2>|1>
(1,2,3) |5> |3>|1>|2>
(1,3,2) |6> |2>|3>|1>

How to label the different permutations?

M=3:



Step 2: Permutation Labels

38

Represent each down spin 
using a one-hot encoding

Need three “slots” to express the action of a 
given permutation on the down spin labels

Implement permutations on the labels 
using “partial SWAP” operations

<latexit sha1_base64="St0bN743NMNPVwH5U8NQfBFC3D0="></latexit>

A(✓,�) =

0

BB@

1 0 0 0
0 cos(✓) ei� sin(✓) 0
0 e�i� sin(✓) � cos(✓) 0
0 0 0 1

1

CCA

Produces a superposition of “SWAP” + “no SWAP”

<latexit sha1_base64="Hl7aeaAxtxNyW9iBZShMGep2PIA="></latexit>

|10i ! � cos(✓)|10i+ ei� sin(✓)|01i

<latexit sha1_base64="RYoVFGG6xXtltLsFzxORtzYt3A0=">AAACQnichVC7TsMwFHV4lvIKMLJYVEhMJUEIGCtYGItEH1IbVY7jtlYdJ9g3SFXoZ/A1rOUj+AU2xNoBp81AWySOZOn4nHvte48fC67BcT6sldW19Y3NwlZxe2d3b98+OKzrKFGU1WgkItX0iWaCS1YDDoI1Y8VI6AvW8Ad3md94ZkrzSD7CMGZeSHqSdzklYKSOff7SpkEEGrcVkT3B8D/3jl1yys4UeJm4OSmhHNWOPWkHEU1CJoEKonXLdWLwUqKAU8FGxXaiWUzogPRYy1BJQqa9dLrYCJ8aJcDdSJkjAU/V3x0pCbUehr6pDAn09aKXiX96gc4enPs9faJc0YTDwkzQvfFSLuMEmKSzkbqJwBDhLE8ccMUoiKEhhCputsK0TxShYFIvmrjcxXCWSf2i7F6V3YfLUuU2D66AjtEJOkMuukYVdI+qqIYoekVvaIzerbH1aX1Z37PSFSvvOUJzsCY/z/+yYQ==</latexit>

| · · · i| · · · i| · · · i
<latexit sha1_base64="9SpBtwblz0C6MuY/7vB24VVAZi0=">AAACL3icbVDLTgIxFO3gC/GFutRFIzFxRWaMUZdENy4xkUfCENIpF2jodIa2Q0IGNn6NW/wZ48a49R9c2IExEfAkTU7Ouff23uOFnClt2+9WZm19Y3Mru53b2d3bP8gfHlVVEEkKFRrwQNY9ooAzARXNNId6KIH4Hoea179P/NoQpGKBeNKjEJo+6QrWYZRoI7Xyp2PbdlxJRJcDdmEQsSEe/wqtfMEu2jPgVeKkpIBSlFv5b7cd0MgHoSknSjUcO9TNmEjNKIdJzo0UhIT2SRcahgrig2rGsysm+NwobdwJpHlC45n6tyMmvlIj3zOVPtE9tewl4r9eWyUDF36PB5RJGjG9tJPu3DZjJsJIg6DzlToRxzrASXi4zSRQzUeGECqZuQrTHpGEahNxzsTlLIezSqqXRee66DxeFUp3aXBZdILO0AVy0A0qoQdURhVE0TN6QVP0ak2tN+vD+pyXZqy05xgtwPr6AcZXqc8=</latexit>

|001i ⌘ |1i1:
<latexit sha1_base64="v+dYWTmbL/2ApmwxfHNok/z2qrQ=">AAACL3icbVDLTgIxFO3gC/GFutRFIzFxRWaIUZdENy4xkUfCENIpF2jodIa2Q0IGNn6NW/wZ48a49R9c2IFZCHiSJifn3Ht77/FCzpS27Q8rs7G5tb2T3c3t7R8cHuWPT2oqiCSFKg14IBseUcCZgKpmmkMjlEB8j0PdGzwkfn0EUrFAPOtxCC2f9ATrMkq0kdr584nt2K4koscBuzCM2AhPSqnQzhfsoj0HXidOSgooRaWd/3E7AY18EJpyolTTsUPdionUjHKY5txIQUjogPSgaaggPqhWPL9iii+N0sHdQJonNJ6rfzti4is19j1T6RPdV6teIv7rdVQycOn3eEiZpBHTKzvp7l0rZiKMNAi6WKkbcawDnISHO0wC1XxsCKGSmasw7RNJqDYR50xczmo466RWKjo3RefpulC+T4PLojN0ga6Qg25RGT2iCqoiil7QK5qhN2tmvVuf1teiNGOlPadoCdb3L8gNqdA=</latexit>

|010i ⌘ |2i2:
<latexit sha1_base64="K6lNJMw90I2wAnc706RzjVAJzJk=">AAACL3icbVDLTgIxFO3gC/GFutRFIzFxRWbUqEuiG5eYyCNhJqRTLtDQ6Qxth4QMbPwat/gzxo1x6z+4sMAsBDxJk5Nz7r299/gRZ0rb9oeVWVvf2NzKbud2dvf2D/KHR1UVxpJChYY8lHWfKOBMQEUzzaEeSSCBz6Hm9x6mfm0AUrFQPOthBF5AOoK1GSXaSM386cixbVcS0eGAXejHbIBHV6nQzBfsoj0DXiVOSgooRbmZ/3FbIY0DEJpyolTDsSPtJURqRjmMc26sICK0RzrQMFSQAJSXzK4Y43OjtHA7lOYJjWfq346EBEoNA99UBkR31bI3Ff/1Wmo6cOH3pE+ZpDHTSzvp9p2XMBHFGgSdr9SOOdYhnoaHW0wC1XxoCKGSmasw7RJJqDYR50xcznI4q6R6WXRuis7TdaF0nwaXRSfoDF0gB92iEnpEZVRBFL2gVzRBb9bEerc+ra95acZKe47RAqzvX8nDqdE=</latexit>

|100i ⌘ |3i3:

Barkoutsos et al., Phys. Rev. A 98 (2018)
Gard et al., npj Quant. Info. 6 (2020)
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Construct the label iteratively by SWAPs on the different slots 
<latexit sha1_base64="HgLOgasR7ZjTaDXJ40JYYfWBAfs=">AAACMHicbZDLSsNAFIYnXmu9RV2KMFgEVyURUZdFNy4r2Au0oUwm03boZBJnToQSu/Jp3NaX0ZW49RlcOGmz6MUDAx//ucw5vx8LrsFxPq2V1bX1jc3CVnF7Z3dv3z44rOsoUZTVaCQi1fSJZoJLVgMOgjVjxUjoC9bwB3dZvvHMlOaRfIRhzLyQ9CTvckrASB375MVpKyJ7guEZcnPq2CWn7EwCL4ObQwnlUe3Yv+0goknIJFBBtG65TgxeShRwKtio2E40iwkdkB5rGZQkZNpLJ2eM8JlRAtyNlHkS8ESd7UhJqPUw9E1lSKCvF3OZ+G8u0NnAud/TJ8oVTTgs7ATdGy/lMk6ASTpdqZsIDBHO3MMBV4yCGBogVHFzFaZ9oggF43HR2OUumrMM9Yuye1V2Hy5LldvcuAI6RqfoHLnoGlXQPaqiGqLoFb2hMXq3xtaH9WV9T0tXrLznCM2F9fMHACmqcw==</latexit>

|0i|0i|1i

<latexit sha1_base64="O37/mmlZTsU2pZRaN2mUjjGhiVk=">AAACMHicbZDLSsNAFIYnXmu9RV2KMFgEVyUpoi6LblxWsBdoQ5lMTtuhk0mcmQgl7cqncVtfRlfi1mdw4bQNYlsPDHz85zLn/H7MmdKO826trK6tb2zmtvLbO7t7+/bBYU1FiaRQpRGPZMMnCjgTUNVMc2jEEkjoc6j7/dtJvv4EUrFIPOhBDF5IuoJ1GCXaSG37ZOi0JBFdDnhY+iU3o7ZdcIrONPAyuBkUUBaVtv3dCiKahCA05USppuvE2kuJ1IxyGOVbiYKY0D7pQtOgICEoL52eMcJnRglwJ5LmCY2n6t+OlIRKDULfVIZE99RibiL+mwvUZODc7+kjZZImTC/spDvXXspEnGgQdLZSJ+FYR3jiHg6YBKr5wAChkpmrMO0RSag2HueNXe6iOctQKxXdy6J7f1Eo32TG5dAxOkXnyEVXqIzuUAVVEUXP6AWN0as1tt6sD+tzVrpiZT1HaC6srx8Dp6p1</latexit>

|0i|2i|1i

<latexit sha1_base64="4BU5czlUH6KJ/LGY+14IBqN9+gM=">AAACUHicbVHLSgMxFL1TX7W+Rl26CRZBEMqMiLoRim5cVrAPaIeSyaRtaCYzJhmhTPs1fo3buvJPXAiavqQPL4QczjlJ7j3xY86UdpxPK7O2vrG5ld3O7ezu7R/Yh0cVFSWS0DKJeCRrPlaUM0HLmmlOa7GkOPQ5rfrdh5FefaVSsUg8615MvRC3BWsxgrWhmvZd32lILNqcov7lH3Jn6ALN6e6Ks2nnnYIzLrQK3CnIw7RKTfu7EUQkCanQhGOl6q4Tay/FUjPC6SDXSBSNMeniNq0bKHBIlZeOxxygM8MEqBVJs4RGY3b+RIpDpXqhb5wh1h21rI3If7VAjS5ceD19IUyShOmlnnTr1kuZiBNNBZm01Eo40hEapYsCJinRvGcAJpKZqRDpYImJNn+QM3G5y+Gsgsplwb0uuE9X+eL9NLgsnMApnIMLN1CERyhBGQi8wTsM4cMaWl/WT8aaWGc7HMNCZXK/WuW06A==</latexit>

|0i|2i|1i+ |0i|1i|2i

<latexit sha1_base64="YJjFobU1iknt6ozLCq2kpU9omO0=">AAACUHicbVHLSgMxFL1TX3V8VV26CRZBEMpMFXUjFN24rGAf0A4lk6ZtaCYzJhmhTPs1fo3buvJPXAiavqQPL4QczjlJ7j3xI86UdpxPK7W2vrG5ld62d3b39g8yh0dlFcaS0BIJeSirPlaUM0FLmmlOq5GkOPA5rfjdh5FeeaVSsVA8615EvQC3BWsxgrWhGpm7/mVdYtHmFPXzf8idoQs0p7srzkYm6+SccaFV4E5BFqZVbGS+682QxAEVmnCsVM11Iu0lWGpGOB3Y9VjRCJMubtOagQIHVHnJeMwBOjNME7VCaZbQaMzOn0hwoFQv8I0zwLqjlrUR+a/WVKMLF15PXgiTJGZ6qSfduvUSJqJYU0EmLbVijnSIRumiJpOUaN4zABPJzFSIdLDERJs/sE1c7nI4q6Ccz7nXOffpKlu4nwaXhhM4hXNw4QYK8AhFKAGBN3iHIXxYQ+vL+klZE+tsh2NYqJT9C2X7tO4=</latexit>

|3i|2i|1i+ |3i|1i|2i

<latexit sha1_base64="KSYMP5K4nlrmdj7EqNyjc64qB14=">AAACkHicbVFbT8IwFO7mDfA24dGXRmJiQkI2NcqbqC/GJ0zkksBCulKgoetm25mQwQ/12b/hgx2gGYyTNPnyXXpOT72QUals+8swd3b39g9y+cLh0fHJqXVWbMkgEpg0ccAC0fGQJIxy0lRUMdIJBUG+x0jbmzwnevuTCEkD/q6mIXF9NOJ0SDFSmupb89lNTyA+YgTOrv+R84cqMKU7WWclndrirKRT2U59q2xX7UXBLHBWoAxW1ehbP71BgCOfcIUZkrLr2KFyYyQUxYzMC71IkhDhCRqRroYc+US68WJNc3ipmQEcBkIfruCCTSdi5Es59T3t9JEay00tIbdqA5lcuNY9/sBU4IiqjZnUsObGlIeRIhwvRxpGDKoAJr8DB1QQrNhUA4QF1a+CeIwEwkr/YUGvy9lcTha0rqvOXdV5uy3Xn1aLy4FzcAGugAPuQR28gAZoAgy+jbxRNEpm0ayZD+bj0moaq0wJrJX5+gvAQ8fc</latexit>

|3i|2i|1i+ |3i|1i|2i+ |2i|3i|1i+ |1i|3i|2i

<latexit sha1_base64="qBtzsSHsw/Ks/DWZKbJCvGff7XU="></latexit>

|3i|2i|1i+ |3i|1i|2i+ |2i|3i|1i+ |2i|1i|3i+ |1i|3i|2i+ |1i|2i|3i
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The explicit circuit for M = 3 is shown in Fig. 1, where
the gates inside the red dashed rectangles are excluded at
this point. Furthermore, gates acting on distinct qubits are
pushed to the left, thereby reducing the circuit depth. This
produces a different sequence of intermediate states than
above, but the final state is the same.

A slight modification of the above procedure allows one
to simultaneously apply the phases AP to the appropriate
terms in the superposition. After each partial subregis-
ter swap, one applies a controlled-phase gate with angle
!(ki, kj ) + π , where i, j are the integer values that are
swapped and where the additional phase π implements
the signature of the permutation (red dashed rectangles in
Fig. 1). Suppose, as in Eq. (7), that the value (k + 1) is
swapped to the right. Then the (k + 1)th qubit of the right
subregister can serve as the target qubit in the required
controlled phase. Since the left subregister can store any
value m < k + 1, a separate controlled phase is used for
each possibility, where the control bits are given by the
values m. This leads to a total of M 3/3 − M 2/2 + M/6
controlled-phase gates for this part of the algorithm.

By the end of the construction, the phases AP have
been applied to the corresponding permutation-label state,
having been successively built up from the elementary
transpositions of which they are composed. The explicit
circuit for M = 3 is displayed in Fig. 1, where now the
gates in the red dashed rectangles are included, in order to
produce the phases AP. At this point in the construction,
the total state of the physical system and the permutation
label is

(
1√
M !

∑

P

AP ⊗1
j =M |Pj 〉p

)
∣∣DL,M

〉
s , (9)

where |· · ·〉p is a state of the permutation-label qubits and
|· · ·〉s is a state of the system qubits.

In the next step, one applies the position-dependent
phase factors eikPj xj to the relevant basis states on the sys-
tem qubits (step 3 of Algorithm 1). To do this, we introduce
an efficient method that acts on all the

(
L
M
)

basis states
in
∣∣DL,M

〉
simultaneously, yielding an enormous speed-up

over classical approaches. The technique, which we call
the “faucet” method, is based on the observation that the
positions xj take integer values xj = 0, . . . , L − 1, so that
the total phase eikPj xj can be produced by xj repetitions of
the phase eikPj .

For this part of the algorithm, we use the M additional
ancilla qubits comprising the faucet register. Each of these
new qubits is initialized to |1〉. In the outer loop of the
faucet subroutine, one traverses the register of the system
qubits site by site from x = 0 to x = L − 1. At each site, if
it is occupied by a down spin (i.e., the bit is 1), one turns
off the next faucet ancilla qubit, |1〉 → |0〉. This is achieved
through a sequence of multicontrolled X gates, which are
controlled on the previous ancilla being in the state |0〉 and
the next one being in the state |1〉, along with the additional
control that the current system site is a |1〉. Since the mean-
ing of the “next faucet ancilla” at a given site depends on
the bit string, one must generically apply a multicontrolled
X gate for each ancilla at every step. We note that one can
decrease the number of gates for sites near the edges of
the chain. For instance, at site 2 at most two faucets could
have been turned off, so that the later ones do not need to
be checked.

Next, the phases eikPj (j = 1, . . . , M ) are applied to the
system qubits, each being controlled on the state of one of
the faucet ancillas. For the j th ancilla, this gate is also con-
trolled on the state of the permutation-label subregister j
(since the value of kPj is permutation dependent). By the

Rz Ry

Rz Ry

Rz Ry

Ry Rz

Ry Rz

Ry Rz

FIG. 1. The circuit to prepare the permutation-label ancilla state for M = 3. When the gates inside the red dashed rectangles are
excluded, the circuit realizes the equally weighted superposition encoding the permutations of three objects. With these gates included,
the circuit applies the additional permutation-dependent phases AP. The three subregisters are indicated by shading and the initial state
of each qubit is |0〉. The alternating CNOT gates interleaved with Ry and Rz rotations realize the ASWAP gates.
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<latexit sha1_base64="E674TigRWF6jsclr+JdeVNwXTJc="></latexit>

AP = (�1)se�i⇥↵� · · · e�i⇥��Generate the on the fly while swapping labels

<latexit sha1_base64="GbVTyOkD1pnTeitL/ZwQwJhfWFY="></latexit>

 (x1, . . . , xM ) =
X

P

AP exp

2

4i
MX

j=1

kPjxj

3

5
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The explicit circuit for M = 3 is shown in Fig. 1, where
the gates inside the red dashed rectangles are excluded at
this point. Furthermore, gates acting on distinct qubits are
pushed to the left, thereby reducing the circuit depth. This
produces a different sequence of intermediate states than
above, but the final state is the same.

A slight modification of the above procedure allows one
to simultaneously apply the phases AP to the appropriate
terms in the superposition. After each partial subregis-
ter swap, one applies a controlled-phase gate with angle
!(ki, kj ) + π , where i, j are the integer values that are
swapped and where the additional phase π implements
the signature of the permutation (red dashed rectangles in
Fig. 1). Suppose, as in Eq. (7), that the value (k + 1) is
swapped to the right. Then the (k + 1)th qubit of the right
subregister can serve as the target qubit in the required
controlled phase. Since the left subregister can store any
value m < k + 1, a separate controlled phase is used for
each possibility, where the control bits are given by the
values m. This leads to a total of M 3/3 − M 2/2 + M/6
controlled-phase gates for this part of the algorithm.

By the end of the construction, the phases AP have
been applied to the corresponding permutation-label state,
having been successively built up from the elementary
transpositions of which they are composed. The explicit
circuit for M = 3 is displayed in Fig. 1, where now the
gates in the red dashed rectangles are included, in order to
produce the phases AP. At this point in the construction,
the total state of the physical system and the permutation
label is

(
1√
M !

∑

P

AP ⊗1
j =M |Pj 〉p

)
∣∣DL,M

〉
s , (9)

where |· · ·〉p is a state of the permutation-label qubits and
|· · ·〉s is a state of the system qubits.

In the next step, one applies the position-dependent
phase factors eikPj xj to the relevant basis states on the sys-
tem qubits (step 3 of Algorithm 1). To do this, we introduce
an efficient method that acts on all the

(
L
M
)

basis states
in
∣∣DL,M

〉
simultaneously, yielding an enormous speed-up

over classical approaches. The technique, which we call
the “faucet” method, is based on the observation that the
positions xj take integer values xj = 0, . . . , L − 1, so that
the total phase eikPj xj can be produced by xj repetitions of
the phase eikPj .

For this part of the algorithm, we use the M additional
ancilla qubits comprising the faucet register. Each of these
new qubits is initialized to |1〉. In the outer loop of the
faucet subroutine, one traverses the register of the system
qubits site by site from x = 0 to x = L − 1. At each site, if
it is occupied by a down spin (i.e., the bit is 1), one turns
off the next faucet ancilla qubit, |1〉 → |0〉. This is achieved
through a sequence of multicontrolled X gates, which are
controlled on the previous ancilla being in the state |0〉 and
the next one being in the state |1〉, along with the additional
control that the current system site is a |1〉. Since the mean-
ing of the “next faucet ancilla” at a given site depends on
the bit string, one must generically apply a multicontrolled
X gate for each ancilla at every step. We note that one can
decrease the number of gates for sites near the edges of
the chain. For instance, at site 2 at most two faucets could
have been turned off, so that the later ones do not need to
be checked.

Next, the phases eikPj (j = 1, . . . , M ) are applied to the
system qubits, each being controlled on the state of one of
the faucet ancillas. For the j th ancilla, this gate is also con-
trolled on the state of the permutation-label subregister j
(since the value of kPj is permutation dependent). By the
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Rz Ry
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Ry Rz

Ry Rz

Ry Rz

FIG. 1. The circuit to prepare the permutation-label ancilla state for M = 3. When the gates inside the red dashed rectangles are
excluded, the circuit realizes the equally weighted superposition encoding the permutations of three objects. With these gates included,
the circuit applies the additional permutation-dependent phases AP. The three subregisters are indicated by shading and the initial state
of each qubit is |0〉. The alternating CNOT gates interleaved with Ry and Rz rotations realize the ASWAP gates.
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<latexit sha1_base64="GbVTyOkD1pnTeitL/ZwQwJhfWFY="></latexit>

 (x1, . . . , xM ) =
X

P

AP exp

2

4i
MX

j=1

kPjxj

3

5

“Faucet method”
<latexit sha1_base64="nIPsHwcOZT3sLxKbNvSQuAnXb0I=">AAACFHicbVC7TsMwFHXKq5RXgZHFokJiqhKEgLGChbEI+pDaqHIcpzV1nGDfIKqon8BafoYNsbLzLww4bQbaciRLR+fcax8fLxZcg21/W4WV1bX1jeJmaWt7Z3evvH/Q1FGiKGvQSESq7RHNBJesARwEa8eKkdATrOUNbzK/9cyU5pF8gFHM3JD0JQ84JWCk+5feY69csav2FHiZODmpoBz1Xvmn60c0CZkEKojWHceOwU2JAk4FG5e6iWYxoUPSZx1DJQmZdtNp1DE+MYqPg0iZIwFP1b8bKQm1HoWemQwJDPSil4n/er7OLpx7PX2iXNGEw0ImCK7clMs4ASbpLFKQCAwRzhrCPleMghgZQqji5leYDogiFEyPJVOXs1jOMmmeVZ2LqnN3Xqld58UV0RE6RqfIQZeohm5RHTUQRX30iibozZpY79aH9TkbLVj5ziGag/X1Cyvln7s=</latexit>xj = position of down spin

(integer)
<latexit sha1_base64="Txc+U9VpksNmDc71ovteHPC6Dkc=">AAACHXicbVC7TsMwFL3hWcqrwMhiUSExVQlCwFjBwlgk+pDaUDmO05o6TrAdpCrKb7CWn2FDrIh/YcBpM9CWI1k6Oude+/h4MWdK2/a3tbK6tr6xWdoqb+/s7u1XDg5bKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZGt7nffqFSsUg86HFM3RAPBAsYwdpIPfqYMjTqp42nLOtXqnbNngItE6cgVSjQ6Fd+en5EkpAKTThWquvYsXZTLDUjnGblXqJojMkID2jXUIFDqtx0mjlDp0bxURBJc4RGU/XvRopDpcahZyZDrIdq0cvFfz1f5RfOvZ4+EyZJwvRCJh1cuykTcaKpILNIQcKRjlBeFfKZpETzsSGYSGZ+hcgQS0y0KbRs6nIWy1kmrfOac1lz7i+q9ZuiuBIcwwmcgQNXUIc7aEATCMTwChN4sybWu/Vhfc5GV6xi5wjmYH39AnFDo5Q=</latexit>

eikPjapply repeatedly, site by site

‘turn off’ the phase gate when you reach a down spin



Numerics: Success Probability

<latexit sha1_base64="7UWaddmMlKtWzsqeE+w2PJA8Xks=">AAACKXicbVDLSgMxFM34rPVVFdy4CRbBhdaZIiqIUNSFuKpgH9AOJZNJ29BMZkzuCGXsz7itP+NO3fobLkwfC9t6IXByzr03J8eLBNdg25/W3PzC4tJyaiW9ura+sZnZ2i7rMFaUlWgoQlX1iGaCS1YCDoJVI8VI4AlW8To3A73yzJTmoXyEbsTcgLQkb3JKwFCNzO49vsL5o/olrt8yAcTcjp2TfCOTtXP2sPAscMYgi8ZVbGR+6n5I44BJoIJoXXPsCNyEKOBUsF66HmsWEdohLVYzUJKAaTcZ+u/hA8P4uBkqcyTgIft3IiGB1t3AM50Bgbae1gbkv5qvBwsnXk+eKFc05jDlCZoXbsJlFAOTdGSpGQsMIR7Ehn2uGAXRNYBQxc2vMG0TRSiYcNMmLmc6nFlQzuecs5zzcJotXI+DS6E9tI8OkYPOUQHdoSIqIYpe0Cvqozerb71bH9bXqHXOGs/soImyvn8Bi6Wkxw==</latexit>

J = 2, � = �1/2

42



Numerics: Resources
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L=100, M=5:
≈ 2000 Toffolis

≈ 2000 Controlled phases

≈ 130 logical qubits

≈ 120 repetitions for success

States live in a

dimensional subspace

<latexit sha1_base64="U/eZFJuggA3r94pGswUBtDshjko="></latexit>✓
100
5

◆
⇡ 7.5⇥ 107

T gate estimate ≈ 4.1×106

(with amplitude amplification)
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Amplitude amplification

Apply to pre-measurement state:

Bethe circuit Changes sign of 
on permutation label
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FIG. 6. (a) The success probability for Bethe-state preparation
with (solid lines) and without (dashed lines) amplitude amplifi-
cation (“AA”). In the former case, a single round of amplification
is applied. The system parameters are Jxy = 1, Jz = −1/2, L =
2M . (b) The gate counts as a function of the system size L for
Toffoli (circles) and controlled-phase (squares) gates (“Cphase”)
without (solid lines) and with one round of amplitude amplifica-
tion (dashed lines). The inset shows the total number of qubits
without (solid) and with (dashed) amplitude amplification.

require on average
√

120 ≈ 11 repetitions of the algorithm
B to achieve success, leading to an overall T count of
approximately 4.1 × 106 (neglecting the costs of SB and
S0).

To estimate the resources needed for amplitude amplifi-
cation more precisely, we implement the multicontrolled
OR operation using elementary gates and ancillas [59].
The Toffoli count, controlled-phase count, and number of
qubits are shown in Fig. 6(b) for a single round of ampli-
fication when M = 5. Since the S0 reflection depends on
the state of both the system and the permutation label,
the implementation requires an additional L + M 2 − M
ancillas (we can reuse the M faucet ancillas for the amplifi-
cation). The additional gates required are dominated by the
cost of executing B three times. Although the total num-
ber of qubits is approximately doubled in this approach,

we note that it may be possible to reduce this number
by acting with the OR operation on only a subset of the
qubits that are nominally necessary to identify the state.
For example, although SB is an OR circuit acting on the
M 2 permutation-label qubits, in practice the computational
basis states appearing in the junk state |φj 〉 can be dis-
tinguished from |00 . . . 0〉p by only acting on a reduced
number of qubits. While the particular subset of qubits
needed will depend on the state under consideration, it is
possible to confirm the success of this approach by mea-
suring the energy or other quantities that can be compared
to exact analytic expressions.

We also implement a different version of amplitude
amplification, which is a modified form of the oblivious
amplitude amplification of Ref. [52]. Unfortunately, this
method leads to a reduced fidelity of the actually pre-
pared state with the exact target state, though in some
cases the overlap remains quite high (> 0.99). We attribute
this reduced fidelity to the nonunitarity of summing expo-
nentials with unit modulus, since |eia + eib| &= 1 in gen-
eral. We note, however, that nearly deterministic success
of the oblivious amplitude amplification procedure was
obtained for the application of Ref. [52] (simulation of
Hamiltonian dynamics with Taylor-series expansions). For
this reason, it is less clear how the approach will fare
for the Bethe-state-preparation problem at larger values
of M . In addition, further modification to the method
of Ref. [52] may ameliorate some of the difficulties
with applying it to Bethe-state preparation in its present
form.

VI. COMPARISON WITH ALTERNATIVE
ALGORITHMS

To highlight the advantages of Algorithm 1, we com-
pare it with conceptually simpler, but much less efficient,
methods of preparing Bethe ansatz states on a quantum
computer. First, one could imagine applying controlled-
phase gates directly to each term in the Dicke-state super-
position to generate the desired eigenstate. This approach
still requires permutation-label ancillas to generate the lin-
ear combination of phases needed in Eq. (2). However, it
has the seeming advantage of allowing one to combine the
phases AP and eikPj xj into a single controlled-phase rota-
tion, whereas the former term requires order M 3 and the
latter one order M 2 controlled phases to implement using
Algorithm 1. Nevertheless, it is clear that this benefit is
vastly outweighed by the large number of terms in the
superposition that must be separately addressed, M !

(
L
M
)
.

For the case L = 100, M = 5 this amounts to approxi-
mately 9.0 × 109 controlled phases, compared to the 2530
of Algorithm 1.

A more promising approach is to use the “faucet”
method of Algorithm 1 to handle the eikPj xj phases
whilestill applying the full AP in a single multicontrolled
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require on average
√

120 ≈ 11 repetitions of the algorithm
B to achieve success, leading to an overall T count of
approximately 4.1 × 106 (neglecting the costs of SB and
S0).

To estimate the resources needed for amplitude amplifi-
cation more precisely, we implement the multicontrolled
OR operation using elementary gates and ancillas [59].
The Toffoli count, controlled-phase count, and number of
qubits are shown in Fig. 6(b) for a single round of ampli-
fication when M = 5. Since the S0 reflection depends on
the state of both the system and the permutation label,
the implementation requires an additional L + M 2 − M
ancillas (we can reuse the M faucet ancillas for the amplifi-
cation). The additional gates required are dominated by the
cost of executing B three times. Although the total num-
ber of qubits is approximately doubled in this approach,

we note that it may be possible to reduce this number
by acting with the OR operation on only a subset of the
qubits that are nominally necessary to identify the state.
For example, although SB is an OR circuit acting on the
M 2 permutation-label qubits, in practice the computational
basis states appearing in the junk state |φj 〉 can be dis-
tinguished from |00 . . . 0〉p by only acting on a reduced
number of qubits. While the particular subset of qubits
needed will depend on the state under consideration, it is
possible to confirm the success of this approach by mea-
suring the energy or other quantities that can be compared
to exact analytic expressions.

We also implement a different version of amplitude
amplification, which is a modified form of the oblivious
amplitude amplification of Ref. [52]. Unfortunately, this
method leads to a reduced fidelity of the actually pre-
pared state with the exact target state, though in some
cases the overlap remains quite high (> 0.99). We attribute
this reduced fidelity to the nonunitarity of summing expo-
nentials with unit modulus, since |eia + eib| &= 1 in gen-
eral. We note, however, that nearly deterministic success
of the oblivious amplitude amplification procedure was
obtained for the application of Ref. [52] (simulation of
Hamiltonian dynamics with Taylor-series expansions). For
this reason, it is less clear how the approach will fare
for the Bethe-state-preparation problem at larger values
of M . In addition, further modification to the method
of Ref. [52] may ameliorate some of the difficulties
with applying it to Bethe-state preparation in its present
form.

VI. COMPARISON WITH ALTERNATIVE
ALGORITHMS

To highlight the advantages of Algorithm 1, we com-
pare it with conceptually simpler, but much less efficient,
methods of preparing Bethe ansatz states on a quantum
computer. First, one could imagine applying controlled-
phase gates directly to each term in the Dicke-state super-
position to generate the desired eigenstate. This approach
still requires permutation-label ancillas to generate the lin-
ear combination of phases needed in Eq. (2). However, it
has the seeming advantage of allowing one to combine the
phases AP and eikPj xj into a single controlled-phase rota-
tion, whereas the former term requires order M 3 and the
latter one order M 2 controlled phases to implement using
Algorithm 1. Nevertheless, it is clear that this benefit is
vastly outweighed by the large number of terms in the
superposition that must be separately addressed, M !

(
L
M
)
.

For the case L = 100, M = 5 this amounts to approxi-
mately 9.0 × 109 controlled phases, compared to the 2530
of Algorithm 1.

A more promising approach is to use the “faucet”
method of Algorithm 1 to handle the eikPj xj phases
whilestill applying the full AP in a single multicontrolled
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Instead of preparing energy eigenstates, we can try to use variational methods to prepare physical 
systems at finite temperature !" = $

%(') )
*'+

• Desired quantum state is no longer pure → need extra (ancilla) qubits to entangle with

• No longer minimizes energy, but Gibbs free energy (difficult to measure)

- . = / . − 1 2 . = Tr ! . 5 + 781 Tr ! . ln ! .

• With suitable objective function, can use ADAPT to prepare states efficiently

; ! .⃗ = −Tr !" 1 ! .⃗ + 12Tr ! .⃗ ?

Wu and Hsieh. PRL 123, 220502 (2019)
Chowdhury, Low, and Wiebe. arXiv:2002:00055 (2020)
Wang, Li, and Wang. PRA 16, 054035 (2021)
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Variational Gibbs state preparation
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Periodic Ising Hamiltonian

! = −$
%&'

()
*%*%+' ,- = 4

Periodic XY Hamiltonian
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ADAPT-VQE-Gibbs
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FIG. 8. The quantum circuit to prepare the Bethe ansatz eigenstate with L = 4, M = 2, k1 = 1.14676529, and k2 = 3.56562369.
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